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Explicit bounds on certain integral inequalities via 
conformable fractional calculus
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Abstract: In this paper, we present some explicit upper bounds for integral inequali-
ties with the help of Katugampola-type conformable fractional calculus. The results 
have been obtained to cover the previous published studies for Gronwall–Bellman 
and Bihari like integral inequalities.
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1. Introduction and preliminaries
In the history of development calculus, integral inequalities have been thought of as a key factor in 
the theory of differential and integral equations. For instance, Gronwall, Bellman and Bihari have 
great contribution in the literature (Bellman, 1943; Bihari, 1965; Dragomir, 1987, 2002; Gronwall, 
1919; Pachpatte, 1995). However, in non-integer order of situations, the bounds provided by the 
above authors are not feasible.
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In addition to this, fractional calculus has a number of fields of application such as control theory, 
computational analysis and engineering (Kilbas, Srivastava, & Trujillo, 2006, see also Samko, Kilbas, 
& Marichev, 1993). Thus, a number of new definitions have been introduced in academia to provide 
the best method for fractional calculus. For instance, in more recent times, a new local, limit-based 
definition of a conformable derivative has been introduced in Abdeljawad (2015), Khalil, Al horani, 
Yousef, and Sababheh (2014), Katugampola (2014), with several follow-up papers (Anderson & 
Ulness, in press; Atangana, Baleanu, & Alsaedi, 2015; Hammad & Khalil, 2014a, 2014b; Iyiola & 
Nwaeze, 2016; Sarikaya, 2016; Usta & Sarikaya, 2016; Zheng, Feng, & Wang, 2015).

In this study, we presented a retarded Gronwall–Bellman- and Bihari-like conformable fractional 
integrals inequalities using the Katugampola conformable fractional calculus. In detail, Katugampola 
conformable derivatives for � ∈

(

0, 1
]

 and t ∈ [0,∞) given by

provided the limits exist (for detail see, Katugampola, 2014). If f is fully differentiable at t,  then

A function f is �−differentiable at a point t ≥ 0 if the limit in (1.1) exists and is finite. This definition 
yields the following results.

Theorem 1  Let � ∈
(

0, 1
]

 and f, g be �−differentiable at a point t > 0. Then,

(i) � D�
(

af + bg
)

= aD�
(

f
)

+ bD�

(g), for all a, b ∈ ℝ,

(ii) � D�

(�) = 0, for all constant functions f (t) = �,

(iii) � D�
(

fg
)

= fD�

(g) + gD�
(

f
)

,

(iv) � D�

(

f

g

)

=
fD�

(g) − gD�
(

f
)

g2
 where g(t) ≠ 0,

(v) � D�
(

tn
)

= ntn−� for all n ∈ ℝ,

(vi) � D�
(

f◦g
)

(t) = f �(g(t))D�

(g)(t) for f is differentiable at g(t).

Definition 1  (Conformable fractional integral) Let � ∈ (0, 1] and 0 ≤ a < b. A function f :[a, b] → ℝ is  
�-fractional integrable on [a, b] if the integral

exists and is finite. All �-fractional integrable on [a, b] is indicated by L1
�

([

a, b
])

Remark 1 

where the integral is the usual Riemann improper integral, and � ∈ (0, 1].

We will also use the following important results, which can be derived from the results above.

Lemma 1  Let the conformable differential operator D� be given as in (1.1), where � ∈ (0, 1] and t ≥ 0, 
and assume the functions f and g are �-differentiable as needed. Then,

(1.1)D�
(

f
)

(t) = lim
�→0

f
(

te�t
−�
)

− f (t)

�

, D�
(

f
)(

0
)

= lim
t→0
D�

(

f
)

(t),

(1.2)D�
(

f
)

(t) = t1−�
df

dt
(t).

b

∫
a

f (x)d
�
x: =

b

∫
a

f (x)x�−1dx

Ia
�

(

f
)

(t) = Ia1
(

t�−1f
)

=

t

∫
a

f (x)

x1−�
dx,
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(i) � D�
(

ln t
)

= t−� for t > 0

(ii) � D�

[∫ t
a
f (t, s)d

�
s
]

= f (t, t) + ∫ t
a
D�

[

f (t, s)
]

d
�
s

(iii) � ∫ b
a
f (x)D�

(g)(x)d
�
x = fg|

|

b

a
− ∫ b

a
g(x)D�

(

f
)

(x)d
�
x.

In this paper, using the Katugampola-type conformable fractional calculus, we introduced re-
tarded Gronwall–Bellman- and Bihari-like conformable fractional integrals inequalities.

2. Main findings and cumulative results
Throughout this paper, all the functions which appear in the inequalities are assumed to be real-
valued and all the integrals involved exist on the respective domains of their definitions, and C

(

M, S
)

 
and C1

(

M, S
)

 denote the class of all continuous functions and the first-order conformable deriva-
tive, respectively, defined on set M with range in the set S. Additionally, R denotes the set of real 
numbers such that ℝ+

= [0,∞), ℝ1
= [1,∞) and ℚ = [0, T) are the given subset of ℝ.

Theorem 2  Let x, y ∈ C(ℚ,ℝ+
), r ∈ C1(ℚ,ℚ), assume that r is non-decreasing with r(t) ≤ t for t ≥ 0. If 

u ∈ C(ℚ,ℝ+
) satisfies

where m ≥ 0 is constant, then

where

Proof  Let us first assume that m > 0. Define the non-decreasing positive function z(t) by the right-
hand side of (2.1). Then, u(t) ≤ z(t) and z(0) = m, and

as r(t) ≤ t. Then, the solution of the above fractional order differential equation by taking integration 
from 0 to t, we get

Since u(t) ≤ z(t), we get the desired inequality, that is

where �

� ✷

Theorem 3  Let x, y ∈ C(ℚ, ℝ+
), r ∈ C1(ℚ, ℚ), assume that r is non-decreasing with r(t) ≤ t for t ≥ 0. 

If u ∈ C(ℚ, ℝ1
) satisfies

(2.1)u(t) ≤ m +

t

�
0

x(s)u(s)d
�
s +

r(t)

�
0

y(s)u(s)d
�
s, t ∈ ℚ,

u(t) ≤ meX(t)+Y(t)

(2.2)X(t) =

t

∫
0

x(s)d
�
s, Y(t) = ∫

r(t)

0

y(s)d
�
s.

D�z(t) = x(t)u(t) + y(r(t))u(r(t))D�r(t)

≤ x(t)z(t) + y(r(t))z(r(t))D�r(t)

≤ x(t)z(t) + y(r(t))z(t)D�r(t)

z(t) ≤ me
t�
0

x(s)d
�
s+

r(t)�
0

y(s)d
�
s

u(t) ≤ meX(t)+Y(t)

(2.3)X(t) =

t

∫
0

x(s)d
�
s Y(t) = ∫ dr(t)0

y(s)d
�
s
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where n ≥ 1 is constant, then

where X(t) and Y(t) are defined in (2.3).

Proof  Let us first assume that n > 0. Define the non-decreasing positive function z(t) by the right-
hand side of (2.4). Then, u(t) ≤ z(t) and z(0) = n, and as in the same steps with above proof, we get

Then, the solution of the above fractional order differential equation by taking integration from 0 to 
t, we get

Now using the result of Theorem 2, we obtain

In other words, we get

Since u(t) ≤ z(t), we get the desired inequality, that is

where X(t) and Y(t) are defined in (2.3). � ✷

Theorem 4  Let x, y ∈ C(ℚ, ℝ+
), r ∈ C1(ℚ, ℚ), assume that r is non-decreasing with r(t) ≤ t for t ≥ 0. 

If u ∈ C(ℚ, ℝ+
) satisfies

where m ≥ 0 and q > 1 are constant, then

where X(t) and Y(t) are defined in 2.3.

Proof  Let us first assume that m > 0. Define the non-decreasing positive function z(t) by the right-
hand side of (2.7). Then, uq(t) ≤ z(t) and z(0) = m, and as in the same steps with the above proof, we 
get

Then, the solution of the above fractional order differential equation by taking integration from 0 to 
t, we get

(2.4)u(t) ≤ n +
t

�
0

x(s)u(s) log(u(s))d
�
s +

r(t)

�
0

y(s)u(s) log(u(s))d
�
s, t ∈ ℚ,

u(t) ≤ neX(t)+Y(t)

D�z(t) ≤ x(t)z(t) log z(t) + y(r(t))z(t) log z(r(t))D�r(t)

log z(t) ≤ logn +
t

�
0

x(s) log z(s)d
�
s +

r(t)

�
0

y(s) log z(s)d
�
s

(2.5)log z(t) ≤ (logn)eX(t)+Y(t)

(2.6)z(t) ≤ neX(t)+Y(t)

u(t) ≤ neX(t)+Y(t)

(2.7)uq(t) ≤ m +

t

�
0

x(s)u(s)d
�
s +

r(t)

�
0

y(s)u(s)d
�
s, t ∈ ℚ,

u(t) ≤
(

m
q−1

q +
q − 1

q

[

X(t) + Y(t)
]

)
1

q−1

D�z(t) ≤ x(t)z1∕q(t) + y(r(t))z1∕q(t)D�r(t)
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Since uq(t) ≤ z(t), we get the desired inequality, that is

where X(t) and Y(t) are defined in 2.3. � ✷

Theorem 5  Let x, y ∈ C(ℚ, ℝ+
), r ∈ C1(ℚ,ℚ), �i ∈ C(ℝ

+, ℝ+
), assume that r and � are non-decreasing 

with r(t) ≤ t for t ≥ 0 and 𝜓i(𝜉) > 0 for 𝜉 > 0, respectively. If u ∈ C(ℚ, ℝ+
) satisfies

where m ≥ 0 is constant, then

where

and −1 is the inverse function defined by

so that

for all t > 0.

Proof  Let us first suppose that m > 0. Define the non-decreasing positive function z(t) by the right-
hand side of (2.8). Then, u(t) ≤ z(t) and z(0) = m, and as in the same steps with the above proofs, we 
get

Then, from the definition of , we have

Then, taking �-th order of conformable derivative of (z(t)), we obtain

Then, by taking integration from 0 to t, we get

z(t) ≤
⎛

⎜

⎜

⎝

m
q−1

q +
q − 1

q

⎡

⎢

⎢

⎣

t

�
0

x(s)d
�
s +

r(t)

�
0

y(s)d
�
s
⎤

⎥

⎥

⎦

⎞

⎟

⎟

⎠

q

q−1

u(t) ≤
(

m
q−1

q +
q − 1

q

[

X(t) + Y(t)
]

)
1

q−1

(2.8)u(t) ≤ m +

t

�
0

x(s)�1(u(s))d�s +

r(t)

�
0

y(s)�2(u(s))d�s, t ∈ ℚ,

(2.9)z(t) ≤ G−1
((m) + X(t) + Y(t))

(2.10)X(t) =

t

∫
0

x(s)d
�
s Y(t) =

r(t)

∫
0

y(s)d
�
s

−1
(�) =

�

�
0

1

max(�1(s),�2(s))
d
�
s

(m) + X(t) + Y(t) ∈ Dom(−1
)

D�z(t) ≤ x(t)�1(z(t)) + y(r(t))�2(z(t))y(r(t))
≤ max(�1(z(t)),�2(z(t)))[x(t) + y(r(t))D�r(t)]

(2.11)(z(t)) = �
z(t)

0

1

max(�1(s),�2(s))
d
�
s.

D�(z(t)) = 1

max(�1(z(t)),�2(z(t)))
D�z(t)

≤ x(t) + y(r(t))D�r(t)
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Because −1
(z(t)) is increasing on Dom(−1

(z(t))), we get

As u(t) ≤ z(t), we get the required inequality. � ✷

Theorem 6  Let x, y ∈ C(ℚ, ℝ+
), r ∈ C1(ℚ, ℚ), �i ∈ C(ℝ

+,ℝ+
), assume that r and � are non-decreasing 

with r(t) ≤ t for t ≥ 0 and 𝜓i(𝜉) > 0 for 𝜉 > 0, respectively. If u ∈ C(ℚ, ℝ1
) satisfies

where n ≥ 1 is constant, then

where

and −1 is the inverse function of

so that

for all t > 0.

Proof  The proof of Theorem 6 can be done following the similar steps of proof of Theorems 5 and 3.
�  ✷

Theorem 7  Let x, y ∈ C(ℚ, ℝ+
), r ∈ C1(ℚ, ℚ), �i ∈ C(ℝ

+, ℝ+
), assume that r and � are non-decreas-

ing with r(t) ≤ t for t ≥ 0 and 𝜓i(u) > 0 for u > 0, respectively. If u ∈ C(ℚ, ℝ+
) satisfies

where m ≥ 0 and q > 1 are constant, then

where

and −1 is the inverse function of

(2.12)(z(t)) ≤ (m) +

t

�
0

x(s)d
�
s +

r(t)

�
0

y(s)d
�
s.

(2.13)z(t) ≤ G−1
⎛

⎜

⎜

⎝

(m) +

t

�
0

x(s)d
�
s +

r(t)

�
0

y(s)d
�
s
⎞

⎟

⎟

⎠

(2.14)u(t) ≤ n +
t

�
0

x(s)u(s)�1(log(u(s)))d�s +

r(t)

�
0

y(s)u(s)�2(log((u(s)))d�s, t ∈ ℚ,

(2.15)z(t) ≤ eG−1((log(n))+X(t)+Y(t))

(2.16)X(t) =

t

∫
0

x(s)d
�
s Y(t) =

r(t)

∫
0

y(s)d
�
s

−1
(�) =

�

�
0

1

max(�1(s),�2(s))
d
�
s

(log(n)) + X(t) + Y(t) ∈ Dom(−1
)

(2.17)u(t)q ≤ m +

t

�
0

x(s)�1(u(s))d�s + �
r(t)

0

y(s)�2(u(s))d�s, t ∈ ℚ,

(2.18)z(t) ≤ (

G−1
((m) + X(t) + Y(t))

)1∕q

(2.19)X(t) =

t

∫
0

x(s)d
�
s Y(t) =

r(t)

∫
0

y(s)d
�
s
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so that

for all t > 0.

Proof  The proof of Theorem 7 can be done following the similar steps of proof of Theorems 5 and 4.
�  ✷

3. Concluding remark
In this study, we established the explicit bounds on retarded integral inequalities with the help of 
conformable fractional calculus. We take the advantage of Katugampola-type conformable  
fractional derivatives and integrals.

Funding
The authors received no direct funding for this research.

Author details
Fuat Usta1

E-mail: fuatusta@duzce.edu.tr
Mehmet Zeki Sarıkaya1

E-mail: sarikayamz@gmail.com
1 �Faculty of Science and Arts, Department of Mathematics, 

Düzce University, Düzce, Turkey.

Citation information
Cite this article as: Explicit bounds on certain integral 
inequalities via conformable fractional calculus, Fuat Usta 
& Mehmet Zeki Sarıkaya, Cogent Mathematics (2017), 4: 
1277505.

References
Abdeljawad, T. (2015). On conformable fractional calculus. 

Journal of Computational and Applied Mathematics, 279, 
57–66.

Anderson, D. R., & Ulness, D. J. (in press). Results for 
conformable differential equations.

Atangana, A., Baleanu, D., & Alsaedi, A. (2015). New properties 
of conformable derivative. Open Mathematics, 13, 
889–898.

Bellman, R. (1943). The stability of the solution of linear 
differential equations. Duke Mathematical Journal, 10, 
643–647.

Bihari, I. (1965). OA generalization of a lemma of Bellman and 
its application to uniqueness problems of differential 
equations. Acta Mathematica Hungarica, 7, 81–94.

Dragomir, S. S. (1987). On Volterra integral equations with 
kernels of (L)-type. Ann. Univ. Timisoara Facult de Math. 
Infor, 25, 21–41.

Dragomir, S. S. (2002). Some Gronwall type inequalities and 
applications, RGMIA monographs. Victoria University, 
Australia.

Gronwall, T. H. (1919). Note on derivatives with respect to a 
parameter of the solutions of a system of differential 
equations. Annals of Mathematics, 20, 292–296.

Hammad, M. A., & Khalil, R. (2014a). Abel’s formula and 
wronskian for conformable fractional differential 
equations. International Journal of Differential Equations 
and Applications, 13, 177–183.

Hammad, M. A., & Khalil, R. (2014b). Conformable fractional 
heat differential equations. International Journal of 
Differential Equations and Applications, 13, 177–183.

Iyiola, O. S., & Nwaeze, E. R. (2016). Some new results on the 
new conformable fractional calculus with application 
using D’Alambert approach. Progress in Fractional 
Differentiation and Applications, 2, 115–122.

Katugampola, U. (2014). A new fractional derivative with 
classical properties. ArXiv:1410.6535v2.

Khalil, R., Al horani, M., Yousef, A., & Sababheh, M. (2014). A 
new definition of fractional derivative. Journal of 
Computational Apllied Mathematics, 264, 65–70. 

Kilbas, A. A., Srivastava, H. M., & Trujillo, J. J. (2006). Theory and 
applications of fractional differential equations. 
Amsterdam: Elsevier B.V.

Pachpatte, B. G. (1995). On some new inequalities related to 
certain inequalities in the theory of differential equations. 
Journal of Mathematical Analysis and Applications, 189, 
128–144.

Samko, S. G., Kilbas, A. A., & Marichev, O. I. (1993). Fractional 
integrals and derivatives: Theory and applications. 
Gordonand Breach: Yverdon et alibi.

Sarikaya, M. Z. (2016). Gronwall type inequality for 
conformable fractional integrals. RGMIA Research Report 
Collection, 19. Article 122.

Usta, F., & Sarikaya, M. Z. (2016). On generalization 
conformable fractional integral inequalities. RGMIA 
Research Report Collection, 19. Article 123.

Zheng, A., Feng, Y., & Wang, W. (2015). The Hyers-Ulam 
stability of the conformable fractional differential 
equation. Mathematica Aeterna, 5, 485–492. 

−1
(�) =

�

�
0

1

max(�1(s
1∕q

), �2(s
1∕q

))
d
�
s

(m) + X(t) + Y(t) ∈ Dom(−1
)

D
ow

nl
oa

de
d 

by
 [

20
1.

52
.2

37
.6

] 
at

 0
3:

06
 0

4 
A

ug
us

t 2
01

7 

mailto:fuatusta@duzce.edu.tr
mailto:sarikayamz@gmail.com


Page 8 of 8

Usta & Sarıkaya, Cogent Mathematics (2017), 4: 1277505
http://dx.doi.org/10.1080/23311835.2016.1277505

© 2017 The Author(s). This open access article is distributed under a Creative Commons Attribution (CC-BY) 4.0 license.
You are free to: 
Share — copy and redistribute the material in any medium or format  
Adapt — remix, transform, and build upon the material for any purpose, even commercially.
The licensor cannot revoke these freedoms as long as you follow the license terms.

Under the following terms:
Attribution — You must give appropriate credit, provide a link to the license, and indicate if changes were made.  
You may do so in any reasonable manner, but not in any way that suggests the licensor endorses you or your use.  
No additional restrictions  
You may not apply legal terms or technological measures that legally restrict others from doing anything the license permits.

Cogent Mathematics (ISSN: 2331-1835) is published by Cogent OA, part of Taylor & Francis Group. 
Publishing with Cogent OA ensures:
• Immediate, universal access to your article on publication
• High visibility and discoverability via the Cogent OA website as well as Taylor & Francis Online
• Download and citation statistics for your article
• Rapid online publication
• Input from, and dialog with, expert editors and editorial boards
• Retention of full copyright of your article
• Guaranteed legacy preservation of your article
• Discounts and waivers for authors in developing regions
Submit your manuscript to a Cogent OA journal at www.CogentOA.com

D
ow

nl
oa

de
d 

by
 [

20
1.

52
.2

37
.6

] 
at

 0
3:

06
 0

4 
A

ug
us

t 2
01

7 


	1.  Introduction and preliminaries
	2.  Main findings and cumulative results
	3.  Concluding remark
	References



