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Abstract

In this paper, first we obtain a new identity for guantum integrals, the result is then
used to prove midpoint type inequalities for differentiable coordinated convex
mappings. The cutcomes provided in this article are an extension of the comparable
consequences in the literature on the midpoint inequalities for differentiable
coordinated convex mappings.
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1 Introduction

Quantum calculus, which is also named g-calculus, is occasionally mentioned as calcu-
lation method without limits. Herewith, one achieves g-analogues of mathematical tools
that may be got back as ¢ — 1. There are two techniques in g-addition, one of them is
the Nalli-Ward-Al-Salam g-addition (NWA) and the other is Jackson—-Hahn—Cigler g-
addition (JHC). The first one is commutative and associative, at the same time as the sec-
ond one is neither. Because of this, there are multiple g-analogs from time to time. These
operators constitute the base of the method that combine hypergeometric collection with
g-hypergeometric collection and gives many formulations of g-calculus a natural shape.
The history of quantum calculus may be traced back to Euler (1707—1783), he first added
the expression g in the tracks of Newton's infinite series. Recently, a great number of re-
searchers have shown an eager hobby in studying and investigating quantum calculus and
accordingly it emerged as an interdisciplinary subject. The quantum theory has become
a cornerstone in theoretical mathematics and applied sciences, due to the fact that quan-
tum analysis is very helpful in several fields and has huge applications in various areas of
natural and applied sciences such as computer science and particle physics. Specifically,
the theory has been seen as a critical tool for researchers operating with analytic number
theory or in theoretical physics. This calculus method is a bridge that provides the con-
nection between mathematics and physics. Owing to a large numbers of applications in
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quantum group theory, the quantum calculus also has a significant role for physicists. For
some recent trends in quantum calculus the reader is referred to [1-6].

In recent decades the idea of convex functions has been drastically studied because of its
fantastic significance in numerous fields of pure and applied sciences. Theory of inequal-
ities and concept of convex functions are closely related to each other, thus they resemble
inequalities that could be obtained inside the literature which are derived for convex and
differentiable convex mappings; see [7—13].

We now consider how the convex functions of two-variables on the coordinates, which
may be also called a coordinated convex function, is defined. Dragomir [14] presented the

definition of coordinated convexity as follows.

Definition 1 For all (51,¢), (n,&) € 2 and u, v € [0,1], a mapping ¥ : Q = [«, 8] x [y,8] C

R? — R is said to be coordinated convex on &, if it satisfies the inequality

W (e + (1= u)n,ve + (L= v)§) (1.1)

<uvW (o) + u(l =)W (s, &)+ v(1 — )W (n, ) + (1 —u)(1 —v)W(n,&).

The function W is said to be coordinated concave on €, if the inequality (1.1) holds in

reversed direction for all u,v € [0,1] and (3, ¢), (n, &) € Q.

In [14], Hermite—Hadamard type inequalities for convex function of two-variable on the

coordinates are established by Dragomir as follows.

Theorem 1 If ¥ :Q — R is coordinated convex, then one has the inequalities

8 1 1 B b 1 i
‘I’(d+ﬁ,y+ )<—[ f IP(%,)/+ )d;«r+ /llf(a—-'-ﬂ,n)dq}
2’ 2 20—l 2 s-yJ, 2

1 B oré
N W(s,n)dnd 1.2
S(ﬁ—a)(ﬁ—y)/a / Gy dds "
B B
<i[ﬂia[a lD(x,y)dx+'8iafa W(2,8)ds

+

1 J 1 ¢
f U(a,n)dn + f ql(ﬁ,r])dn}
s—vy J, d-vy J,

- Yl y) + Ve, 8) + ¥(By) + ¥(B,4)
o 4

The above inequalities are sharp. The inequalities in (1.2) hold in reverse direction if the

mapping WV is a concave mapping on the coordinates.

For the some papers on Hermite—Hadamard type inequalities for coordinated convex

functions, please refer to [15-20].

2 Some important definitions and theorems with regard to quantum calculus
In this section, we review some valuable definitions, notations and inequalities associated

to quantum calculus.
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Definition 2 ([6]) Suppose that ¥ : [o, 8] — R is a continuous function. Then the g-
derivative of W at s € [«, B] is characterized by the expression

W) - V(g + (1 -qla)

gl = Vw0

, xFa. (2.1)

Because W : [o, 8] — R is a continuous function, one has the equation .d,V(«) =
lim,, .o odg ¥ (5). The mapping W is g-differentiable on [«, 8], if od;W(f) exists for all
» € [a,B]. If @ = 0in (2.1), then the equation od, W (5) = d, ¥ (5) is valid. Here, d, W () is
the familiar g-derivative of U at 5« € [, 8] defined by the expression (see [5])

W (22) - W(g2)

d, V() = A—ah

. =70 (2.2)
Definition 3 ([6]) Assume that W : [, 8] — R is a continuous function. Then, for x €
[, 8], the g, -definite integral on [«, B] is defined as

o0

f () gdgt = (1 - g)(x - ) Z 7'V(q"x+ (1-q")a). (2.3)

n=0

We should note that the notation of the quantum numbers (see [5]) which will be used
many times in our main results is defined by

1, = ‘2

T =1+g+--+g"h

Moreover, we need to give the following lemma in order to prove our main results readily.
Lemma 1 ([21]) One has the identity

(8 - ey

B
,[, (e~ ) odye = [ +1],

Sor e R\{-1}.

In [7], Alp et al. established the following ¢, -Hermite—Hadamard inequalities by using
convex functions and quantum integral.

Theorem 2 If W : [o, 8] — R be a convex differentiable function on [a, B] and 0 < g < 1.
Then we have the q-Hermite—Hadamard inequalities

o+ B O qV¥(a) + W(B)
“’(W)ﬁ—f YOdudye = 5 = et

On the other side, a new definition of quantum integrals and connected Hermite—
Hadamard type inequalities are introduced by Bermudo et al.

Definition 4 ([8]) Suppose that W : [¢, B] — R is a continuous function. Then, for 3 €
[e, B], the g -definite integral on [«, #] is defined by

o

B
f (D) dgt=(1-q)(B—2) Y _q"V(q"+ (1-4")B).

n=0
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Theorem 3 ([8]) If ¥ : [&, ] — R is a convex differentiable mapping on [«,B] and

0 < q < 1. Then, one has the g-Hermite—Hadamard inequalities

cx+q,8) 1 P YT W)+ gqW(B)
‘I'( 2, Eﬂ—a[, VoA gz = 25

Now, we mention some definitions and inequalities related to our main results involving
double quantum integrals.

gy -integral and partial g-derivatives for two variables functions are defined by Latif in
[22].

Definition 5 Let ¥ : Q C R? — R be a continuous function. Then, for (32, 7) € , the
definite g, -integral on Q is defined by

x
f [ W(0,6) ydiE adyy € = (1— )1 — g2) (o2 — ) — 7)
o Jy

X Y 3 qigy V(g + (1 g, gan + (1 - q)y).

n=0 m=0

Definition 6 ([22]) Assume that U : Q@ € R?> — R is a continuous function of two vari-
ables. Then the partial g; -derivatives, g,-derivatives and ¢, g,-derivatives at (3¢, 7)) € Q2 can

be given as follows:

ﬁaq}‘lf(x, ) WYigise+ (1 —gp)a,n) —¥Y(,n)

— i % %
By, 0 a0(e—a) i
53,“\11(%, n) _ W (s, qan + (1 —qa)y) — Wi, 1) ey
Fag,n 1-g)m-y) ' '
o,y 821,42 "IJ(K: ?]) 1

= ll’ i ’ —
Barden - g L (@ - + (- )y)

- lI—'(qlx +(1-q1)a, 17) -~ llf(x,qzn +(1- 6]2)]’) + W(z, r})],

xFa,n7y.

For more details related to g-derivatives and integrals for the mappings of two variables,
one can refer to [22].

In addition to all these definitions, definitions of ¢/, ¢/ and g” integrals and related
inequalities of Hermite—Hadamard type are presented by Budak et al. in [23].

Definition 7 ([23]) Let ¥ : @ C BR? — R be a continuous function. Then, for (3¢, 1) € 2,
the g3, ¢# and ¢ integrals on Q are defined by

P )
f f W(E,8) 2y adyy € = (1= g1)(1 = ga)(3e—)(5 = ) (2.6)
o Jn

oo 00

X Y > iy W (quse+ (- qi)a,qan + (1 - q)9),

n=0 m=0
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B
f f W(E,8) yddgy Pyt = (1= 1)1 = @2) (B - )(n - ¥) (2.7)
x Jy
<Y Y iV g+ (- q)B,qan + (1 - q2)y),
n=0 m=0
and
B pé
j f U(£,8) gyt Py = (1 - qr)(1 - g2)(B - (5 - ) (2.8)
s Jy
X Y > gy (quze+ (1 qi)B.qan + (1 - q2)5),
n=0 m=0
respectively.

Theorem4 ([23]) Let ¥ : Q@ C R?> — R be coordinated on 2. Then we have the inequalities

W(QIOHJB’ 14 +6.725)
2l [2]g

2 8
Si[ 1 f\y(;f,)/+4125)adq1x+#f \p(q10'+ﬁ’?_i)6dq2”i|
2 ﬁ e ? 4 [2}5}2 8 — }/ v [2]q1
' d
= 6- 0')5 ¥) af 1) oyl ol 3
8 1 5 8
"p )d +7f Ll-‘ g )d
q1(8 yfy ) b + 5w J, AT G
1 0 P)
m[ ‘L’(%;V) dq1%+22——a)j; ‘-I-’(%,«S)adql%

th‘l’(a Y)+ quqa¥ (e, 8) + W(B,y) + ¢2%(B,6)
Bl 12

(2.9)

forall 1,42 € (0,1).

Budak et al. gave two similar inequalities in addition to the above result. Also, Latif in-
troduced a quantum version of Holder’s inequality for double integrals in [22].

Theorem 5 (g, 42-Holder's inequality for two variables functions, [22]) Letx,y>0,0<q,
g2 <1, p1 > 1 such tlfi‘ou.‘p—l1 + o= 1. Then

x rn
[0fo“P(%,)])T(%,);)]dmxdqzn
l 1
(f /I\D n‘ dqlf"quz'}’) (f /lT%n)| dqlzd@n)

Inspired by these ongoing studies, we establish some new quantum analogues of mid-
point type inequalities for g-differentiable coordinated convex functions. Integral inequal-
ities form a crucial branch of analysis and were combined with various types of quantum
integrals but we had never seen these before with the integrals that we use here. For this

reason, we studied the midpoint type inequalities in quantum calculus.
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3 g-Derivatives for the functions of two variables
In this section, we recall partial g-derivatives for mappings of two variables offered by Ali
etal. in [24].

Definition 8 Suppose that ¥ : @ € R? — R is a continuous function of two variables.

Then the partial g; -derivative, ¢,-derivative and g, q,-derivatives at (3¢, ) € Q2 are defined

by
Py W) Wigise+(1-q1)Bn) — ()
58q1x - (1-q)(B - ) , x#Ep,
50, W (25, m) _ W (32, q2n + (1 — q2)8) — W (35, 1) —_—
29g,1 (I-g2)(8—n) ’ ’
582  W(s,1) 1
@ %142 B B )

Son o GG g =g At e (=@
- l]-‘(qq;u— (1-q1)e, ’i’) - "Ij(%,ﬁbﬁ’ +(1 —6]2)5) + W (s, 1;)],
xHa,n#8,

B3z Wi(s,n) 1
Y 9142 _ o i ’ .

Py gn B0 g g i+ (- a0b.qn+ (1 -gly)
—U(qie+ (1=q1)B,n) =V (2,qan + (L - q2)y) + ¥(>, i])],
xZBn#y,

B352 (s, 1) 1
9142 _ o - ’ i
o g~ B A6-DA- g gl 4 -0+ =02))
~W(quae+ (1—q1)B,n) — Y (36,q2y + (1 - q2)8) + W(5¢,1)],
=ZB,n#9,
respectively.

4 Essential lemmas
In this section, we address three new identities, which are necessary to obtain our crucial
results.

Let us start with the following lemma.

Lemma 2 Let F: A € R? — R be a twice partially q,q>-differentiable function on A°.
bl ) . . ,
If partial q,q,-derivative Tﬁ% is continuous and integrable on [a,b] x [c,d] T A°.

Then the following identity holds for q,q,-integrals:

1 rl bdy2  F(ta+ (1 -1)b,sc+ (1 —s)d)
bh— d— A L, q1.92
D126 - a)d— ) fo fO (t,5) e

a+qb c+q2d) 1 /‘i (a+q1b )d
=F . - F J d
( Ry @y ) d-c). R, 7))

b, t?d,,s (4.1)
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1 » c+qad, 1 b pd , ]
- 4 dgx+ ————— F(x,y)%d, x%d
b—afa (x’ 21z, ) q‘x+(b—a)(d—c)fafc (,9) gy xdg,

b, mla,b,c,d)(F),

where
ts, if(t,s) e 1 ] x [0, —],
Afed) = Hs— ) if (2,5) € [0, 1 X (g~ 1],
s(t— o) if (t.5) € (g 1]><[O,WL
(t- i)(s— q_z) if (t,s) e( 1] X (@,l},

and 0 < q1, g2 < 1.
Proof From Definition 8, we have
b2
a0 pF(ta+ (1 =1b,sc+ (1 -5)d)

b d
Oy L%0g,8

1
- i —aG-ad=o5 [F(tqia + (1 - tq1)b, sqac + (1 — sq2)d)

—F(tqra + (1 - tq1)b,sc + (1 - $)d) = F(ta + (1 - t)b,sqsc + (1 — 5q3)d)
+F(ta+(1-t)b,sc+(1-s)d)].

Also, it is easily observed that

L oel b2 P(tg+(1-1)b,sc+ (1 —9)d)
qlqz(b—a)(d—C)f f Alt,5)—2 b( y a-s) dqsdgt  (4.2)
0o Jo Bqlt 3425

1 1 bdaf! F(t l—fb’ 1—9d
:q1q2(b—3)(d—6)|:[mf% g2 (ta +( Vb,sc + (1 —s)d)

disdyt
b0y, 140g,s e
. o [ " s—i bdaqzml-"(m+(1—t)b,sc+(1—s)d)d o
0 ! 2 L i
Bloy q q1 42

fl fm;—z (t 1 )bdagl pFta+ (1=t)b,sc+(1-s)d)
+ s|t——
1 q1

b0y, 40q,s

b :
f f (t——)( __) aélqu(m-;-(l—t)b,sc+(l—s)d) d'qlsdqlt]
q2 dg,t%0g,s

bd52  F(ta+(1—1t)b,sc+ (1 —s)d)
9192 !
= 4142(b - a)( —C)f f o T dy,sdg,t

dgys dy,t

1 bdy2  Ptg+ (1 -1£)b,sc+(1—-s)d)
q1.92 i
~q(b-a)d / f Py 40 dg,sdgt
1 bdn2  Ptg 4+ (1-1)b,sc+(1—s)d)
_ q1.92 !
qi(b-a)d / [ P,y 1405 dg,sdgt

1 bdg2 Pt l—tb, 19\
+q2(b-a)(d C)]D‘E[ g Fta+ (1 =1)b,sc + (1 -s)d)

dg,sdg t
- 025 gy
by t40,,s
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O 'f'daz F(ta+ (1 —t)b,sc+ (1 —s)d)
q1,q42 ?
+q1(b—a)( —c// P, 10,5 dg,sdgt

1”62 F(ta+ (1=1t)b,sc+ (1 —s)d)
+(b-a) —cf f r— dg,sdg,t
0g £%04,8

—(b-a)d

f [ daglqF(m+(1—r)b,sc+(1—s)d)d d
q2° " q1

baqltdaqzs

—(b-a)d

f ] e bdagl pFta+ (1 -0)b,sc+(1-s)d) A5t
2 1

b8y, 6908

F(t 1-10)b, 1-3s)d
. b—a) —Cf [ qlqz a-;-( )b, sc+ (1 —5) )ququ]t
O, £ *9gys

:11 —[2 —13 +14+15 +16—I7 —Ig +19.
Now by the definition of definite ¢, ¢»-integrals and properties of 41 ¢»-integrals, we obtain
6L = q1q2(b - a)(d / f tqlat + (1 = tg1)b, sqac + ( —sqz)d)

— F(tqra + (1 - tq)b,sc + (1 - s)d) — F(ta + (1 — )b, sgac + (1 - sq5)d)
+F(ta+ (1 - t)b,sc+ (1 -s)d)|dy tdy,s

_ o — qllﬂlqgﬂl n+1 n+1 b m+1 m+1 d
=qp| Y Y F(qi*'a+ (1-qi*")b,q5* e+ (1 - g5*")d)
n=0 m=0 0192
co qn+lqm
_ Z Z L2 F(gia+ (147" )b gy + (1-45)d)
n=0 pi=0 q
00 00 g m+l
_ Z Z 4192 (qla + (1 ql)b qm+l (1 qm+1)d)
n=0 m=0 q2

£ > Ay F(dia+ (1-gi)bgyc+ (1- qé”)ﬂ’)}

qiqy F(qia+ (1= qi)b,qy'c+ (1-q3')d)

I
=
S
1
‘H
[z
ok

-— mFa e+ (1- d—— "F "a+(1-4g")b,c
ghq:;zqz 9> ( 6]2) 6]16}2”2(;% a1 ( %) )

1
+—F(a:c -= E E qigy F(qia+ (1-q})b, gy c+ (1-45)d)
411]2 ql n=0 m=0

1 o0
+ Y d5Fa,q5c+ (1-45)d)

m=0

1 o0 o0
-—> ) ey F(gia+ (1-4))b.gyc+ (1-q3)d)

72 n=0 m=0

B q—Zq’fF gia+(1-q{)b,c)

n=0
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+ZZq gy F(qia+ (1-47)b, qzc+(1—q2”)d):|

n=0 m=0
o0 o0
=(1-q)0-q) Y Y digyFgia+ (1-qi)b,q5'c + (1 - 45)d)
n=0 m=0
o0
—(1-q2) ) qyFlagyc+(1-45)d)
m=0

- (1-q2) ) qiF(qia+ (1-q7)b.c) - F(a,c)

1 b pd g 5 1 d .
= —(b_a)(d_c)f f F(x.}') dqzy dqlx—ﬂf F(a,y) dqzy

1 b
o /a F(x,c) bdqlx + F(a,c).

By using the similar operations, one can obtain

i I
12:—F(b,c)+F(a,c)+d fF(b,y)dd,hy—Ef F(a,y)ddqu,

b 1 b
I3 =—-F(a,d) + Fla,c) + f F(x,d) bdqlx i f F(x, c)bdqlx,

—aJg aJg

a+qb ) d d 1 fd (a+qlb )d
I, =F| ——,c| -F(b,c) + F(b,y)%d,,y — E ; d,. v,
: ( 2l o) T, )

B C+god) 1 f” 1 fb ( c+q2d)
IS_F(a, 2, ) F(a’d)+—b_d ) F(x,d)dg x b J F x,—[2]q2 dy,x,

Iy = F(b,d) - F(a,d) — F(b,c) + F(a,c),

=F(b,d) —F(" “Zlb,d) _F(b,0) +F(“ ;qlb,c),

[2]q1 [ ]‘11
B C+qyd C+qrd
Ig_F(b,d)—F(a,d)—F(b, 2., )+F(a, 2., ),
B a+qb ) ( c+q2d) (a+q1b c+q2d)
Iy=F(b,d)-F| ———,d | -F| b, E 5 ;
=0 ([mﬂ 2, )R, R,

Using the calculated integrals (I;)—(ly) in (4.2), then we obtain the desired identity (4.1)
which ends the proof.

Remark 1 Under the given conditions of Lemma 2 with ¢;,4, — 17, then we have the

following identity:

1 1 2
(b—a:)(d—c)/0 fo \If(t,s)%(m+(1—t)b,sc+(l—s)d)dsdt (4.3)

a+b c+d 1 b pd
:F( 5 g )+(b—a)(d—c)fa jc F(x,y)dydx
1 4 c+d 1 4 favh
|z [ S [ ()]

Page 9 of 23
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where
ts, if (t,s) € [0, %] % [0,%],
Wit,s) = t(s—1), if (t,5) € [0, %] x(%,l],
s(t-1), if (t,8) € (3,1] x [0, 3],
t-1(s-1), if(ts)e(§,1]x(3,1],

which is proved by Latif and Dragomir in [25, Lemma 1].

Lemma 3 Let F: A C R? —+ R be a twice partially q,q,-differentiable function on A°. If

a E(L.s)
the partial q1q,-derivative _a@_?da_

then the following identity holoisfo; q1q2-integrals:

ot 32 F(th ,s¢+(1—s)d
019200 - a)(d - c) f f Alt,s) 2 b (= faser @ -s) )dqlrd@s (4.4)
0o Jo 3 qus

qa+b c+q2d) 1 fd (qla +b )d
=F ; = F ¥ ) %d,
( Rl Rl ) d-c Rl )

1 8 C+god
—— | F(x, d, x F(x,y) .d 2%
b—afu (x [21@) ¥t - a(d c)ff i3] s

a,b,c,d)(F),

is continuous and integrable on [a,b] x [c,d] C A°,

_dj
ql qz(
where 0 < g1, g2 < 1 and A is defined as in Lemma 2.

Proof 1f the strategy which was used in the proof of Lemma 2 are applied by taking into

E(t
account the definition of & a’“ - % 5}’ the desired inequality (4.4) can be obtained. O
[ ‘TI 25

Remark 2 1f we choose g1, g2 — 1~ and replace tb + (1 — t)a with ta + (1 — £)a in Lemma 3,
then identity (4.4) reduces to identity (4.3).

Lemma 4 Let F: A CR? — R be a twice partially q,q,-differentiable function on A°. If

bp2  Fits)
the partial q,q,-derivative —,,% is continuous and integrable on [a,b] x [c,d] C A°,
q1-cq2

then the following identity holds for qqa-integrals:

32  F(ta+(1-t)b,sd + (1 -s)c)
q1q2(b — a(d—c)f / (8, 8) =B ——— dytdgs — (4.5)
g1 Lclgy

a+qb qzc+d) 1 fd (a+q1b )
—F , - (2292 ) a4,
( Bly Bl ) @5l \ Bl )%

1 b 42C+d b 1 b d
—— | Flx 7= ) dgyx+ 77— E(x,y)td, x.d,,
b—afa (x’ [21,, ) mx+(b—a)(d—c)/ajc (5,7) "dgy % cdlgpy

= ?[ql,qg(a, b) ¢, d)(F);

where 0 < g1, g2 < 1 and A is defined as in Lermima 2.

Proof If the strategy which was used in the proof of Lemma 2 is applied by taking into

account the definition of %“a(’g) the desired inequality (4.5) can be obtained. O
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Remark 3 1f we choose q1,q2 — 1™ and replace sd + (1 — s)c with sc + (1 —s)d in Lemma 4,
then identity (4.5) reduces to identity (4.3).

5 Some new g;q,-Hermite-Hadamard like inequalities
For brevity, we give some calculated integrals before giving new estimates:

Y(q1,q2) = [ f (t,8)dg, tdg,s (5.1)
=/W ./‘EIEifs.zzl,nz.‘dqzs+fﬂH (——s) dg tdg,s
0 0

1 _1
+f /qus(w——t)d tdg,s
1 Jo qi1

21g

fm/ (- G-e) ot

—2[217, — 2212, + [212, [21,

[2]31[2132
. 2q142(1213, + [217)) - 2q142[21 [217, + qu 213, [2]7, ([2]4, — 1)
Q121213 [2]3, '
1(6]1,'5]2)—./2%11 fqu t*s* dg, tdg,s (5.2)
_[]DPBMBM’
Az(fh:ﬂh)—f%f t‘{;(i —S) dytdys (5.3)
B q2
qa +2 1-[23,

" RB,2B,Bl, 21, 2E,B8l, Bl

12]
Aslquga) = f f < 2(——t)dqltdqzs (5.4)

- g +2 . 1-[202
" 2R 2R, Bl | 2B 2R, Bl, Bl

1 1 1
f f (~ —t) (— —s) dy bdg,s (5.5)
ey a1 12

[2lq

= Ay(q1,92)

) ([217, - (1212, - 1) +( ~ 2R NE2E, -1
nq:[213 213, q[213, 213, [3],,
(-2 )21, - 1) N (121, - (213, -

@m3mamm 213 [213, 131, [3],,

B lz crz
1(g1,92) = 1 - 8)s* dy, tdgys (5.6)
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_ il
©[212, 8] 1213, [3]g,

e 1
By(q1,q2) = f f 1 Hl-t)s| — —s | dg tdy,s
0 % qZ

i +2) q(1-[23)
T 2B 2B,Bly | 2B 25,5l By’

U orolg L1
Bs(q’qu):fl f (1—t)s"| — —t | dy tdy,s
Bl 70 q1

qi+q-1 i+ q-1

TR R B, 2523, 5, 5l

oot 1 1
Balq1,q2) = f [ s(1 - t)(— - t) (— - S) dy tdy,s
1 Iﬂlq_z q1 q

27
(@12, - DRI, - (@ +2)
) $[213 212,
(23, - D((q1 +2) - [2]3)
[213,[213, [3],,

(21, - D@2l - 1) @217, - D1 - qi[2]g)

22, 2E,BlaBl, | 232

1 1
Ci(q1,q2) = jmql fqu t2s(1 —s)dy, tdy,s
0 0

(212, (8], 213, [34,”

. 1
2 1
Cz(fh,q:z):j " fl tz(l—s)(—s) dg tdg,s
0 _1

e ©

__@a+? g2(1-[213)
T RERE B, 121212533, B3l

U ol 1
CS(Q’l;Q’Z):]l f ts(1-s)| ——¢ dqltdqzs
oy 0 q1

aG+a-1 g3+ 42— 1

T RERE B, 12221 B, B,

’

1 1
C4(q1,q2)=f#[] r(1_s)(i_t)(l_s)dqlcd@s

q1 q2

Rlg * Plgy
(21, - D27, - (g2 +2))
) 711213, [213,
(213, - V(g2 +2) - [2]7)
[213 [213, [3],,
@[22, - D(g2[2]g, - 1)
212,23, [3],,[3],,

Page 12 of 23

(5.9)

(5.10)

(5.11)

(5.12)

(5.13)
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2212, - D1 - g2[2]4,)

+ - ?
[212, (213, [3]4,
1 1
My [ Blgy
Eiquq2) = f “ f 11— 1)s(1 - 8) dy, tdgys (5.14)
0 0
q14q2

:mzmmm;m

qh%)‘[ [ —IU—Q(éuw)%ﬁ%g (5.15)

i m@4@+m+ 1 - ga[2],,
"N 0R 2B B, | TMPRE PR, B, B,

1 21
awﬂﬂ=fleEu—mu—ﬂQ5—Q%ﬁ%ﬁ (5.16)
o 0 q1
212, - (@1 +2) 1-qi[2],

2R 2R, PR R BB,

Eslq1.qa) = / [ (1-1(1-s (i = t) (i —5) dg tdg,s (5.17)
qi1 q2

g [Ziqz

(D] — (g2 + 2)([2], - (q1 +2))

[213, [2],

02((q1 +2) - [2]7 Nga2[2]4, - 1)
213, 212, [3]4,
qi(q1[2]g, - (g2 +2) - [2]3)
212, 213, 3],
7192(q1(2]4, - 1)(q2(2]4, - 1)

(212,212,314, Bl

Now we give some new quantum estimates by using the identities given in last section.

Let us start to find some new quantum estimates by using Lemma 2. We first examine
a new result for functions whose partially g;4,-derivatives in modulus are convex in the
following theorem.

Theorem 6 Let F: A € R? — R be a twice partially q,q,-differentiable function on A°
g2 o E(t3)

3
such that the partial g q,-derivative _ba_q_1_gz_

25— is continuous and integrable on [a, b] x

le,d] € A°. Then we have the following inequality provided that |—b’1—lqu—5| is convex on
[a,b] x [¢,d]:

P41, 4, (@, b,c,d)(F)| (5.18)
b,d 52 bd a2
95,0, F (@) 82 F(b,c)
<qiqa(b—a)(d- c)|: haql ’;2 - bf;h rf —
ar T g1t Oy
bd b

33,0 @ d) 37 o F(b,d) H
a‘ht BQQS 3q1t qus

Page 13 of 23
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where

4 4
Z (q1,q2), B=Z (q1,92),
-1 -1
4 4
Z (q1,92), E= Z (q1,q2),

i=1

Il
—_

and 0<q1, q < 1.

Proof On taking the modulus of the identity of Lemma (4.1), because of the properties of
the modulus, we find that

P41, 42, b, ¢, d)(F)| (5.19)

<q1q2(b—a)d —c)
bdn2  F(ta+ (1 -0)b,sc+ (1 -s)d)

1 el
x Altys)|| —L£ : bd. t9d, s.
.[o fo | by, t90y,s o
Now using the convexity of |#§8(:j then (5.19) becomes
bd
"Ly, gp(a, by, d)(F)| (5.20)
<qiq2(b-a)ld-c)
b 52 b 52
f f IA(t s) [ts b‘;ﬁ‘l n;z;;(d 26) B 2511 zz a(b.c)
gL 0gyS a1t " 0gy5
bd32  F(g,d) bid 2 (b,d)
+1(1-5) % +(1-6)(1-5) quHd dg,s
b0y, £90q,s g L 0g,s
bd 52 b o2
] ] a; . Fla,c) 82 F(b,c)
_ guinlBat —c)]m f2q2 [ q;qz +(1-10)s bqlqz
£99gy5 gy £ 0gy8
b 52 bd 2
az  Fla,d) F(b,d)
+ (1 —s)| 2 +(l—t)(1—s)L dg tdg,s
by (d b
3, £93g,5 Og, £ g,
g bd g2 b 52
12] 1 d F(aﬁc) 0 (b: C)
+]lq1f t(——s)[ts q1.42 +(1=0t)s G’I!Izd
0 o, P bdg t40y,s I
b 52 bd 52
32 . Fla,d) F(b,d)
+H1-s) ‘@qzd— +(1-)(1-5) L dg tdg,s
g P 2 ba 1905
Iﬂﬁ = de;IqZF(a,c) _ bda;mz (b,c)
t||ts +(1-08)s =
b0g,t40g,s b0g,1%9g,s
b 52 bid 2
a2 Fla,d) G (b,d)
+t(1-5) % +(1-t)(1-5) LH dg, tdg,s
aqlr gy Bql E)qzs

Page 14 of 23
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bd g2 b2
() (o) [ w0y it
ﬁ % q1 q2 b0y, t%0,s b3y, t40y,s
byl Fla,d) badn2  F(h,d)
+1(1-5) qu +(1-12)(1-5) LH dg tdg,s
0y, £ #3gys b34,140y,5

This completes the proof. O
Example1 Definea functionf : [0,1] x [0,1] — R by f(x,») = ¥%y. Then f(x, y) is a convex

differentiable function of two variables on [0,1] x [0,1]. For g1 = ¢» = %, we have

’

’

F(a+q1b c+q2d) 1

21, ' 121, /81
1 d a+qb p 1 1 X
= F( 21, ’y) o | F(s’y) W
_ 1
36’
b 1
1 fF x’cHIzd bdq1x=/ F x,l i
b-ala [2]@ 0 3 2
B 1
T 36
1 1 o
3 1
16
Thus,
25

!bd Ig1.4,(a, b,c, d)( (x, ))} =y
Now, we can observe that

1,192
3 (ts) 4 t+1 s+1 t+1 s+1
= F , —F—,s|-Flt,— )+ F(t,9) |,
181t13.1s (1-06(1-3) 2 2 2 2

1].32 (0 0) 1
laltla;s 4

11327(10) 3
T, |7
1132 F(0,1) 3

and

Mot (F(L1)) g

oz |2

' 19111915 ‘ 4
2 2
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Finally, using the above calculated values in inequality (5.18), we have

25 377
—_— <,
1296 2640

which shows that the proved inequality is valid for convex functions.

Remark 4 Under the given conditions of Theorem 6 with g1,g, — 1, then we obtain the

following inequality:

1 bord a+bh c+d
l—(b—a)(d-c)fa fc F(x,y)dydx+P( =g ) (5.21)

[ [ (o557 der 2 [ H(555)]
b-al, "2 d-c/, 2 e

B (b-a)(d—c)[ 2L (g,0) +|;fai(a,d>|+|§f;(b,c)|+1%(b,d)1]

16 4

which is given by Latif and Dragomir in [25, Theorem 2].

Theorem 7 Let F: A € R? — R be a twice partially q,q,-differentiable function on A°

,d 02
d1.q2 ()

b
such that the partial qiqa2-derivative —; is continuous and integrable on [a,b] x

d
gy L% 0gy 8

b,dBZ F(ts)
o 9192
[Crd] g A 'I_fl baqltdaqzs

we have the following inequality:

P1 g . 1.1 _
|P1 is convex on [a, b] x [c,d] for some py > 1 and s¥Es 1, then

%1, 00(a, b, ¢, d)(F)| (5.22)
1 ol , -
< qu(b—a)(d—c)(f f AGS)] ldqltdqzs)
o Jo
X [ 1 b’daél'qu'(a,c) - ” q2 b.da;l’qu(a’d) #1
(2], [2]g, | P, £%0g,5 [2lg[2]e, | 2052905,

B

N P87 g F(brc) |1 ng |74, F b d) pl]“,

20,21y, | 28,695 (21,121, | %0,,t90,,s

where 0 < g1, g2 < 1.

Proof Applying the well-known Hélder inequality for g;¢,-integrals to the integrals on
the right side of (5.19), it is found that

P41y, 42\, b, ¢, d)(F)| (5.23)

L opl L
<q1qz(b—a)(d—6)[(f0 fo |A(t,s)|”dqltdqzs)

([lfl bdy2  F(ta+(1—t)b,sc+ (1 —s)d)
X
o Jo

q1,42
b d
g L4 0g,s

L

1 =
dy, tdqzs) :|

Page 16 of 23



You et al. Journal of Inequalities and Applications (2021) 2021:142

By applying convexity of |quf%;_ [P1, then (5.23) becomes

P41, 4@, b, c,d)(F)| (5.24)
1 sl . &
<q1q2(b—a)(d—c)|:(f [ [A(t,5)| ldqltdqzs)
bd bd:
([ [ 831 nFac +t(1 _s) 33 o, Fla,d) |
& Wk 8 58 8 ;1 aqzs
bdaZ E(b,¢)|P1 bddl p1 L
PP Gl Y kP il ) }dqltdqzs)m].

gyt g, 8 gyt “0gp5

Now, if we apply the concept of Lemma 1 for @ = 0 to the above quantum integrals, we

obtain
1 1 1 1
lﬁtsdqltdqzs=(ﬂ tdqlt)(fo sdqls) (5.25)
1
" [21g[2]g
q2
§)dyytdpys = ) :
/ f s = o T (5:25)
ff(l—r)sdqltdqzs:[zh?ﬁ, (5.27)
f /(l—t(l s)dy,td, 5= 5] ol ]‘2?22]@ (5.28)

By substituting the calculated integrals (5.25)—(5.28) in (5.24), then we obtain the desired
inequality (5.22) which finishes the proof. O

Remark 5 Under the given conditions of Theorem 7 with ¢1,42 — 17, then we obtain the
following inequality:

a+b c+d
l—(b 2 —c)[f xy)dydx+F( 5 ) (5.29)

b-al, 2 d—c 2 V)Y
- (b—ﬂ)(d—(;)[ aatai-(a C)!Pl * |Btas(‘a d)lpl + IBtBs(b C)Ipl * !aras(b d)] :|
—_— 2 ?
4(r + 1)1 4

which is given by Latif and Dragomir in [25, Theorem 3].

Theorem 8 Let F: A € R? — R be a twice partially q,q,-differentiable function on A°
bd g2 E

such that the partial q1q2-derivative b—‘”T‘;%(—t"g)
gy £%9g,s

F(t
[c,d] C A°. lf|%|‘”1 is convex on [a,b] x [c,d] for some p1 > 1, then we have the

is continuous and integrable on [a, b] x

Page 17 of 23
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following inequality:

|"14,,42(a, b, c,d)(F)| (5.30)

< qiqa(b—a)(d - c)(T(ql,@))l’;%l

b o2 » bd g2 ?
y [A Bql qu(a,c) 1 Bql qu(b,c) 1
by, t904,s P8, %0g,5
bd 52 b,d 52 L
Ot ( St (b,d) [P p
+ by 1d d J
g, E3g, S P0g,1%0gy5

where A, B, C, E are defined in Theorem 6 and 0 < q1, g2 < 1.

Proof Applying the well-known power mean inequality for ¢1g»-integrals to the integrals
on the right side of (5.19), it is found that

"1, 42(a, b, ¢, d)(F)| (5.31)

1 p1 -5
<q1qz(b—a)(d—c)[(/o /0 lA(t,s)|dqltdqls) !
1 1
x(j(;fo|A(t,s)‘

Magl o F(ta+(1-t)b,sc + (1 -5)d) P
X
by, t40g,s

1

P1
dyt dqzs) }

By applying the convexity of |‘1§%3§—5 |1, then (5.31) becomes

P41, 4,(a, b, ¢, d)(F)| (5.32)

1 p1 17},%
<6I16]2(b—ﬂ)(d—6)([0 fo ‘A(f,s)’dmtdqgs)

b,d a2 b,d o2
B PR ] i W
Bqltd%s afnt By, S
bd A2 bd o2
" arh 0 E( aqlqz (b,d) pl}”
baﬂhtdaﬂhs atht g, S

By substituting the calculated integral (5.1) in (5.32), then we obtain required inequality
(5.30), which ends the proof. O

Remark 6 Under the given conditions of Theorem 8 with g1,42 — 17, then the inequality
(5.30) reduces to the following one:

d
l D —c)ff x,y)dydx+P( 5 ,C+ ) (5.33)
[ [ 5 o [ H(5500) )
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1
- (b—a)(d—c)[ gwi a,c)l’r + |dtas(a, )P+ |aws(b c)Pr + |af(b d) wlr
- 16 4 ’

which is given by Latif and Dragomir in [25, Theorem 4].

Now we use Lemma 3 to find some new quantum estimates. We first examine a new re-
sult for functions whose partially ¢ g2-derivatives in modulus are convex in the following
theorem.

Theorem 9 Let F: A € R? — R be a twice partially q,q,-differentiable function on A°
4

such that the partial q\q,-derivative % is continuous and integrable on [a,b] x
le,d] € A°. Then we have the following inequality provided that |%§i;)| is convex on
[a,b] x [c,d]:
1qu1,q2 (ﬂ, br (& d)(F) ‘ (5'34')
dy2 da2
a3 F(b,c) 92 Fla,c
quq’z(b—d)(d—f) a“q1.42 441492 )
a0y T40,,8 a0y 14858
dg? dgy2
aaﬂh qu(b’d) ﬂaﬂn 92 Fla,d) }
adgy t3g,s adg t%0g,s

where A, B, C, E are defined in Theorem 6 and 0 < qy, g2 < 1.

Proof If the strategy which was used in the proof of Theorem 6 is applied by taking into
account Lemma 3, the desired inequality (5.34) can be obtained. O

Remark 7 Under the assumptions of Theorem 9 with ¢;,4, — 17, then inequality (5.34)
reduces to inequality (5.21).

Theorem 10 Let F: A € R% — R be a twice partially q1q>-differentiable function on A°

d52
such that the partial q,q,-derivative %ng(t.s) is continuous and integrable on [a,b] x
[c,d] C A°. If|%‘lu|l”1 is convex on [a, b] x [c,d] for some p; > 1 amd— +pi = 1. Then
‘1}
we have the followmg mequalzty
d
]anlrQZ (a,b,c, d)(F)‘ (5.35)
<q1qab—a)(d-c) (f f ‘A(t,s)[ 1dqltdqzs)
0
y [ 1 90, FB,0) LT %0 F®,
[2]g1[2]gs | adqyt?3gys [2]q1[2]gy | 4By, £90g,s
1
% q1 gagl 42 Fla,c) ¥ 419> gagl g2 a’d) plj|p_1
[2]g1[2]g, | adgyt 3,5 (2, [2] g, | 0, t%3gys ’

where 0 < q1, g2 < 1.

Proof If the strategy which was used in the proof of Theorem 7 is applied by taking into
account Lemma 3, the desired inequality (5.35) can be obtained. O
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Remark 8 Under the assumptions of Theorem 10 with ¢1,42 — 17, then inequality (5.35)
reduces to inequality (5.29).

Theorem 11 Let F: A C R?> — R be a twice partially q,q,-differentiable function on A°

452 4, F(ts) , )
such that the partial q,q>-derivative %a(? is continuous and integrable on [a,b] x
252 pe adg L% 9y
[e,d] € A°. 1f|%3(?|”1 is convex on [a,b] x [e,d] for some py > 1, then we have the
a’q] q2
following inequality:
d
]ujcn,qz (a,b,c, d)(F)‘ (5.36)

< qugab - a)(d - )(Y(qu, ) 7t

§ [A G FOOP 1805y F@a P
a0g t90g,5 a0q,t%0g,s
1
a 331 o F(b,d) |7 4 331 o Fla,d) P
alg, t%34,8 By £90;:8 ’

where A, B, C, E are defined in Theorem 6 and 0 < qy, g3 < 1.

Proof If the strategy which was used in the proof of Theorem 8 is applied by taking into
account Lemma 3, the desired inequality (5.36) can be obtained. O

Remark 9 Under the assumptions of Theorem 11 with q;,q2 — 17, then inequality (5.36)
reduces to inequality (5.33)

Now we use Lemma 4 to find some new quantum estimates. We first examine a new re-
sult for functions whose partially g;¢,-derivatives in modulus are convex in the following
theorem.

Theorem 12 Let F: A C R? — R be a twice partially q,q,-differentiable function on A°
by2 (t,5)

ok o F(ts) | . .
such that the partial q,q,-derivative % is continuous and integrable on [a,b] x
Ll v)

ba2  F(ts)
o S : : %14 :
[e,d] € A®. Then we have the following inequality provided that |75 —| is convex on

todg
la,b] x [c,d]: g1t gy

|14y, (@, b, ¢, d)(F))| (5.37)

b32  Fl(a,d) b32  F(b,d)
< q192(b—a)(d—c) [A £ b‘“@ : ¢ b‘i:l-qz ‘
g, g, 8 Byt cdgys
vop g Flac)| 10ar  F(b.c)
baqltcaqzs baqltcanS )

where A, B, C, E are defined in Theorem 6 and 0 < qy, gy < 1.

Proof 1f the strategy which was used in the proof of Theorem 6 are applied by taking into
account Lemma 4, the desired inequality (5.37) can be obtained. |

Remark 10 Under the assumptions of Theorem 12 with gy, g, — 17, then inequality (5.37)
reduces to inequality (5.21).
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Theorem 13 Let F: A C R? — R be a twice partially q1q,-differentiable function on A°
b2

ba2 | F(Ls) . , .
such that the partial qiq>-derivative ‘,ISLM is continuous and integrable on [a,b] x

b2 Eg g1 ey S

i t.s

[C,d] g AD']JClC 4142
g1 F ey

we have following inequality:

[Pt is convex on [a,b] x [c,d] for some py > 1 and % + pil =1, then

L0 (@, b, ¢, d)(F)| (5.38)
1 pl " %
<61’16]2(b—ﬂ)(d—6')(f [ |A(,s)| dqltdqzs)
o Jo
b b
. [ 1 CB;L@F(ELd) 21 L, ® Ca;]_qu(a, o) |
[2]'71 [2]‘12 baqltcaqzs [2]q1 [2]q2 baql tcaqj_s
. ) 1
- 1 Edqzl»qu(b’d) o q192 5'aqzsz(b'C) PI]PI,
(214,214, | 2g,t cBg,8 [214,[2]g, | 20g,¢ 0y,

where 0 < ¢y, g2 < 1.

Proof If the strategy which was used in the proof of Theorem 7 is applied by taking into
account Lemma 4, the desired inequality (5.38) can be obtained. O

Remark 11 Under the assumptions of Theorem 13 with g1, gy — 17, then inequality (5.38)
reduces to inequality (5.29).

Theorem 14 Let F: A C R? — R be a twice partially q,q>-differentiable function on A°
b2

such that the partial q,qa-derivative M is continuous and integrable on [a,b] x
b 12 clgy
[c,d] € A°. Hl%z?ri)lpl is convex on [a,b] x [¢,d] for some py > 1, then we have the
q1°<%q;
following z‘nequalitlyz ’
b
| 2g1.q5 (a0, b, ¢, d)(F)| (5.39)
q142(b - a)(d - ¢) 1--L
< —(T(quq2) 7
Pl )
b2 b2
y [A 05 g, Flad) |1 5, by d) |t
P0g, Oy P0g, g8
1
faqz'l-tle:(a’ c) |1 f831-‘121:{‘b’C) p]]pl
B3t c0s bt 0y

where A, B, CE are defined in Theorem 6 and 0 < qq, g3 < 1.

Proof If the strategy which was used in the proof of Theorem 8 is applied by taking into
account Lemma 4, the desired inequality (5.39) can be obtained. O

Remark 12 Under the assumptions of Theorem 14 with g1, 42 — 17, then inequality (5.39)
reduces to inequality (5.33).

6 Conclusion
In this paper, midpoint type inequalities for coordinated convex functions by applying
the notion of g;¢>-integrals are obtained. It is also shown that the results proved in this
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paper are the potential generalization of the existing comparable results in the literature.
It is an interesting and new problem that the upcoming mathematicians can derive similar

inequalities for different kinds of convexities in their future work.
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