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1. Introduction

Quantum calculus (it can be called g-calculus for short) is known as the study of
calculus with no limits. Basically, if we take limit  tends to 1, then g-calculus can be reduced
to ordinary calculus. It has been first studied by Euler (1707-1783). In 1910, F. H. Jackson [1]
determined the definite g-integral known as the g-Jackson integral. Quantum calculus has
many applications in several mathematical areas, such as combinatorics, number theory,
orthogonal polynomials, basic hypergeometric functions, mechanics, quantum theory, and
the theory of relativity (see, for instance, [2-7] and the references therein). The book by V.
Kac and P. Cheung [8] covers the fundamental knowledge and basic theoretical concepts of
quantum calculus.

Later, in 2013, J. Tariboon and S. K. Ntouyas [9,10] defined the g-derivative and g-
integral of a continuous function on finite intervals and proved some of its properties.
These definitions are called g,-calculus. Many well-known integral inequalities such as
Hermite-Hadamard, Holder, trapezoid, Ostrowski, Cauchy—-Bunyakovsky—-Schwarz, Griiss,
and Griiss-Cebysev inequalities have been studied in the concept of g,-calculus.

In 2020, S. Bermudo et al. [11] newly defined the g-derivative and g-integral of a
continuous function on finite intervals, which is called qb -calculus. Moreover, their paper
proved Hermite-Hadamard inequalities for convex functions and h-convex functions by
using such a new definition. Based on the definitions of g,-and g’-calculus, there are many
outcomes concerning quantum calculus.

The Hermite-Hadamard inequality is a classical inequality stated as: If f : [a,b] — R
is a convex function, then

f(”;b)gbia/abf(xwxsw. M

Inequality (1) was introduced by C. Hermite [12] in 1883 and was investigated by J.
Hadamard [13] in 1893.

Recently, there have been many works about quantum integral inequalities, especially
quantum Hermite-Hadamard type inequalities. Interested readers can see [14-19] and the
references therein.
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Moreover, in 2014, Z. B. Fang and R. Shi [20] defined a new class of functions which is
called (p, h)-convex functions, and also proved some integral inequalities of (p, h)-convex
functions. Motivated by the above literature, we propose to establish some new quantum
Hermite—-Hadamard inequalities for (p, h)-convex function, which is a generalization of the
results of [20].

Inspired by the ongoing studies, we aim to prove Hermite-Hadamard inequalities
for (p, h)-convex functions via g-calculus. We also show the validity of newly established
inequalities with examples for particular choices of g € (0,1).

The structure of this paper is as follows: the fundamentals of (p, h)-convex functions and
g-calculus are briefly discussed in Section 2. In Section 3, we establish g-integral inequalities
for (p, h)-convex functions. We present some examples in Section 4 to illustrate the newly
established inequalities. Finally, we conclude our work in Section 5.

2. Preliminaries

Throughout this paper, we let I = [a,b] C R be the finite interval with 0 < a < b,
h:(0,1) — R be a positive function, p be a real number and 0 < g < 1 be a constant. The
definitions of (p, h)-convex function, g-derivative and g-integral are given in [9,11,20].

Definition 1 ([20]). A function f : I — R is said to be (p, h)-convex function, if f is non-
negative and

f([txp i t)y”ﬁ) < B0 () +h(1— D f () ®
forall x,y € Tand t € (0,1).

Example 1. Define a function f : [0,1] — R by f(x) = xP, where p is an odd natural number
and h(t) = t%for 0 < t < 1. We have f is (p, h)-convex because

f([txP +(1- t)yp];) = txP + (1 —t)yP
tf(x) + (1= 1) f(y)

< B f(x)+ (1-DIf(y)
h(D) £(x) +h(1— )£ ()

forall x,y € [0,1] and 0 < t < 1.

Example 2. Define a function f : [0,1] — Rby f(x) =1, p € R\ {0} and h(t) = t for
0 < t < 1. We have f is (p, h)-convex because
f([txP +(1 —t)yp]i> ~1
=t+(1-1t)

=tf(x) + (1 =1)f(y)
=h(t)f(x) +h(1 =) f(y)

forallx,y € [0,1]and 0 < t < 1.

Definition 2 ([9]). Let f : [a,b] — R be a continuous function. Then the q,-derivative of f at
x € (a,b] is defined by

f(x) = flgx+ (1 —¢q)a)
(1-q)(x—a) ’

aDgf(x) =
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The qq-integral is defined by
X [e9)
/ﬂ f(8) adgt = (1=q)(x—a) }_ q"f(q"x+ (1 - q")a).
n=0
Note that, in the case of 2 = 0, we write D,f(x) := oDyf(x) and [; f(t) dgt :=
Jo F(t) odgt.
Definition 3 ([11]). Let f : [a,b] — R be a continuous function. Then the q°-derivative of f at

x € |a,b) is defined b
ety bp iy = Jax+ (1 —q)b) — f(x)
R ([

The q"-integral is defined by
b b - n n n
| £ gt = A=) (b =) ¥ 4" f@"x + (1= g")b).
x n=0

3. Main Results

In this section, we shall start with the following key lemma, which is used to derive
the main theorems. Then we prove a variant of quantum integral inequalities for (p, h)-
convex functions.

Lemma 1. Let f : [ — R be a q”" -integrable function. The q*" -integral of f on [a, b] is defined by
the expression

24 1 1 !
ey fy £ Vg = [ (a4 o)) e ¥

Proof. By the definition of g%"-integral, we directly have

==

)

[, by Py = =)@ —ar) £ (a7 + (1= g0

— aP)./Olf((taP +(1- t)b’”);’) dt.

The proof is completed. O
Similarly,

1 b
(bp — ﬂp) ab

f(x%) ardgx = /01f<(tbp +(1- t)a”);) dgt. 4)

Theorem 1. Let f : [a,b] — R be (p, h)-convex and g-integrable function. Then, we have

h(ll)f<[“p42—b’”} :’> < (bPl—aP){ a:Pf(lez) apdqx+szf(x;) bvdqx}
2

< (F(a) + F(b)) (/01 h(t)dgt + /01 h(1—t) dqt>. 5)

Proof. Since f is a (p, h)-convex function, we have

f(["’jy'g]’ld < (3 ) () + )
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forany x,y € [a,b].
1 1
Setting x = (tb? +(1 —t)a”)? and y = (ta? + (1 —t)bP) 7. Then, we obtain

A([Z52]) < (3) [+ 002 ) . (s - ),

h(11>f<[ap;b”} }> §f<[tb?7+ (1 —t)ap];]> +f<[mp+(1_t>b,,];>'

thatis

2

g-Integrating (6) over [0, 1] and then using (3) and (4), we have

/01h(1%>f<{a1042rbp};> dqté/olf([tb“r(l—t)ap]}a) d‘it+/01f<[ta?’+(1_t)bp]}]) i
G L et [ b Py}

Moreover, since f is (p, h)-convex function, we get

f([tb” - tw’]?ﬂ) < B(0)f(b) +h(1 - B)f(a)

and

f([tu” L- t)bv]%) < h(t)f(a) + h(1 — )£ (b).

From (8) and (9), we get

f([tb” +(1- t)ap]ll“) +f<[ta” +(1- t)bp],l)
< h(t)f(a) +h(1 =) f(0) +h(t)f(b) +h(1—t)f(a).
Furthermore, g-integrating (10) over [0, 1], we have
/Olf<[tbp+(1—t)ap]é> dqt+/1f( ta”—f—(l—t)bp]!l’) dt
1
g/oh()f()—irhl—t dt+/ b) +h(1— £)f(a) dgt
1
= F(0) [ W) dyt+ 0 [ 0= 1) dyt + 1 b)/ £) dot + f(a) [ h(1— 1) dyt

= @)+ fo) ([ woag+ [ na—1) ae).

Finally, by (7) and (11), we derive

h(ll)fqap;bpm < G Ly £ wde [ ) Vi)
2

< (f(a) +f(b))(/01h(t)dqt+ /Olh(l 1) dqt>.

The proof is completed. [

Remark 1. If g — 1, then (5) reduces to ([20], Theorem 5).

(6)

@)

®)

)

(10)

(11)
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Remark 2. Ifg — 1, p = 1and h(t) = t forall t € [0,1], then (5) reduces to (1).

Theorem 2. Let f, g be (p, hy)-convex and (p, hy)-convex functions, respectively. Suppose that
f,g are g-integrable, fg € [a, b] and hihy € [0,1]. Then, we have

(wiap/bpf"; g(x7) Viyx
< fla)g(a) [ Ia(hat) dyt + F(@)g(b) [ (a1 1) it (12)
+f(b)g <>/ (1= Oha(0) dyt + F()g(0) [ (1~ (1~ ) dyt

Proof. Since f, g are (p, h1)-convex and (p, hp)-convex functions, respectively, we get

f([ta” - tﬂv”ﬁ’) < I (Df(a) + (1 - (D) 13)
and

g<[mp +(1- t)bp];> < ho(t)g(a) +ha(1 —t)g(b), (14)

for any t € [0, 1]. Then we have

f([tap+(l—t)bp]zlv> <ta7’+(1—t )b é)

< (m(5)f(a) + (1= 5)f(b))(ha(t)g(a) + ha(1 = £)g(b))  (15)
= hy()ho(t)f(a)g(a) + b1 (t)h2(1 — t) f(a)g(b)
+ (1= 6)ha(8) f(b)g(a) + hi (1 — )k (1 — 1) f(D)g (D).

g-Integrating (15) over [0, 1], we obtain

t
)
(

/1f( [taP + (1 — t)b”]ll’)g([tap +(1- t)bP]rlz) dgt
< [[ a0 (@) + 11~ 0F©)a(0)3(a) + a1~ D3()) dy
= f(a)g(a) /0 In(Oha(8) dt + F(@g(b) [ (ka1 — 1) dyt
O [ I a0 gt + F)g0) [ - 01— ) dyt
Using (3), we finally have
e [, ) Ve

-1

< F@)30) [ m(Ohale) dyf + @g(®) [ (1 -6 dyt
+0)30) [ 10— Oa(t) dgt + F)g0) [ (11— dyt
The proof is completed. O

Remark 3. If g — 1, then (12) reduces to ([20], Theorem 6).
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Theorem 3. Let f, g be (p, hy)-convex and (p, hy)-convex functions, respectively. Suppose that
f,g are g-integrable, fg € [a,b] and hihy € [0,1]. Then we have

’ (é)lhze)f([ap—;bq ;>g<{a7’—£b?’] 3:)

bP 1 1 bP 1 1
br’_alﬂ {/ flxP)g ?)ui’dqx‘f‘/ﬁ f(xﬁ)g(x?)bpdqx (16)
M(@,b) [ (O~ 1) + (1 - ) dyt

+ N(a,b) /01 (1 (D) (£) + Iy (1 — Do (1 — 1) dgt,

where M(a,b) = f(a)g(a) + f(b)g() and N(a,b) = f(a)g(b) + f(b)g(a).

Proof. Since f is a (p, h1)-convex function and g is a (p, hp)-convex function, we have
1
Z

( ap+bp ) taP+(1—t)bp]‘l“> +f([tbi’+(l—t)ap]xla)>
N BT ——")

respectively, for any t € [0,1]. Then we get
f<{a”+bpr>g<{ap+bi’]rl’>
2 2
<3 )tn(3) {7t + =007 ) (1t + 1= 001} )

1
taf + (1 — t)b?] P)g(tb’°+ (1—1t)aP) ;)

and

==

-

+4(1
+f<[b7’+ 1—tap:’)g< [ta? + (1 — t)b7] ,,)
+f([tbp+ (1—t)a? 5) ([tb”+ (1—t)a? ;>}

< hl(;>h2<;) {f([tap L (1- )b ]”>8<[ta?’ +(1 —t)bv]é>

+f<[tb7’+(1—tap ;>g<tbp+ (1—1t)a] :’> (17)

+ I (Dha () f(@)g(b) + b1 (D)ha(1 = t) f(a)g(a) + b1 (1 — ) (8) f(D)g(b)
+ (1= )ha (1= 1) f(b)g(a) + I (E)ha(t) f(D)g(a) + Iy ()2 (1 — £) f (b)g(b)
+ (1= )ha(t)f(a)g(a) + (1 — )ha(1 = t)f(a)g(b)}

:h1< ) ;){ <t1ﬂ’+ 1—tb7’]:’ g([tap—l-(l—t)bp]il”)

+f([tbp T (- t)a’”]ll“)g<[tbp +(1- t)a”]rl’> }

(5 )02 (5 ) (F@S(0) + F(0g(a)) (n (1Vha(t) I (1 = a1~ )
H(f@g(@) + FO)g0)) (a1~ £) + I (1~ Da(1)}.

\_/\_/



Mathematics 2023, 11, 1072 7 of 14
g-Integrating (17) over [0, 1], we obtain

1 (aPHq > (ap+b7’ )dt

<h1( ) ( ){ <ta”—|— (1— 1)) >g<[mp+(1—t)bp]%> dt

+/ f([tb”+(1 Ba?]? > <[tbp+(1—t)av]i> dqt}

+h1<) (1 { (a1~ ) + Iy (1 — D)ha(t) dyt

+ N(a,b)/o i (E)ha(t) + 1y (1 — E)ha(1 — 1) dqt}.

Finally, by using (3), we obtain
/01f<{a’7—;—bp]n>g<[ap—;bpr> y
§h1< )h2< )[bl’—ap /bpf TET L R ——— bp_ap /bpf P)g(x7) ardyx

i (2>h2(2> [M(a,b)/o hy ()ha (1 — £) + hy (1 — £)ha(E) dt
+ N(a,b) /01 (h ()ha(£) + By (1 — )ha(1— 1) dqt].

Therefore,

" (;>1hz<;>f<vp3bp];>g<[“p3bp};>

bP 1 1 1 lbp

< M(a,b) /0 Iy (a1 — £) + Iy (1= )l () dgt
1
+N(a,b)/0 (e (D) (£) + hy (1 — Bl (1 — £) dgt.
The proof is completed. [

Remark 4. If g — 1, then (16) reduces to ([20], Theorem 7).

Theorem 4. Let f, g be (p, hy)-convex and (p, hy)-convex functions, respectively, and let r be a
1
function, is defined by r(x) = x?. Suppose that fg € [a,b] and hihy € [0,1]. Then, we have

e o [ (e + a0 (1 + = 0rh ) gt P
< 1 i 0a(0) + (1= 1 - 1)yt
1
+ 12</0 I (Dha (1 — £) + hy (1 — B)ha(8) dqt>,

(18)
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where
1 1
B = f(@)g(a) [ (Oha(t) dgt + F(@)g(0) [ (ha(1 1) dyt
+ () [ 1= Ot ot + FO)0) [ (1= Do 1) dyt
and
L = f(a)g(a) /01 Iy (£) dqt/ol Iy (t) dgt
1 1
F@g) [ () dgt [ ha(1 1) dyt
1 1
+f(b)g(a) [ (1= 1) dyt [ o) dyt
1 1
+f(b)g(b)/0 (1 —t) dqt/O (1 — 1) dt.
Proof. Since f, g are (p, h1)-convex and (p, hp)-convex functions, respectively, we have
f([fr(X)” + (1 =t)r(y)” ]‘1’> <h(8)f(r(x))) + (1 =1)f(r(y))
= I (B)f (x7) + (1~ D)f(y7)

and

for any t € [0, 1]. Then we have inequality

1]
f (e + = rt1? o (2 + 0 7071
<

1 11
I (B)ha(6)F (xP)g(xP) + By (B)ha(1 — 1) F (x7)g(y7)
11 1,1
Hh (1= ha () f(y7)g(x7) + 11 (1= ha (1= 1) f(y7)g(y?)-
g-Integrating both sides of above inequality over [0, 1] and over [a?, b?], then multiplying

by m, we get

bP—aF’ / / /hl(iL

+ (1= H)hy(t )f(yf)g( ) +hi(1=Hh(1=1)f(y )8(y%)dqt gy Vdga

S h By () dyt " (x7)g(x7) P'd, 1””d
o )
+/ hll—thzl—tdqt/ FlyM)gy?) dy/ 1 dqx}

+(bp_1ap)2{/ () (1 —t) dqt/ f(x7) b”dqx/ 8(y7) dyy

'vs.\'ﬂ
'vzb—‘
~—
=
iy
—
—~
<= ~—
=
N
—~
—_
-~
S~—
-
~~
=
==
—
oo
~~
<
==
N
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s [T ohatn) dyt [ 5 P [ 5 Vi
- M /a:jpf(x:’)g(x;) d,x /;,, 1%d,y /01 hy()ho(t) + hy (1 — t)ha(1 —¢) d,ﬂ)
e [y F60) P [ ) Vg ([ 01— 0+ 11 = ) 4t
<L (/01 hl(t)hz(t) + (1 — t)hz(l — i’) dqt) + I </01 hl(i’)hz(l — f) + I’ll(l — t)hz(f) dqf).
The proof is completed. O

Theorem 5. Suppose that f,g are (p, hy)-covex and (p, hy)-convex functions, respectively, and
let r be a function, is defined by r(x) = xP. If fg € [a,b] and hyhy € [0, 1], then we have

iy ([ 00 (Y Yo [ a0 (5] v

<n {/01 hy(t)ha(t) dqt} + Iy (;)hz <;) (S(a,b)+T(a,b)) [/01 hi(1—t)hp(1—t) dqt} (19)
+ I3 S(a,b) + 14 T(a,b),

where 1 is defined in Theorem 4 and
S(a,b) = f(a)g(a) + f(b)g(a),  T(a,b) = f(b)g(a) + f(b)g(D),

I = hz(;> /01 hl(t)dqtfol I (Hha(1— 1) dt
+hy (;) 01 o (4) dqt/Ol (1 — O (t) dgt

and

L= h (;) /01 Hy(1— 1) dqt/ol Iy (1 — By (t) dgt

o G) /01 hy(1— 1) dqt/ol I (Oha(1— 1) dyt.

Proof. Since f, g are (p, h1)-covex and (p, hy)-convex functions, respectively, we get

f([tr(x)PwL(lt)(aP;bP)f) <hi(H)f(r(x)) +h(1—-1t) <|:ap+bP:| >

:hl<t>f<x5>+h1<1—t)f([”psz} )

and

gqt“x)p*“‘“(gp;w)];> Shz(t)g(r(x))+h2<1—t>g<[ap;bq;>

for any t € [0, 1]. Then, we have inequality
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(for o o2

2
< In(Dha(D)f (x7)g(x?) + (1 — Dha(1— 1) f ( ” “’”] ) ( aP+bP )

aP+bP )

g-Integrating both sides of above expression over [0, 1] and over [a?, b?], then multiplying

'G\H

—l—hl(t)hz(l—t)f(x;)g({ap;bp] ) (1= Dot

by m, we Obtaln

(b”iﬂ”/a::p /lf([tr(x)p‘l'(1—t)(ap;bp)};>g<{tr(x)lg+(1—t)<ap;rbp)];> dyt ¥y
b 1 1
bp_ap /Hp/ (x7)g(x?)
+h1(1_t)h2(1_t)f<{apsz]%)g({w;brz]é)

+ Iy (t)ha (1 - t)f(x;ln)g<[a7’ er bv} p>

aP+bP

+ iy (1= Bhy(t (
(bP—aP)/ () dqt/hpf P)g(xr) gy

+ (bp1ap)f<_ap;bp_p>g<[ap;bq )/0 hi(1—t)ha(1—t) dqt/;plbpdqx
+ e (257 ’1’> [ e de [ ) iy

+ (bpiap)f<:ap;bp: }-) /()1h1(1_t)h2(t) dqt/;pg( %) dgx.
f({”erbp}‘l“)
2
g([al"—;bl’r>
we have
(bf’ia”)/;p /olf<[t’(x)p+(1—f)(ap;bp>};>g<{tr(x)”+(1—t)<”p;bp)];> dyt ¥ dgx

5 (Wl—a”) /01 m()ha(t) dqt/ﬂjpf(xfl’)g(x;’) Y, x

i (5 )2(3) @)+ FO) (0 + 50 [ (1= a1 = 1) dy

IN

in(3) @+ F0)

and

IN

(3 ) (gta) + 50,
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"3\»—-

+(bpl_ap)hz(;>(8(a)+g(b))/ (a1 1) dqt/ F(xh) Py
+(bl’iai’)hl(;>(f(”)+f(b))/ hi(1— t)ha(t) dt/bp ) Vd,x.

Moreover, since

bp_ap /be ;b”dqx—/f((ap+ (1— )by >

1 1
/hl Vgt + f(b) [ hi(1—t) dgt,
0 0

and similarly,

s

\ﬂ»—-

((m“r (1—=1)bP)7 | dgt

2 N—

\ A

1
hy(£)dgt + ha(1—1t) dgt,
/0 2(t)dyt + g(b 0 2( q

we get

i /01f<[tr<x>r’+(1—t>(“p§bp)};>g<[tr<xv+(1—t>(“p§”’)]’1’> dt Vdyx

< e [, O d [ Db Vg
(5 ) (3) @ + £ @+ 30) [ (1= (1 - 1) e
(3 ) )+ [ Ol =0 dye(£@) (o) dyr +56) [ a0 dy)
i (3) @)+ £ [ (1= a0 dor(860) [ ha(0)dyt-+.g(0) [ a1 = 1) it

_ (bpl_ap)/ol I (£)ha () dthjpf(x;)g(x:?) ¥y
i (5 )12 (3) @)+ FO) (0 + 50 [ (1= a1 = 1) dy
wia(5) [ om0 dyt((Fla)g(a) + £G)s@) [ 1) dyt + (FO)5(a) + FO)5(0)
<m0 dge) i (3) [ - bl d (@) + £@)00) [l dy
+ (FO)g(a) + FOIg(8)) [ a1 1) dyt )

:(bpl_ap)/ Iy (£)ha (£) dgt /bpf Pg(x?) Vi,
+(Fla)ga) + F0)g(a) + F@g(b) + FO)g 0 (5 )23 ) [ i1 1= 1) e
+ (g + £e)) ((3) [0 dot [ ma(omai =) dge i (3) [t do

[ (= ma) dyt )+ (01 0) + £0)g0) (1 (5 ) [ halt =0 dyt [ a2 = )

+ h2<;) /01 hy(1—t) dqt/Ol Iy (H)ha(1 — £) dqt).
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By Theorem 2, we have

i o [ ([ s a-n ()] Yo rr a0 (5] )

<1 Uol Iy ()ha (1) dqt} +h (;)z@(;) (S(a,b) + T(a, b)) [/01 H(1 = Dha(1 — ) dqt}
+ I3 S(a,b) + 14 T(a,b).

ARSI

The proof is completed. [

4. Examples

In this section, we give some examples to demonstrate our main results.
Example 3. Define a function f : [0,1] — R by f(x) = xP, where p is an odd natural number

and h(t) = t1/2 for 0 < t < 1. We have f is (p, h)-convex, by Example 1. By applying Theorem 1
with g = % and p = 3, the first inequality of (5) becomes

1 0+1 1 1 1
0.70710 ~ < /x dx+/ x4 x>:1.
(§)1/2< 2 >_1—0(o 0Bt fp 7

The second inequality of (5) becomes

1 1 1 1
1_1_0(/0 xodqx+/ X dqx>

< (0+1)</0 12 d t+/ 1124 t) ~ 1.08044.

It is clear that
0.70710 < 1 < 1.08044,

which demonstrates the result described in Theorem 1.
Example 4. Define function f,g:[0,1] — Rby f(x) = x¥, where p is an odd natural number,

g(x) = 1and hy(t) = tV/2,hy(t) = t for 0 < t < 1. Examples 1 and 2, we have f,g is
(p, 1), (p, hy)-convex, respectively. By applying Theorem 2 with q = % and p = 3, we get

1 1 1 " 1/2
02 (1—0)/0 dgx < f(0) /t tdgt + £(0 /t ) dgt
1
+f(1>g(0)/ (1= 012t dyt
0
! 1/2
1) [ (=020 1) dgt.
~ 0.04362 + 0.17966 = 0.22328.
It is clear that

0.2 <£0.22328,
which demonstrates the result described in Theorem 2.
Example 5. Define function f,g:[0,1] — Rby f(x) = x?, where p is an odd natural number,

g(x) = 1and hy(t) = tV/2,hy(t) = t for 0 < t < 1. Examples 1 and 2, we have f,g is
(p, ), (p, hy)-convex, respectively. By applying Theorem 3 with q = % and p = 3, we get
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1 0+1\/0+1 1 1 1y
0.41421 ~ 1/2< )( 5 )< > >—(1_0)U0 xodqx—i—/ox dqx}

< M(0,1) (/1 A/2(1 = £) + (1 - D)2 dqt)

1
+N(0,1) (/ 2+ (1 - 021 - 1) dqt>
0
~ 0.12657 + 0.95386 = 1.14652.

It is clear that
0.41421 < 1.14652,

which demonstrates the result described in Theorem 3.

Example 6. Define function f,g:[0,1] — Rby f(x) = x?, where p is an odd natural number,
g(x) = 1and hy(t) = tY/2,hy(t) = t for 0 < t < 1. Examples 1 and 2, we have f,g is
(p, 1), (p, hy)-convex, respectively. By applying Theorem 4 with q = % and p = 3, we get

1 1 ,1
0.2 :/ / / b+ (1 )y dgt 'dgy 'dyx
0 JOo JO

1
<L (/0 12+ (1-0Y2(1—1) dqt)

1 1 1 1
+12</0 (1—t)1/2dqt/0 tdqt+/0 (1—t)1/2dqt/0 (lt)dqt>

~ 0.22329(0.77419 + 0.17967) + 0.22329(0.08295 + 0.04362)
= (0.24125.

It is clear that
0.2 <0.24125,
which demonstrates the result described in Theorem 4.
Example 7. Define function f, g :[0,1] — Rby f(x) = x?, where p is an odd natural number,

g(x) = 1and hy(t) = tY/2,hy(t) = t for 0 < t < 1. Examples 1 and 2, we have f,g is
,h1), (p, hy)-convex, respectively. a n eorem 5 wit = 3 an = 3, we get
pn), (p,h pectively. By applying Theorem 5 with q = § and p = 3, we g

1 0+1
0.26 = m/O /O tx+(1—t)<2> dyt dyx
1/2
<5 /01 F2¢ dot + (;) <;>(S(0,1)+T(O,1))
x /01(1 — O (1= #) dgt + (5(0,1) x Iy) + (T(0,1) x Is)

1/2
~ (0.22329 x 0.77419) + (2> <2> (3 x 0.17967)

+ (1 x 0.06023) + (2 x 0.01539)
— 0.28294

It is clear that
0.26 < 0.28294,

which demonstrates the result described in Theorem 5.
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5. Conclusions

In this paper, we prove a variant of inequalities for (p,h)-convex function via g-
calculus. We start with the necessary lemma and then use the key lemma to derive the
main theorems. The results obtained in this paper generalize previous work in the earlier
work if we take limit g tends to 1.
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