
ON GENERALIZATION OF TRAPEZOID TYPE INEQUALITIES FOR
s-CONVEX FUNCTIONS WITH GENERALIZED FRACTIONAL INTEGRAL

OPERATORS

FUAT USTA, HÜSEYIN BUDAK, MEHMET ZEKI SARIKAYA, AND ERHAN SET

Abstract. By using contemporary theory of inequalities, this study is devoted to propose a number
of re�nements inequalities for the Hermite�Hadamard�s type inequality and conclude explicit bounds
for the trapezoid inequalities in terms of s-convex mappings, at most second derivative through the
instrument of generalized fractional integral operator and a considerable amount of results for special
means. The results of this study which are the generalization of those given in earlier works are
obtained for functions f where jf 0j and jf 00j (or jf 0jq and jf 00jq for q � 1) are s-convex hold by
applying the Holder inequality and the power mean inequality.

1. Introduction

The Hermite-Hadamard inequality is one of the most well established inequalities in the theory of
convex functions with a geometrical interpretation and many applications. Numerous mathematicians
have devoted their e¤orts to generalise, re�ne, counterpart and extend it for di¤erent classes of functions
such as using convex mappings.
The inequalities discovered by C. Hermite and J. Hadamard for convex functions are considerable

signi�cant in the literature (see, e.g.,[13, p.137], [7]). These inequalities state that if f : I ! R is a
convex function on the interval I of real numbers and a; b 2 I with a < b, then

(1.1) f

�
a+ b

2

�
� 1

b� a

Z b

a

f(x)dx � f (a) + f (b)

2
:

Both inequalities hold in the reversed direction if f is concave. We note that Hadamard�s inequality may
be regarded as a re�nement of the concept of convexity and it follows easily from Jensen�s inequality.
Hadamard�s inequality for convex functions has received renewed attention in recent years and a
remarkable variety of re�nements and generalizations have been found (see, for example, [4], [3], [6],
[8], [10], [12], [16]-[22]) and the references cited therein.
The overall structure of the study takes the form of six sections including introduction. The remain-

ing part of the paper proceeds as follows: In Section 2, the generalised version of fractional integral
operator are summarised, along with the needed de�nitions. In section 3, the Hermite-Hadamard type
inequalities for s convex functions via generalized fractional integral operators are introduced while in
section 4 and 5 trapezoid type inequalities for functions whose �rst and second derivatives in absolute
value are s-convex with generalized fractional integral operators are presented and we also provide
some corollary for theorems. Some conclusions and further directions of research are discussed in
Section 6.

2. Definitions and Basic Properties

In this section we will give a brief overview of the basic de�nitions which will be used in the proof
of our main cumulative results.

De�nition 1. (s-Convex Functions in The Second Sense) [5] A function f : [0;1)![0;1) is
said to be s-convex (in the second sense), or that f belongs to the class K2

s ; if

f(�x+ (1� �)y) � �sf(x) + (1� �)sf(y)
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for all x; y 2 [0;1) with � 2 [0; 1] and for some �xed s 2 (0; 1]:

An s-convex function was introduced in Breckner�s paper [5] and a number of properties and con-
nections with s-convexity in the �rst sense were discussed in paper [9]. Also, we note that, it can be
easily seen that for s = 1, s-convexity reduces to the ordinary convexity of functions de�ned on [0;1).

2.1. Generalized Fractional Integral Operators. In addition to this, in [14], Raina de�ned the
following results connected with the general class of fractional integral operators.

(2.1) F��;� (x) = F
�(0);�(1);:::
�;� (x) =

1X
k=0

� (k)

� (�k + �)
xk (�; � > 0; jxj < R) ;

where the coe¢ cients � (k) (k 2 N0 = N[f0g) is a bounded sequence of positive real numbers and R
is the set of real numbers. With the help of (2.1), in [14] and [2], Raina and Agarwal et. al de�ned
the following left-sided and right-sided fractional integral operators, respectively, as follows:

(2.2) J �
�;�;a+;!f(x) =

Z x

a

(x� t)��1 F��;� [! (x� t)
�
] f(t)dt; x > a;

(2.3) J �
�;�;b�;!f(x) =

Z b

x

(t� x)��1 F��;� [! (t� x)
�
] f(t)dt; x < b;

where �; � > 0; ! 2 R, and f (t) is such that the integrals on the right side exists.
It is easy to verify that J �

�;�;a+;!f(x) and J �
�;�;b�;!f(x) are bounded integral operators on L (a; b),

if

(2.4) M :=F��;�+1 [! (b� a)
�
] <1:

In fact, for f 2 L (a; b), we have

(2.5)


J �

�;�;a+;!f(x)



1
�M (b� a)� kfk1

and

(2.6)



J �

�;�;b�;!f(x)




1
�M (b� a)� kfk1 ;

where

kfkp :=

0@ bZ
a

jf (t)jp dt

1A
1
p

:

The importance of these operators stems indeed from their generality. Many useful fractional integral
operators can be obtained by specializing the coe¢ cient � (k). Here, we just point out that the classical
Riemann-Liouville fractional integrals I�a+ and I

�
b� of order � de�ned by (see, [1])

(2.7) (I�a+f) (x) :=
1

� (�)

Z x

a

(x� t)��1 f(t)dt (x > a;� > 0)

and

(2.8) (I�b�f) (x) :=
1

�(�)

Z b

x

(t� x)��1 f(t)dt (x < b;� > 0)

follow easily by setting

(2.9) � = �, � (0) = 1, and w = 0

in (2.2) and (2.3), and the boundedness of (2.7) and (2.8) on L (a; b) is also inherited from (2.5) and
(2.6), (see, [2]).
In [23], Yaldiz and Sarikaya gave the following useful identity for the generalized fractional integral

operators:
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Lemma 1. Let f : [a; b] ! R be di¤erentiable function on (a; b) with a < b: If f 0 2 L [a; b] ; then we
have the following identity for generalized fractional integral operators:

f(a) + f(b)

2
� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
�

(2.10)

=
b� a

2F��;�+1 [w (b� a)
�
]

24 1Z
0

(1� t)� F��;�+1 [w (b� a)
�
(1� t)�] f 0 (ta+ (1� t) b) dt

�
1Z
0

t�F��;�+1 [w (b� a)
�
t�] f 0 (ta+ (1� t) b) dt

35 :
The main concern in this paper is to investigate Hermite-Hadamard�s inequalities for functions

whose �rst and second derivatives in absolute value are s-convex with the aid of generalized fractional
integral operators and therefore obtains explicit bounds through the use of Holder and power mean
inequalities and the modern theory of inequalities.

3. Hermite-Hadamard Type Inequalities for s-convex functions via
Generalized Fractional Integral Operators

In this section, we will present a theorem for Hermite-Hadamard type inequalities with generalized
fractional integral operators which is the generalization of previous work. In other words the main
result of this section is the following re�nement of the classical Hermite-Hadamard inequality for
fractional integral operators.

Theorem 1. Let f : [a; b]! R be a function with 0 � a < b and f 2 L1 [a; b] : If f is s-convex function
in the second senseon [a; b] ; then we have the following inequalities for generalized fractional integral
operators:

2sf

�
a+ b

2

�
� 1

(b� a)� F��;�+1 [! (b� a)
�
]

�
J �
�;�;a+;!f(b) + J �

�;�;b�;!f(a)
�

(3.1)

� 1

F��;�+1 [! (b� a)
�
]

h
A1(�; s) + F�0;s�;� [! (b� a)]

i
[f(a) + f(b)]

where �0;s(k) =
�(k)

�k+s+� ; k = 0; 1; 2; ::: and

A1(�; s) =

1Z
0

t��1 (1� t)s F��;� [! (b� a)
�
t�] dt:

Proof. Since f is s-convex function in the second sense on [a; b] ; we have for x; y 2 [a; b]

f

�
x+ y

2

�
� f(x) + f(y)

2s
:

For x = ta+ (1� t) b and y = (1� t) a+ tb; we obtain

(3.2) 2sf

�
a+ b

2

�
� f (ta+ (1� t) b) + f ((1� t) a+ tb) :
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Multiplying both sides of (3.2) by t��1F��;� [! (b� a)
�
t�] ; then integrating the resulting inequality

with respect to t over [0; 1] ; we get

2sf

�
a+ b

2

� 1Z
0

t��1F��;� [! (b� a)
�
t�] dt

�
1Z
0

t��1F��;� [! (b� a)
�
t�] f (ta+ (1� t) b) dt

+

1Z
0

t��1F��;� [! (b� a)
�
t�] f ((1� t) a+ tb) dt:

For u = ta+ (1� t) b and v = (1� t) a+ tb; we obtain

2sf

�
a+ b

2

�
F��;�+1 [! (b� a)

�
]

� 1

b� a

bZ
a

�
1

b� a (b� u)
���1

F��;�
�
! (b� a)�

�
1

b� a (b� u)
���

f (u) du

+
1

b� a

bZ
a

�
1

b� a (v � a)
���1

F��;�
�
! (b� a)�

�
1

b� a (v � a)
���

f (v) dv

=

�
1

b� a

�� bZ
a

(b� u)��1 F��;� [! (b� u)
�
] f (u) du

+

�
1

b� a

�� bZ
a

(v � a)��1 F��;� [! (v � a)
�
] f (v) dv

=

�
1

b� a

�� �
J �
�;�;a+;!f(b) + J �

�;�;b�;!f(a)
�

and the �rst inequality is proved.
For the proof of the second inequality (2.10), we �rst note that if f is s-convex function in the

second sense, it yields

f (ta+ (1� t) b) � tsf(a) + (1� t)s f(b)

and

f ((1� t) a+ tb) � (1� t)s f(a) + tsf(b):

By adding these inequalities together, one has the following inequality:

(3.3) f (ta+ (1� t) b) + f ((1� t) a+ tb) � [f(a) + f(b)] [ts + (1� t)s] :
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Then multiplying both sides of (3.3) by t��1F��;� [! (b� a)
�
t�] and integrating the resulting inequality

with respect to t over [0; 1] ; we obtain

1Z
0

t��1F��;� [! (b� a)
�
t�] f (ta+ (1� t) b) dt

+

1Z
0

t��1F��;� [! (b� a)
�
t�] f ((1� t) a+ tb) dt

� [f(a) + f(b)]

1Z
0

[ts + (1� t)s] t��1F��;� [! (b� a)
�
t�] dt

=
h
A1(�; s) + F�0;s�;� [! (b� a)]

i
[f(a) + f(b)] :

That is,�
1

b� a

�� �
J �
�;�;a+;!f(b) + J �

�;�;b�;!f(a)
�
�
h
A1(�; s) + F�0;s�;� [! (b� a)]

i
[f(a) + f(b)] :

Hence, the proof is completed. �

Remark 1. If we choose s = 1 in Theorem 1, then we have the following inequality

f

�
a+ b

2

�
� 1

2 (b� a)� F��;�+1 [! (b� a)
�
]

�
J �
�;�;a+;!f(b) + J �

�;�;b�;!f(a)
�

� f(a) + f(b)

2

which was given by Yald¬z and Sar¬kaya in [23].

Remark 2. If we choose � = �; �(0) = 1; w = 0 in Theorem 1, then Theorem 1 reduces the Theorem
3 proved by Set et al. in [20].

Remark 3. If we choose � = �; �(0) = 1; w = 0 and s = 1 in Theorem 1, then Theorem 1 reduces
the Theorem 2 proved by Sar¬kaya et al. in [17].

4. Trapezoid Type Inequalities for Differentiable Functions with
Generalized Fractional Integral Operators

In this section we will present some re�nements of the classical trapezoid type inequalities for
function whose �rst derivative in absolute value is s-convex via generalized fractional integral operators.

Theorem 2. Let f : [a; b] ! R be di¤erentiable function on (a; b) with a < b: If jf 0j is s-convex
function in the second sense, then we have the following inequality for generalized fractional integral
operators: �����f(a) + f(b)2

� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
������

� b� a
2

F��;�+1 [w (b� a)
�
]

F�1;s�;�+1 [w (b� a)
�
]
[jf 0 (a)j+ jf 0 (b)j]

where

�1;s(k) = �(k)

�
�

�
1

2
; s+ 1; �k + �+ 1

�
� �

�
1

2
; �k + �+ 1; s+ 1

�
+

2�k+�+s � 1
(�k + �+ s+ 1) 2�k+�+s

�
for k = 0; 1; 2; ::::
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Proof. Using Lemma 1 and generalized triangle inrquality we have�����f(a) + f(b)2
� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
������(4.1)

=
b� a

2F��;�+1 [w (b� a)
�
]

������
1X
k=0

� (k)wk (b� a)�k

� (�k + �+ 1)

1Z
0

h
(1� t)�k+� � t�k+�

i
f 0 (ta+ (1� t) b) dt

������
� b� a

2F��;�+1 [w (b� a)
�
]

1X
k=0

� (k)wk (b� a)�k

� (�k + �+ 1)

1Z
0

���(1� t)�k+� � t�k+���� jf 0 (ta+ (1� t) b)j dt
Then, using the s-convexity of jf 0j we �nd that

1Z
0

���(1� t)�k+� � t�k+���� jf 0 (ta+ (1� t) b)j dt(4.2)

=

1
2Z
0

h
(1� t)�k+� � t�k+�

i
jf 0 (ta+ (1� t) b)j

+

1Z
1
2

h
t�k+� � (1� t)�k+�

i
jf 0 (ta+ (1� t) b)j dt

�

1
2Z
0

h
(1� t)�k+� � t�k+�

i
[ts jf 0 (a)j+ (1� t)s jf 0 (b)j] dt

+

1Z
1
2

h
t�k+� � (1� t)�k+�

i
[ts jf 0 (a)j+ (1� t)s jf 0 (b)j] dt

=

�
�

�
1

2
; s+ 1; �k + �+ 1

�
� �

�
1

2
; �k + �+ 1; s+ 1

�

+
2�k+�+s � 1

(�k + �+ s+ 1) 2�k+�+s

�
[jf 0 (a)j+ jf 0 (b)j] :

By subsituting the inequality (4.2) into (4.1), we �nd that�����f(a) + f(b)2
� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
������

� b� a
2F��;�+1 [w (b� a)

�
]
[jf 0 (a)j+ jf 0 (b)j]

�
1X
k=0

� (k)wk (b� a)�k

� (�k + �+ 1)

�
�

�
1

2
; s+ 1; �k + �+ 1

�
� �

�
1

2
; �k + �+ 1; s+ 1

�
+

2�k+�+s � 1
(�k + �+ s+ 1) 2�k+�+s

�

=
b� a
2

F��;�+1 [w (b� a)
�
]

F�1;s�;�+1 [w (b� a)
�
]
[jf 0 (a)j+ jf 0 (b)j]

which completes the proof. �
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Remark 4. If we choose s = 1 in Theorem 2, then we have the following inequality�����f(a) + f(b)2
� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
������

� b� a
2

F��;�+1 [w (b� a)
�
]

F�1;1�;�+1 [w (b� a)
�
]
[jf 0 (a)j+ jf 0 (b)j]

where

�1;1(k) =
�(k)

�k + �+ 1

�
1� 1

2�k+�

�
;

which is the same result given by Yaldiz and Sarikaya in [23].

Corollary 1. If we choose � = �; �(0) = 1; w = 0 in Theorem 2, then we have the following inequality����f(a) + f(b)2
� � (�+ 1)

2 (b� a)� [(I
�
b�f) (a) + (I

�
a+f) (b)]

����
� b� a

2

�
�

�
1

2
; s+ 1; �+ 1

�
� �

�
1

2
;�+ 1; s+ 1

�
+

2�+s � 1
(�+ s+ 1) 2�+s

�
[jf 0 (a)j+ jf 0 (b)j] :

Remark 5. If we choose � = �; �(0) = 1; w = 0 and s = 1 in Theorem 2, then Theorem 2 reduces
the Theorem 3 proved by Sarikaya et al. in [17].

Theorem 3. Let f : [a; b] ! R be di¤erentiable function on (a; b) with a < b: If jf 0jq ; q > 1; is
s-convex function in the second sense, then we have the following inequality for generalized fractional
integral operators:�����f(a) + f(b)2

� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
������

� b� a
2

F�2�;�+1 [w (b� a)
�
]

F��;�+1 [w (b� a)
�
]

�
jf 0 (a)jq + jf 0 (b)jq

s+ 1

� 1
q

where 1
p +

1
q = 1 and

�2(k) = �(k)

�
2

p (�k + �) + 1

� 1
p
�
1� 1

2p(�k+�)

� 1
p

for k = 0; 1; 2; ::::

Proof. Using the well known Hölder inequality, we obtain

1Z
0

���(1� t)�k+� � t�k+���� jf 0 (ta+ (1� t) b)j dt(4.3)

�

0@ 1Z
0

���(1� t)�k+� � t�k+����p dt
1A

1
p
0@ 1Z
0

jf 0 (ta+ (1� t) b)jq dt

1A
1
q

�

0B@
1
2Z
0

h
(1� t)�k+� � t�k+�

ip
dt+

1Z
1
2

h
t�k+� � (1� t)�k+�

ip
dt

1CA
1
p

�

0@ 1Z
0

jf 0 (ta+ (1� t) b)jq dt

1A
1
q

:
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Now using the fact that (A�B)p � Ap �Bp; for any A > B � 0 and p � 1; we �nd that

1
2Z
0

h
(1� t)�k+� � t�k+�

ip
dt+

1Z
1
2

h
t�k+� � (1� t)�k+�

ip
dt(4.4)

�

1
2Z
0

h
(1� t)p(�k+�) � tp(�k+�)

i
dt+

1Z
1
2

h
tp(�k+�) � (1� t)p(�k+�)

i
dt

=
2

p (�k + �) + 1

�
1� 1

2p(�k+�)

�
:

Since jf 0jq ; q > 1; is s-convex function in the second sense, we have

(4.5)

1Z
0

jf 0 (ta+ (1� t) b)jq dt �
1Z
0

�
ts jf 0 (a)jq + (1� t)s jf 0 (b)jq

�
dt =

jf 0 (a)jq + jf 0 (b)jq

s+ 1

If we put the inequality (4.4) and (4.5) in (4.3), we get

1Z
0

���(1� t)�k+� � t�k+���� jf 0 (ta+ (1� t) b)j dt(4.6)

�
�

2

p (�k + �) + 1

� 1
p
�
1� 1

2p(�k+�)

� 1
p
�
jf 0 (a)jq + jf 0 (b)jq

s+ 1

� 1
q

:

By substituting the inequality (4.6) into (4.1), we obtain�����f(a) + f(b)2
� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
������

� b� a
2F��;�+1 [w (b� a)

�
]

�
jf 0 (a)jq + jf 0 (b)jq

s+ 1

� 1
q

�
1X
k=0

� (k)wk (b� a)�k

� (�k + �+ 1)

�
2

p (�k + �) + 1

� 1
p
�
1� 1

2p(�k+�)

� 1
p

=
b� a
2

F�2�;�+1 [w (b� a)
�
]

F��;�+1 [w (b� a)
�
]

�
jf 0 (a)jq + jf 0 (b)jq

s+ 1

� 1
q

:

Thus, the proof is completed. �

Corollary 2. If we choose s = 1 in Theorem 3, then we have the following inequality�����f(a) + f(b)2
� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
������

� b� a
2

F�2�;�+1 [w (b� a)
�
]

F��;�+1 [w (b� a)
�
]

�
jf 0 (a)jq + jf 0 (b)jq

2

� 1
q

where 1
p +

1
q = 1.
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Corollary 3. If we choose � = �; �(0) = 1; w = 0 in Theorem 3, then we have the following inequality
for Riemann-Lioville fractional integrals����f(a) + f(b)2

� � (�+ 1)

2 (b� a)� [(I
�
b�f) (a) + (I

�
a+f) (b)]

����
� b� a

2

�
2

p�+ 1

� 1
p
�
1� 1

2p�

� 1
p
�
jf 0 (a)jq + jf 0 (b)jq

s+ 1

� 1
q

where 1
p +

1
q = 1.

Corollary 4. Choosing s = 1 in Corollary 3, we have the the following inequality����f(a) + f(b)2
� � (�+ 1)

2 (b� a)� [(I
�
b�f) (a) + (I

�
a+f) (b)]

����
� b� a

2

�
2

p�+ 1

� 1
p
�
1� 1

2p�

� 1
p
�
jf 0 (a)jq + jf 0 (b)jq

2

� 1
q

where 1
p +

1
q = 1.

Theorem 4. Let f : [a; b] ! R be di¤erentiable function on (a; b) with a < b: If jf 0jq ; q � 1; is
s-convex function in the second sense, then we have the following inequality for generalized fractional
integral operators:�����f(a) + f(b)2

� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
������

� b� a
2

F�3;s�;�+1 [w (b� a)
�
]

F��;�+1 [w (b� a)
�
]

��
jf 0 (a)jq + jf 0 (b)jq

�� 1
q

where

�3;s(k) = �(k)

�
2

�k + �+ 1

�
1� 1

2�k+�

��1� 1
q

�
��
�

�
1

2
; s+ 1; �k + �+ 1

�
� �

�
1

2
; �k + �+ 1; s+ 1

�
+

2�k+�+s � 1
(�k + �+ s+ 1) 2�k+�+s

�� 1
q

for k = 0; 1; 2; ::::

Proof. Using the well known powe mean inequality, we obtain

1Z
0

���(1� t)�k+� � t�k+���� jf 0 (ta+ (1� t) b)j dt(4.7)

�

0@ 1Z
0

���(1� t)�k+� � t�k+���� dt
1A1� 1

q
0@ 1Z
0

���(1� t)�k+� � t�k+���� jf 0 (ta+ (1� t) b)jq dt
1A

1
q

�
�

2

�k + �+ 1

�
1� 1

2�k+�

��1� 1
q

0@ 1Z
0

���(1� t)�k+� � t�k+���� jf 0 (ta+ (1� t) b)jq dt
1A

1
q

:
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As jf 0jq ; q � 1; is s-convex function in the second sense, we have
1Z
0

���(1� t)�k+� � t�k+���� jf 0 (ta+ (1� t) b)jq dt(4.8)

�
1Z
0

���(1� t)�k+� � t�k+���� �ts jf 0 (a)jq + (1� t)s jf 0 (b)jq� dt
=

�
�

�
1

2
; s+ 1; �k + �+ 1

�
� �

�
1

2
; �k + �+ 1; s+ 1

�

+
2�k+�+s � 1

(�k + �+ s+ 1) 2�k+�+s

� �
jf 0 (a)jq + jf 0 (b)jq

�
:

By substituting inequalities (4.7) and (4.8) into (4.1), we �nd that�����f(a) + f(b)2
� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
������

� b� a
2F��;�+1 [w (b� a)

�
]

��
jf 0 (a)jq + jf 0 (b)jq

�� 1
q

�
1X
k=0

� (k)wk (b� a)�k

� (�k + �+ 1)

�
2

�k + �+ 1

�
1� 1

2�k+�

��1� 1
q

�
��
�

�
1

2
; s+ 1; �k + �+ 1

�
� �

�
1

2
; �k + �+ 1; s+ 1

�
� 2�k+�+s � 1
(�k + �+ s+ 1) 2�k+�+s

�� 1
q

=
b� a
2

F�3;s�;�+1 [w (b� a)
�
]

F��;�+1 [w (b� a)
�
]

��
jf 0 (a)jq + jf 0 (b)jq

�� 1
q

which completes the proof. �

Corollary 5. If we choose s = 1 in Theorem 4, then we have the following inequality�����f(a) + f(b)2
� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
������

� b� a
2

F�3;1�;�+1 [w (b� a)
�
]

F��;�+1 [w (b� a)
�
]

��
jf 0 (a)jq + jf 0 (b)jq

�� 1
q

where

�3;1(k) = �(k)2
1� 1

q

�
1

�k + �+ 1

�
1� 1

2�k+�

��
for k = 0; 1; 2; ::::

Remark 6. If we choose � = �; �(0) = 1; w = 0 in Theorem 4, then Theorem 4 reduce to Theorem
4 proved by Set et al. in [20].

Corollary 6. Choosing � = �; �(0) = 1; w = 0 in Corollary 5, we get����f(a) + f(b)2
� � (�+ 1)

2 (b� a)� [(I
�
b�f) (a) + (I

�
a+f) (b)]

����
� b� a

2
1
q

�
1

�+ 1

�
1� 1

2�

����
jf 0 (a)jq + jf 0 (b)jq

�� 1
q :
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5. Trapezoid Type Inequalities for Twice Differentiable Functions with
Generalized Fractional Integral Operators

Now, similarly, we will present some re�nements of the classical trapezoid type inequalities for func-
tion whose second derivative in absolute value is s convex via generalized fractional integral operators.

Lemma 2. Let f : [a; b]! R be twice di¤erentiable function on (a; b) with a < b: If f 00 2 L [a; b] ; then
we have the following identity for generalized fractional integral operators:

f(a) + f(b)

2
� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
�

(5.1)

=
(b� a)2

2F��;�+1 [w (b� a)
�
]

24 1Z
0

F��;�+2 [w (b� a)
�
] f 00 (ta+ (1� t) b) dt

�
1Z
0

(1� t)�+1 F��;�+2 [w (b� a)
�
(1� t)�] f 00 (ta+ (1� t) b) dt

�
1Z
0

t�+1F��;�+2 [w (b� a)
�
t�] f 00 (ta+ (1� t) b) dt

35 ;

Proof. We have

K =

1Z
0

F��;�+2 [w (b� a)
�
] f 00 (ta+ (1� t) b) dt(5.2)

�
1Z
0

(1� t)�+1 F��;�+2 [w (b� a)
�
(1� t)�] f 00 (ta+ (1� t) b) dt

�
1Z
0

t�+1F��;�+2 [w (b� a)
�
t�] f 00 (ta+ (1� t) b) dt

= K1 �K2 �K3:

Integrating K1 as:

(5.3) K1 = F��;�+2 [w (b� a)
�
]

1Z
0

f 00 (ta+ (1� t) b) dt =
F��;�+2 [w (b� a)

�
]

b� a [f 0(b)� f 0(a)] :
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Using integration by parts twice, we have

K2 =

1Z
0

(1� t)�+1 F��;�+2 [w (b� a)
�
(1� t)�] f 00 (ta+ (1� t) b) dt(5.4)

=
F��;�+2 [w (b� a)

�
]

b� a f 0(b)�
1Z
0

(1� t)� F��;�+1 [w (b� a)
�
(1� t)�] f 0 (ta+ (1� t) b) dt

=
F��;�+2 [w (b� a)

�
]

b� a f 0(b)�
F��;�+1 [w (b� a)

�
]

(b� a)2
f(b)

+
1

(b� a)2

1Z
0

(1� t)��1 F��;� [w (b� a)
�
(1� t)�] f (ta+ (1� t) b) dt

=
F��;�+2 [w (b� a)

�
]

b� a f 0(b)�
F��;�+1 [w (b� a)

�
]

(b� a)2
f(b)

+
1

(b� a)�+2

bZ
a

(x� a)��1 F��;� [w (x� a)
�
] f (x) dt;

and similarly

K3 =

1Z
0

t�+1F��;�+2 [w (b� a)
�
t�] f 00 (ta+ (1� t) b) dt(5.5)

= �
F��;�+2 [w (b� a)

�
]

b� a f 0(a)�
F��;�+1 [w (b� a)

�
]

(b� a)2
f(a)

+
1

(b� a)�+2

bZ
a

(b� x)��1 F��;� [w (b� x)
�
] f (x) dt:

If we put the equalities (5.3), (5.4) and (5.5) in (5.2), then we obtain

K =
F��;�+1 [w (b� a)

�
]

(b� a)2
[f(a) + f(b)]

� 1

(b� a)�+2

bZ
a

(x� a)��1 F��;� [w (x� a)
�
] f (x) dt

� 1

(b� a)�+2

bZ
a

(b� x)��1 F��;� [w (b� x)
�
] f (x) dt

=
F��;�+1 [w (b� a)

�
]

(b� a)2
[f(a) + f(b)]� 1

(b� a)�+2
�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
�
:

Mutiplying both sides of (4.1) by (b�a)2
2F�

�;�+1[w(b�a)
�] , we can obtain desired identity (5.1). �

Theorem 5. Let f : [a; b]! R be twice di¤erentiable function on (a; b) with a < b: If jf 00j is s-convex
function in the second sense, then we have the following inequality for generalized fractional integral
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operators: �����f(a) + f(b)2
� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
������

� (b� a)2
2

F�4;s�;�+2 [w (b� a)
�
]

F��;�+1 [w (b� a)
�
]
[jf 00 (a)j+ jf 00 (b)j]

where

�4;s(k) = �(k)

�
�k + �+ 1

(s+ 1) (�k + �+ s+ 2)
� � (s+ 1; �k + �+ 2)

�
for k = 0; 1; 2; ::: and �(x; y) is the Beta function de�ned by

�(x; y) =

1Z
0

tx�1(1� t)y�1dt:

Proof. Taking modulus both sides of (5.1) and using the generalized triangle inequality, we have�����f(a) + f(b)2
� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
������(5.6)

=
(b� a)2

2F��;�+1 [w (b� a)
�
]

������
1X
k=0

� (k)wk (b� a)�k

� (�k + �+ 2)

1Z
0

h
1� (1� t)�k+�+1 � t�k+�+1

i
f 00 (ta+ (1� t) b) dt

������
� (b� a)2

2F��;�+1 [w (b� a)
�
]

1X
k=0

� (k)wk (b� a)�k

� (�k + �+ 2)

1Z
0

h
1� (1� t)�k+�+1 � t�k+�+1

i
jf 00 (ta+ (1� t) b)j dt

because 1� (1� t)�k+�+1 � t�k+�+1 � 0 for all t 2 [0; 1] :
Since jf 00j is s-convex function in the second sense, we obtain

1Z
0

h
1� (1� t)�k+�+1 � t�k+�+1

i
jf 00 (ta+ (1� t) b)j dt(5.7)

�
1Z
0

h
1� (1� t)�k+�+1 � t�k+�+1

i
[ts jf 00 (a)j+ (1� t)s jf 00 (b)j] dt

=

�
�k + �+ 1

(s+ 1) (�k + �+ s+ 2)
� � (s+ 1; �k + �+ 2)

�
[jf 00 (a)j+ jf 00 (b)j]

where �(x; y) is the Beta function. Using the inequality (5.7) in (5.6), we have�����f(a) + f(b)2
� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
������

� (b� a)2
2F��;�+1 [w (b� a)

�
]
[jf 00 (a)j+ jf 00 (b)j]

�
1X
k=0

� (k)wk (b� a)�k

� (�k + �+ 2)

�
�k + �+ 1

(s+ 1) (�k + �+ s+ 2)
� � (s+ 1; �k + �+ 2)

�

=
(b� a)2
2

F�4;s�;�+2 [w (b� a)
�
]

F��;�+1 [w (b� a)
�
]
[jf 00 (a)j+ jf 00 (b)j]

which completes the proof. �
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Corollary 7. If we choose s = 1 in Theorem 5, then we have the following inequality�����f(a) + f(b)2
� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
������

� (b� a)2
4

F�2�;�+3 [w (b� a)
�
]

F��;�+1 [w (b� a)
�
]
[jf 00 (a)j+ jf 00 (b)j]

where �5(k) = (�k + �)�(k); k = 0; 1; 2; ::::

Corollary 8. If we take � = �; �(0) = 1; w = 0 in Theorem 5, then we have the following inequality
for Riemann-Lioville fractional integral����f(a) + f(b)2

� � (�+ 1)

2 (b� a)� [(I
�
b�f) (a) + (I

�
a+f) (b)]

����
� (b� a)2

2

�
1

(s+ 1) (�+ s+ 2)
� � (s+ 1; �+ 2)

�+ 1

�
[jf 00 (a)j+ jf 00 (b)j] :

Corollary 9. Choosing s = 1 in Corollary 8, we obtain����f(a) + f(b)2
� � (�+ 1)

2 (b� a)� [(I
�
b�f) (a) + (I

�
a+f) (b)]

���� � �(b� a)2
2 (�+ 1) (�+ 2)

�
jf 00 (a)j+ jf 00 (b)j

2

�
:

Theorem 6. Let f : [a; b]! R be twice di¤erentiable function on (a; b) with a < b: If jf 00jq ; q > 1; is
s-convex function in the second sense, then we have the following inequality for generalized fractional
integral operators:�����f(a) + f(b)2

� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
������

� (b� a)2
2

F�6�;�+2 [w (b� a)
�
]

F��;�+1 [w (b� a)
�
]

�
jf 00(a)jq + jf 00 (b)jq

s+ 1

� 1
q

where 1
p +

1
q = 1 and

�6(k) = �(k)

�
1� 2

p (�k + �+ 1) + 1

� 1
p

:

for k = 0; 1; 2; :::.

Proof. Using the well known Hölder inequality, we have

1Z
0

h
1� (1� t)�k+�+1 � t�k+�+1

i
jf 00 (ta+ (1� t) b)j dt

�

0@ 1Z
0

h
1� (1� t)�k+�+1 � t�k+�+1

ip
dt

1A
1
p
0@ 1Z
0

jf 00 (ta+ (1� t) b)jq dt

1A
1
q

:

Using the fact that

(A�B)p � Ap �Bp

for any A > B � 0 and p � 1; we get

(5.8)
h
1� (1� t)�k+�+1 � t�k+�+1

ip
� 1� (1� t)p(�k+�+1) � tp(�k+�+1)
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for any t 2 [0; 1] : Using the inequality (5.8) and s-convexity of jf 00jq ; we obtain

1Z
0

h
1� (1� t)�k+�+1 � t�k+�+1

i
jf 00 (ta+ (1� t) b)j dt(5.9)

�

0@ 1Z
0

h
1� (1� t)p(�k+�+1) � tp(�k+�+1)

i
dt

1A
1
p
0@ 1Z
0

�
ts jf 00(a)jq + (1� t)s jf 00 (b)jq

�
dt

1A
1
q

=

�
1� 2

p (�k + �+ 1) + 1

� 1
p
�
jf 00(a)jq + jf 00 (b)jq

s+ 1

� 1
q

:

By substituting inequality (5.9) into (5.6), we have�����f(a) + f(b)2
� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
������

� (b� a)2
2F��;�+1 [w (b� a)

�
]

�
jf 00(a)jq + jf 00 (b)jq

s+ 1

� 1
q
1X
k=0

� (k)wk (b� a)�k

� (�k + �+ 2)

�
1� 2

p (�k + �+ 1) + 1

� 1
p

=
(b� a)2
2

F�6�;�+2 [w (b� a)
�
]

F��;�+1 [w (b� a)
�
]

�
jf 00(a)jq + jf 00 (b)jq

s+ 1

� 1
q

where �6(k); k = 0; 1; 2; ::: are de�ned as Theorem 6. The proof is completed. �

Corollary 10. If we choose s = 1 in Theorem 6, then we have the following inequality�����f(a) + f(b)2
� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
������

� (b� a)2
2

F�6�;�+2 [w (b� a)
�
]

F��;�+1 [w (b� a)
�
]

�
jf 00(a)jq + jf 00 (b)jq

2

� 1
q

where �6(k); k = 0; 1; 2; ::: are de�ned as Theorem 6.

Corollary 11. If we take � = �; �(0) = 1; w = 0 in Theorem 6, then we have the following inequality
for Riemann-Lioville fractional integral����f(a) + f(b)2

� � (�+ 1)

2 (b� a)� [(I
�
b�f) (a) + (I

�
a+f) (b)]

����
� (b� a)2

2 (�+ 1)

�
1� 2

p (�+ 1) + 1

� 1
p
�
jf 00(a)jq + jf 00 (b)jq

s+ 1

� 1
q

:

Corollary 12. Choosing s = 1 in Corollary 11, we obtain����f(a) + f(b)2
� � (�+ 1)

2 (b� a)� [(I
�
b�f) (a) + (I

�
a+f) (b)]

����
� (b� a)2

2 (�+ 1)

�
1� 2

p (�+ 1) + 1

� 1
p
�
jf 00(a)jq + jf 00 (b)jq

2

� 1
q

:

Theorem 7. Let f : [a; b]! R be twice di¤erentiable function on (a; b) with a < b: If jf 00jq ; q � 1; is
s-convex function in the second sense, then we have the following inequality for generalized fractional
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integral operators:�����f(a) + f(b)2
� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
������

� (b� a)2
2

F�7;s�;�+2 [w (b� a)
�
]

F��;�+1 [w (b� a)
�
]

�
jf 00 (a)jq + jf 00 (b)jq

� 1
q

where

�7;s(k) = �(k)

�
1� 2

�k + �+ 2

�1� 1
q
�

�k + �+ 1

(s+ 1) (�k + �+ s+ 2)
� � (s+ 1; �k + �+ 2)

� 1
q

for k = 0; 1; 2; ::::

Proof. Using the well known power mean inequality and s-convexity of jf 00jq we have

1Z
0

h
1� (1� t)�k+�+1 � t�k+�+1

i
jf 00 (ta+ (1� t) b)j dt(5.10)

�

0@ 1Z
0

h
1� (1� t)�k+�+1 � t�k+�+1

i
dt

1A1� 1
q

�

0@ 1Z
0

h
1� (1� t)�k+�+1 � t�k+�+1

i
jf 00 (ta+ (1� t) b)jq dt

1A
1
q

�
�
1� 2

�k + �+ 2

�1� 1
q

0@ 1Z
0

h
1� (1� t)�k+�+1 � t�k+�+1

i �
ts jf 00 (a)jq + (1� t)s jf 00 (b)jq

�
dt

1A
1
q

=

�
1� 2

�k + �+ 2

�1� 1
q

�
�

�k + �+ 1

(s+ 1) (�k + �+ s+ 2)
� � (s+ 1; �k + �+ 2)

� 1
q �
jf 00 (a)jq + jf 00 (b)jq

� 1
q

where � (x; y) is the Beta function. By substituting inequality (5.10) into (5.6), we have�����f(a) + f(b)2
� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
������

� (b� a)2
2F��;�+1 [w (b� a)

�
]

�
jf 00 (a)jq + jf 00 (b)jq

� 1
q

�
1X
k=0

� (k)wk (b� a)�k

� (�k + �+ 2)

�
1� 2

�k + �+ 2

�1� 1
q
�

�k + �+ 1

(s+ 1) (�k + �+ s+ 2)
� � (s+ 1; �k + �+ 2)

� 1
q

=
(b� a)2
2

F�7;s�;�+2 [w (b� a)
�
]

F��;�+1 [w (b� a)
�
]

�
jf 00 (a)jq + jf 00 (b)jq

� 1
q

which completes the proof. �
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Corollary 13. If we choose s = 1 in Theorem 7, then we have the following inequality�����f(a) + f(b)2
� 1

2 (b� a)� F��;�+1 [w (b� a)
�
]

�
J �
�;�;b�;!f(a) + J �

�;�;a+;!f(b)
������

� (b� a)2
2

F�7;1�;�+2 [w (b� a)
�
]

F��;�+1 [w (b� a)
�
]

�
jf 00 (a)jq + jf 00 (b)jq

� 1
q

where

�7;1(k) = �(k)

�
1� 2

�k + �+ 2

�1� 1
q
�

1

�k + �+ 3

�
�k + �+ 1

2
� 1

�k + �+ 2

�� 1
q

for k = 0; 1; 2; ::::

Corollary 14. If we take � = �; �(0) = 1; w = 0 in Theorem 7, then we have the following inequality
for Riemann-Lioville fractional integral����f(a) + f(b)2

� � (�+ 1)

2 (b� a)� [(I
�
b�f) (a) + (I

�
a+f) (b)]

����
� (b� a)2

2 (�+ 1)

�
1� 2

�+ 2

�1� 1
q
�

�+ 1

(s+ 1) (�+ s+ 2)
� � (s+ 1; �+ 2)

� 1
q �
jf 00 (a)jq + jf 00 (b)jq

� 1
q :

Corollary 15. Choosing s = 1 in Corollary 14, we obtain����f(a) + f(b)2
� � (�+ 1)

2 (b� a)� [(I
�
b�f) (a) + (I

�
a+f) (b)]

����
� (b� a)2

2 (�+ 1)

�
1� 2

�+ 2

�1� 1
q
�

1

�+ 3

�
�+ 1

2
� 1

�+ 2

�� 1
q �
jf 00 (a)jq + jf 00 (b)jq

� 1
q :

6. Concluding Remarks

In this paper, we established the Hermite-Hadamard and trapezoid type inequalities for mappings
whose �rst and second derivatives in absolute value are s-convex and related results to present new
type inequalities involving generalised fractional integral operator. The results presented in this paper
would provide generalizations of those given in earlier works. The �ndings of this study have several
signi�cant implications for future applications.
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