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ABSTRACT. By using contemporary theory of inequalities, this study is devoted to propose a number
of refinements inequalities for the Hermite—Hadamard’s type inequality and conclude explicit bounds
for the trapezoid inequalities in terms of s-convex mappings, at most second derivative through the
instrument of generalized fractional integral operator and a considerable amount of results for special
means. The results of this study which are the generalization of those given in earlier works are
obtained for functions f where |f’| and |f”| (or |f/|? and |f"|? for ¢ > 1) are s-convex hold by
applying the Holder inequality and the power mean inequality.

1. INTRODUCTION

The Hermite-Hadamard inequality is one of the most well established inequalities in the theory of
convex functions with a geometrical interpretation and many applications. Numerous mathematicians
have devoted their efforts to generalise, refine, counterpart and extend it for different classes of functions
such as using convex mappings.

The inequalities discovered by C. Hermite and J. Hadamard for convex functions are considerable
significant in the literature (see, e.g.,[13, p.137], [7]). These inequalities state that if f : I — R is a
convex function on the interval I of real numbers and a,b € I with a < b, then

(1.1) f (a;rb> < bla/abf(x)da: < M

Both inequalities hold in the reversed direction if f is concave. We note that Hadamard’s inequality may
be regarded as a refinement of the concept of convexity and it follows easily from Jensen’s inequality.
Hadamard’s inequality for convex functions has received renewed attention in recent years and a
remarkable variety of refinements and generalizations have been found (see, for example, [4], [3], [6],
[8], [10], [12], [16]-[22]) and the references cited therein.

The overall structure of the study takes the form of six sections including introduction. The remain-
ing part of the paper proceeds as follows: In Section 2, the generalised version of fractional integral
operator are summarised, along with the needed definitions. In section 3, the Hermite-Hadamard type
inequalities for s convex functions via generalized fractional integral operators are introduced while in
section 4 and 5 trapezoid type inequalities for functions whose first and second derivatives in absolute
value are s-convex with generalized fractional integral operators are presented and we also provide
some corollary for theorems. Some conclusions and further directions of research are discussed in
Section 6.

2. DEFINITIONS AND BASIC PROPERTIES

In this section we will give a brief overview of the basic definitions which will be used in the proof
of our main cumulative results.

Definition 1. (s-Convex Functions in The Second Sense) [5] A function f : [0,00)—[0,00) is
said to be s-convex (in the second sense), or that f belongs to the class K2, if

FOz+ (1= XNy) <X f(z)+ (1 =A)°f(y)
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for all z,y € [0,00) with A € [0,1] and for some fized s € (0,1].

An s-convex function was introduced in Breckner’s paper [5] and a number of properties and con-
nections with s-convexity in the first sense were discussed in paper [9]. Also, we note that, it can be
easily seen that for s = 1, s-convexity reduces to the ordinary convexity of functions defined on [0, c0).

2.1. Generalized Fractional Integral Operators. In addition to this, in [14], Raina defined the
following results connected with the general class of fractional integral operators.

o _ 70(0),0 zF .
(2.1) oo (@) = F7 kZOF pkH (p. A > 05|z <R),

where the coefficients o (k) (k € Ng = NU{0}) is a bounded sequence of positive real numbers and R
is the set of real numbers. With the help of (2.1), in [14] and [2], Raina and Agarwal et. al defined
the following left-sided and right-sided fractional integral operators, respectively, as follows:

(2.2) Tonassl @ = [ @0 F o (a =01 50, > a

b A—1
(23) Tonowol@) = [ (t=2) " Fy ot = 0)) f)dt, o<,

where A, p > 0,w € R, and f (¢) is such that the integrals on the right side exists.
It is easy to verify that T, .., f(z) and J3¥, , ., f(x) are bounded integral operators on L (a,b),
if

(2.4) M :=F7 \ 11 [w(b—a)’] < oo
In fact, for f € L (a,b), we have

(2.5) 175w @], <D —a) |1 £]

and

(2.6) | Tl @) M=) 151

b
1£1, = / (@) dt

The importance of these operators stems indeed from their generality. Many useful fractional integral
operators can be obtained by specializing the coefficient o (k). Here, we just point out that the classical
Riemann-Liouville fractional integrals I, and I;* of order « deﬁned by (see, [1])

1
3

(2.7) 1) @) =1 [ @0 f0d > aia>0)
and

(23) 50) @) = e | - @t @ < bra>0)
follow easily by setting

(2.9) A=a, 0(0)=1, and w=0

n (2.2) and (2.3), and the boundedness of (2.7) and (2.8) on L (a,b) is also inherited from (2.5) and
(2.6), (see, [2]).

In [23], Yaldiz and Sarikaya gave the following useful identity for the generalized fractional integral
operators:
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Lemma 1. Let f : [a,b] — R be differentiable function on (a,b) with a < b. If f' € Lla,b], then we
have the following identity for generalized fractional integral operators:

fla) + £(b) ! e

(2.10) 5 Q(b—a)’\ oo w0 (b —a)] [jp,)\,bf;wf( )+jp,)\,a+§wf(b):|
B b—a / X o wb—a) (1—07°f (ta _
Sl e / (1= 0 Fngs b (b — a)” (L 0] (ta+ (1~ 1)) dt

1

- /t)\FIiAJrl [w(b—a)"t’] f (ta+ (1L —t)b)dt
0

The main concern in this paper is to investigate Hermite-Hadamard’s inequalities for functions
whose first and second derivatives in absolute value are s-convex with the aid of generalized fractional
integral operators and therefore obtains explicit bounds through the use of Holder and power mean
inequalities and the modern theory of inequalities.

3. HERMITE-HADAMARD TYPE INEQUALITIES FOR s-CONVEX FUNCTIONS VIA
GENERALIZED FRACTIONAL INTEGRAL OPERATORS

In this section, we will present a theorem for Hermite-Hadamard type inequalities with generalized
fractional integral operators which is the generalization of previous work. In other words the main
result of this section is the following refinement of the classical Hermite-Hadamard inequality for
fractional integral operators.

Theorem 1. Let f : [a,b] — R be a function with0 < a <b and f € Ly [a,b]. If f is s-convex function
in the second senseon [a,b], then we have the following inequalities for generalized fractional integral
operators:

(3.1) 9 f <a;rb> < —— 1 oo [T x sl (0) + Ty f(@)]
—a oat1 lw(b—a
1 T0,s
S Fane®-a)] (A1) + 75w 0= )] (@) + S O)

where 0 s(k) = pk‘i(fl/\, k=0,1,2,... and

1
A\, 5) = /tk—l (1= ) 7o [ (b— a)f ] dt.

Proof. Since f is s-convex function in the second sense on [a,b], we have for z,y € [a, b]

! (x;ry> < f(w);f(y)

For x =ta+ (1 —t)band y = (1 — ) a + tb, we obtain

(3.2) QSf(a;rb)gf(taJr(lt)b)+f((1t)a+tb).
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Multiplying both sides of (3.2) by tA’lf;)\ [w(b—a)’tf], then integrating the resulting inequality
with respect to ¢ over [0, 1], we get

1

28 f (a ; b) /tkfljf,;jA [w(b—a)’t’]dt

0

1
< /t/\_lfg’A [w(b—a)’t’] f(ta+ (1 —t)b)dt
0
+/1M*1f;j,A [w(b—a)’t’] f (1 —t)a+ tb)dt.
0

For u =ta+ (1 —t)b and v = (1 — t) a + tb, we obtain
b
2°f (a—;) P+ w (b —a)’]
1 / 1 A1 1 P
- /(b (b—u)> f;;A[w(b_a)ﬂ(ba(b—u)”f(u)du

eria/b(bia(va))/\l oA {W(ba)p (bia(va)y]f(v)dv

= )A/w—u)*‘l 7o (b= )’ £ (u) du

IN

IS
s}

+(bia)k/b(”_a)A_l o [w (v —a)’] f (v)dv

A
_ (bl) [T ol O) + T (@)]

and the first inequality is proved.
For the proof of the second inequality (2.10), we first note that if f is s-convex function in the
second sense, it yields

fta+(1—=1)b) <t*f(a) + (1 —1)" f(b)
and
F((1=t)a+tb) < (1—1)° f(a) +t°f(b).

By adding these inequalities together, one has the following inequality:

(3-3) flat+ (@ =1)b)+ f((1—-t)a+1tb) <[f(a)+ fO][E"+ (1 —1)°].
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Then multiplying both sides of (3.3) by t/\’l}";/\ [w (b — a)” t*] and integrating the resulting inequality
with respect to ¢ over [0, 1], we obtain

1

/tHf;;A W (b—a)’ 7] f (ta+ (1 — t)b) dt
0

1
+/t’\_1]:;A [w(b—a)’t’] f((1 —t)a+tb)dt
0

IA

@+ 50 [0+ (1= 071 075 - ) ]
0

= [+ ES - )] (@) + FO)].
That is,

A
(52 ) 190 0+ Tona @) < [s000) + 205 o 0 al] ) + S0

a

Hence, the proof is completed. O

Remark 1. If we choose s =1 in Theorem 1, then we have the following inequality

a+b 1 o o a
f( 2 > = 2(b—a)* Fo oy [w(b—a)’] Tinatsad O Iinpnd ()
. f@+ 1)
- 2

which was given by Yaldiz and Sarikaya in [23].

Remark 2. If we choose A = o, 0(0) =1, w =0 in Theorem 1, then Theorem 1 reduces the Theorem
3 proved by Set et al. in [20].

Remark 3. If we choose A =«, 0(0) =1, w =0 and s =1 in Theorem 1, then Theorem 1 reduces
the Theorem 2 proved by Sarikaya et al. in [17].

4. TRAPEZOID TYPE INEQUALITIES FOR DIFFERENTIABLE FUNCTIONS WITH
GENERALIZED FRACTIONAL INTEGRAL OPERATORS

In this section we will present some refinements of the classical trapezoid type inequalities for
function whose first derivative in absolute value is s-convex via generalized fractional integral operators.

Theorem 2. Let f : [a,b] — R be differentiable function on (a,b) with a < b. If |f'| is s-convex
function in the second semse, then we have the following inequality for generalized fractional integral
operators:

fla) + f(b) 1 [

2 20— Fo,  [w(b—a)]

pA+1

j;A,bf;wf(a’) + *7;:)\7a+;wf(b)] ‘

b—a]:li)\+1[w(b_a)p] ’ /
< P I @l 17 0

pyA+1

where
1 1
o1,s(k) =o(k) {ﬁ (2;s+1,pk+)\+1) B(Q;pk+)\+1,s+1) +

fork=0,1,2,....

2Pk+)\+s -1
(pk+X+s+1) 2Pk+)\+s}



6 FUAT USTA, HUSEYIN BUDAK, MEHMET ZEKI SARIKAYA, AND ERHAN SET

Proof. Using Lemma 1 and generalized triangle inrquality we have

wy  |f@rro 1
2 20-a) Fuwb-a)]

[jf;T,A,bf;wf(a) + jpo:)\,aJr;wf(b)]

1

b—a > 0( k(b—a) ’“/ oA _ gk
— PR (ta + (1 — ) b) dt
2F) i lw (b —a)’] | &= }

0

b— > wk (b— a)™* i

o ( a k+X kM| g
< E /(1—t)p — tPMFA | (ta 4+ (1 —t) b)| dt
2.7-'p/\+1[ k:O pk+)\+1) ) ‘ ‘

Then, using the s-convexity of |f’| we find that

1
(4.2) /\ £)PRA t”k“‘|f (ta+ (1 —t)b)| dt
0

w—w““—wmﬂu%m+a—ww

|
S ..

+/1 (754 = (1= P | (bt (1= 1))t

SIS

IN

(1= 62— R [0 (@) + (L= ) [ ()] e

0

+/ (17900 — (L= ] [ 1 (@) + (1= 07 | ()] e

1 1
= [ﬁ(z,s—i-l pk—l—)\—i-l) ﬁ(Q;pk+)\+l,s—|—1>

2Pk+)\+s -1
+ (pk+ A+ s+ 1) 20k+A+s

]nwmn+f%my

By subsituting the inequality (4.2) into (4.1), we find that

f(a) + £(b) | . ]
_ _ e
’ 2 2(b—a)* Fiaqr [w (b —a)’] [Toab—sf (@) + T 5 a0 f (B)] ‘
b—
pA+1
= )Pk 1 1 2Pk+>\+s 1

k=

b—a}- >\+1[ w (b—a)”

- Exﬂ[(bprHfMN+V(®H

which completes the proof. O
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Remark 4. If we choose s =1 in Theorem 2, then we have the following inequality

fla)+f(b) 1
2 2(b—a)* Fo\ .y [w (b —a)’)]

b—a}— >\+1[ (b_a)p]

S 0'11 P
2 ‘Fp,)\+1[ w (b —a)”]

[j;fx,bf;wf( )+ T5 s wf(b)]

(1" (@) + 1 ®)I]

where

o(k) 1
01,1(k) = pk+ A+ 1 (1 - 2pk+>\) ’

which is the same result given by Yaldiz and Sarikaya in [23].

Corollary 1. If we choose A = a, 0(0) =1, w = 0 in Theorem 2, then we have the following inequality

‘f(a) +/0) ;((bo‘ja;i (I3 £) (a) + (I35 f) (b)]

b—a 20Fs 1

< DG ras) - p(gattert) e i I @l O

Remark 5. If we choose A =, 0(0) =1, w =0 and s = 1 in Theorem 2, then Theorem 2 reduces
the Theorem 3 proved by Sarikaya et al. in [17].

Theorem 3. Let f : [a,b] — R be differentiable function on (a,b) with a < b. If |f'|, ¢ > 1, is
s-convex function in the second sense, then we have the following inequality for generalized fractional
integral operators:

fla) + 50) _ i o
2 2(b—a)* F, ., [w(b—a)’] [Tox b0 (@) + T 5 s ()] ‘

L b-aFRnwb-a)] [If’(a)lq+|f’(b)lqr
= 2 F L wb-a)] s+1

1,1 _
where;—kg—l and

7eh) =) (mchwf (1- wlkw);

fork=0,1,2,....
Proof. Using the well known Holder inequality, we obtain
1
(4.3) / ] £ tﬂk“] I (ta + (1 — t)b)| dt
0
1 1
1 P 1 q
P
< /‘(1—t)pk“—t"k+’\‘ dt /|f’ (ta+ (1 —t)b)|" dt
0 0
1
3 1 ?
< / [(1 _ t)Pk+>\ pk+)\ dt + / pk+)\ t)Pk+)\ p dt
0

1
/|f’ (ta+ (1 —t)b)|* dt
0
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Now using the fact that (4 — B)” < AP — BP, for any A > B >0 and p > 1, we find that

1

(4.4) / {(1 — )R tkar)‘rdt n / |:tpk‘+)\ . t)pk.Hr i@

0

Nl

1
2

1
|:(1_t)p(Pk+)\) pk+)\) dt+/ tp(plc+)\ ) (pk+/\):|d

INA
O\N‘H

2 1
= = 1.
ppk+A)+1 { 2”(”’““)}
Since |f’|?, ¢ > 1, is s-convex function in the second sense, we have

1 1

[ (@) + 1" (0]

(4.5) /meﬂfMWﬁS/WWMW+U4WW@Mﬁ:

0 0

s+1

If we put the inequality (4.4) and (4.5) in (4.3), we get

(4.6) )(1 _ )R t”k*/\‘ I (ta + (1 —t)b)| dt

( 2 )i<1_ 1 )i[fwww+uwwwr
plpk+ ) +1 9p(pk+X) s+ 1 :

By substituting the inequality (4.6) into (4.1), we obtain

o _

fla)+f(b) 1 i
' 2 2(b—a) Fgyy [w (b - a)] [Tns—of (@) + Toxatiaf ()] ‘
b—a 1 (@] + | (B)]"] 7
: QfE,AH [w(b*a)p] [ s+1 ]

i —a)* 2 g L1 »
P pk + /\ +1) \ppk+XA)+1 2p(pk+X)

_ baFBale <—@ﬂ{uwww+u%wqé
2 Flanlw (b—a)’] s+1

Thus, the proof is completed.

Corollary 2. If we choose s =1 in Theorem 3, then we have the following inequality

fla) + 1) _ !
2 2(b—a)* FJ 1y [w(b—a)]

[j;)\,bf;wf(a) + j;,)\,zH»;wf(b)]

< b= a Fpag [w®—a)] 7| (a)" + | (B)|"]*
S 2 F L wh-a)] 2

1,1 _
where;—I—E—l.
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Corollary 3. If we choose A = «, 0(0) =1, w = 0 in Theorem 3, then we have the following inequality
for Riemann-Lioville fractional integrals

‘f(a)+f(b) _Tla+1)
2(b—a)”

b;(mil) (1_@% Pf’(a)ﬁﬂf/(bnqr

Corollary 4. Choosing s =1 in Corollary 3, we have the the following inequality

(T f) (@) + (12 F) <b>1'

=

1,1 _
where;—ka—l.

‘f(a)Jrf(b) _Ila+1)
2 2(b—a)"

b <pa2+1>i (i 21) s @ 17 <b>|qrf

Theorem 4. Let f : [a,b] — R be differentiable function on (a,b) with a < b. If |f'|, ¢ > 1, is
s-convex function in the second sense, then we have the following inequality for generalized fractional
integral operators:

(T f) (@) + (12 ) (b>1|

1,1 _
where;—i—a—l.

fla) + f(b) 1 - -
B 2(b— a) F7oolw(b—a)] (TS5 A b f (@) + T 5 0 wf(b)]‘
b—aF 3 wb-a)] o
< e (1 @ 17 @)
where
2 1 \'7
os) =00 (s [1- g
1 1 gpk+Ats _ 7
X <[5 <2;s+1,pk+)\+1) - (2;pk+)\+1,s+1> + (pk+)\+s+1)29k+/\+5]>
fork=0,1,2,....

Proof. Using the well known powe mean inequality, we obtain

(@.7) / (1= 05—tk | 0+ (1= 1))t

1
1— 1 L

1
(/’ pk-&-/\ tpk:+)\’dt /‘ pk+A tpk+)\‘ I (ta + (1 —£)b)|" dt
0

IN

0

1 1 q

1 1=y
pk+/\+1 { B 2pk“]> /‘“’”MH*”M‘|f'(fa+(1ft)b)|th
0
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As |f'|*, ¢ > 1, is s-convex function in the second sense, we have

(4.8) / (1= 02—tk |t (1 1)) di
0

IN

/ ’ pk+)\ tpk-‘r/\’ [ts I (@) + (1 —1)°|f (b)|‘Z] dt

0
1
{ﬁ( ;s 41, pk+)\+1) 5(2;,016—1-)\—!-1,8—1-1)

2Pk+k+s -1
* (pk + A+ s+ 1) 20k +A+s
By substituting inequalities (4.7) and (4.8) into (4.1), we find that

] 17 @[+ 1 B)]7].

fla) + 1) ! .
2 2= Fr oy =] el O F Tnar O ’
b—a , . , oy 2
S o awe—a @O

—a)* 2 1 N\
1—
Z Fpk-I—)\-l-l) (pk-i—)\-l-l[ 2/)’@“])

1 k) 1 bt 9pk+A+s 1 r
Z. 1 1) — - 1 1) -
x({ﬂ(2,5+ ok + X+ ) B(2,p +A+1,5+ ) (pk+>\+s+1)2ﬂk+A+SD

_ b—a¥F, Aj—l[ w(b—a )]([\f()|q+|f/(b)|q])

2 Faplw(b—a)]

which completes the proof. O

Q=

Corollary 5. If we choose s =1 in Theorem 4, then we have the following inequality

fla)+10) | o
2 2 Fr oy o=y remel O F Tnarf O ’

— a}—m)\ll [w (b —a)’]
: 2 f;AH [w (b~ a)’]

Q=

([ @ + 17 ®)I])

where

. 1_; ]. 1
o3 (k) = o (k)27 <pk +A+1 1= 9pk+X
fork=0,1,2,....

Remark 6. If we choose A = a, o(0) =1, w =0 in Theorem 4, then Theorem 4 reduce to Theorem
4 proved by Set et al. in [20].

Corollary 6. Choosing A = «, o(0) =1, w =0 in Corollary 5, we get

’ fla) + f(b) ;((baja;i [(Iy- f) (a) + (Ig5 f) (b)]

< (g (- 5) ) @ o)

Q=
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5. TRAPEZOID TYPE INEQUALITIES FOR TWICE DIFFERENTIABLE FUNCTIONS WITH
GENERALIZED FRACTIONAL INTEGRAL OPERATORS

Now, similarly, we will present some refinements of the classical trapezoid type inequalities for func-
tion whose second derivative in absolute value is s convex via generalized fractional integral operators.

Lemma 2. Let f : [a,b] — R be twice differentiable function on (a,b) with a < b. If f"" € L[a,b], then
we have the following identity for generalized fractional integral operators:

@)+ 50) ! e
51 2 zw__@*fXXH[w<b_aV]&%Aﬁﬁwf()+¢nAﬂ““fwﬂ
_ (b_a p1 £
el / 7 o lw(b—a)?] £ (ta+ (1 — 1) b) dt

;/a— PHES ey fw (b—a) (1— )] £ (ta+ (1 t)b) dt
0

/t)‘+1_7-"")\+2[ (b—a)"t] /" (ta+ (1~ t)b) dt | ,
0

Proof. We have

(5.2) / 7 o [w (b—a)?) £ (ta+ (1 — £) b) dt
—/u— P F o [w(b—a)” (L =1)°) 7 (ta+ (1 —t)b) dt
0

PFUFS o [w (b— )’ 9] £ (ta+ (1 — t) b) dt

\
o _

= K, - Ky— K.

Integrating K; as:

‘7::;)\+2 [w (b —a)”]

(5.3) Ky =F olw—a)’] [ f"(ta+ (1 —1t)b)dt = L b—a [f'(b) — f'(a)].

Ps

o _
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Using integration by parts twice, we have

b—

(5.4)K, = /(14)”1 7 g2 [w (b —a)’ (1—1)"] f” (ta+ (1 —t)b) dt
0
Foyiolw(b—a)’ ;
— e [w ( )]f’(b)—/(l—t)’\ oot (W (b—a)’ (L =) f (ta+ (1 —t)b)dt
0

Foowalw(b—a)]
= () -

Ty lw (b —a)’]
(b—a)’

f(0)

1

-y

/(1 COMUE fw (b — ) (1— 07 f (ta+ (1 t)b)dt

-7:3,,\ o [w(b—a)’] ,
= S — F'(b) -

-7:;;7,/\+1 [w (b — a)p]
(b—a)’

f(b)

b
b [ T L - @) @)

(b—a)*?

and similarly

1

(5.5) Ky = /t”lf,gjw [w (b — a)” ] £ (ta+ (1 — t) b) dt
0

-7:5,)\+2 [w (b — a)p]

= T2t ) -

-7:5,/\+1 [w (b — a)p]
(b-a)®

f(a)
b

+(bi)x\+2/(b_$)/\_l o lw (b—x)°] f (z)dt.

a

If we put the equalities (5.3), (5.4) and (5.5) in (5.2), then we obtain

R el (CRYC)

(b—
b
e | O T E e @
o p
- TR O )+ 0]~ s [ 0) T O]
Mutiplying both sides of (4.1) by Qf:,k(i—[szzfa)p], we can obtain desired identity (5.1). O

Theorem 5. Let f : [a,b] — R be twice differentiable function on (a,b) with a < b. If |f"| is s-convex
function in the second sense, then we have the following inequality for generalized fractional integral
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operators:
fla)+ 1) i )
' 2 Q(b,a))\f;/\+1 [’LU (b—a)p] [jp,)\,bf;wf( )+j at; wf(b)]‘
(b—a)? Fpinlw =)
S TS E e @O
where

pk+A+1
s(k) = ok
74s(k) = o )[(s+1)(pk+A+s+2>
fork=0,1,2,... and B(x,y) is the Beta function defined by

B(5+1,pk+/\+2)]

1
Bla,y) = [ 71—ty
/

Proof. Taking modulus both sides of (5.1) and using the generalized triangle inequality, we have

a b 1
(56) f( ) ;f( ) o 2( ) Fo [ (b . a)p] [jlik,b—;wf(a) + j[:k,a—&-;wf(b)]
pA+1
1
(b - CL > 0' (b a/)pk) kA1 s .
- 27 1-(-t —t° F" (ta+ (1 —t)b)dt
2‘7-p,)\+1[ w (b — kZ:o pk+/\+2) ![ ( ) ] (ta+ ( )b)
fe%s) ok 1
- Qfax(b[a —a)’ Z g pk:—l—)\—i—Q / B tpk““} £ (ta + (1 — t)b)| dt
pA+1 k:()

0

because 1 — (1 — )PP _ 4ok t2+1 > 0 for all ¢ € [0,1].
Since |f”'| is s-convex function in the second sense, we obtain

(5.7) [1 G R t”’“““] If (ta + (1 — t)b)| dt

o—__

[1= (1= e | 7 (@) 4+ (1= ) | )] d

IN
O\H

B [ pk+A+1
T lGHED) (kA s+2)
where f(x,y) is the Beta function. Using the inequality (5.7) in (5.6), we have

_B(s+ 17pk+A+2>} 17 @) + 17 B

o) + 50) _ 1 ]
' 2 2(b—a)’ Fiaqr [w (b —a)’] [T f (@) + Tonatiaf ()] ‘
(b—a)?

17 (@)l + 11" (B)]]

<
T 2F0n [w (b~ a)”]

"( —a)™ pk+A+1

(b*a)z}—;";\;ﬂ[ (b )P] " "
3T e I @11 0

which completes the proof. O
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Corollary 7. If we choose s =1 in Theorem 5, then we have the following inequality

fla) + f(b) _ 1 ) e
2 2(b=a) Fppi fw(b—a)’] [ Tontsaf @+ Tl 0]
(b—a)® 735 [w (b —a)]

< SR @+ O]

where o5(k) = (pk+ ) o(k), k=0,1,2,....

Corollary 8. If we take A = «, 0(0) =1, w =0 in Theorem 5, then we have the following inequality
for Riemann-Lioville fractional integral

‘f(a)Jrf(b) _ (et
2 2(b—a)"

(I f) (@) + (12 F) <b>]\

¢-o ! Bls+1La+2)] . "
- 2 [(3+1)(0¢+s+2)_ a1 ][If(a)|+|f(b)|].

Corollary 9. Choosing s =1 in Corollary 8, we obtain

fa)+ ) Tla+D) o, .
IO S @ a0l < 5 s

a(b —a)® [f” (a)] ; " (b)l} .

Theorem 6. Let f : [a,b] — R be twice differentiable function on (a,b) with a < b. If |f"|?, ¢ > 1, is
s-convex function in the second sense, then we have the following inequality for generalized fractional
integral operators:

fl@)+ f(b) 1 i e
2 2(b—a)* F oy [w (b~ a)] (Ton (@) F T ariuf O] ‘
(b= a)* o [ (b= ") (7" ()" 17" (D"
- 2 ffixﬂ[w(b—a)p]( s+1 )

1,1 _
where;—ka—l and

1

2 P
o6(k) = o(k) <1p(pk‘+)\+1)+1) '

fork=0,1,2,....

Proof. Using the well known Holder inequality, we have

1
/ [1 (1 )P t”’””l] I (ta + (1 — t)b)| dt
0

< (/1 [1—(1—75)9’“+A+1 —t”’“*”lrdt) p (/1|f” (ta+ (1 —1) b)|th)
0 0

Using the fact that

q

(A- B < AP — BP
for any A > B >0 and p > 1, we get

(5.8) 1— (1 — )Pt tpk+A+1r’ <1 — (1= PR gplokat)
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for any t € [0,1]. Using the inequality (5.8) and s-convexity of | f”|?, we obtain

1
(5.9) / (1= (k] | (1 1))
0
1 v/ a
< / |:1 - (1 - t)p(pk-‘r)\-‘rl) _ tp(pk+)\+1):| dt / [ts |f”(a)\q + (1 _ t)s |f// (b>|Q] dt
0 0

) <1p(f’“fﬂm);('f'““)'zilf"(b)w);

By substituting inequality (5.9) into (5.6), we have

fla) + f(b) 1 o o
- T A bew + T narwf (b

| 2 20— ar Py ey e O T 0
¢ g lma  (erlr <b>|‘Z>5 pPRAC TSI PR )’1’
T O2F7 g [w(b—a)] s+1 = L(pk+A+2) plpk+A+1)+1
_ (b—a)P Fha w(b - a)f) <|f”(a)|q + 15" <b>|q>3

2 .7-';)\+1[w(b—a)p] s+1
where gg(k), k =0,1,2,... are defined as Theorem 6. The proof is completed. g

Corollary 10. If we choose s =1 in Theorem 6, then we have the following inequality

fla)+ f(b) _ 1 i A
' 2 2(b—a)* F s [w (b~ a)] [Tonso (@) + T a0 ()]
(b—a)* Folun lw(b—a)] (|f"(@)|" +|f" ()| ?

- 2 Flaplwb—a) < 2 )

where o¢(k), k =0,1,2,... are defined as Theorem 6.

Corollary 11. If we take A = o, 0(0) =1, w = 0 in Theorem 6, then we have the following inequality
for Riemann-Lioville fractional integral

‘f(a) —; fo) QF(;OZZ;Z‘ (I f) (a) + (IS f) (b)]‘

2(?04_?12) <1p(a +21)+1>’1” <|f"(a)|::|1f“ (b)|q>é.

Corollary 12. Choosing s = 1 in Corollary 11, we obtain

‘f(a) ; fo) ;(g)aja;i (I3 £) (@) + (124 f) (b)]‘

2(12041“)12) (1 - +21) . 1>é <|f”(a)lq ; i (b)|<I>é |

Theorem 7. Let f : [a,b] — R be twice differentiable function on (a,b) with a <b. If |f"|*, ¢ > 1, is
s-convex function in the second sense, then we have the following inequality for generalized fractional
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integral operators:

fla) + f(b) 1 i ) )
' 2 2(b—a)* Foo iy [w(b—a)’] [Tox b0 (@) + T 5 a0 ()] ‘

Hisr @+ o'

where
2 T pk+ A+ 1 q
k)y=o(k)|1- — Lpk+A+2
o1.s(k) = o (k) ( pk+)\+2> {(8+1)(pk+>\+s+2) Bls+1pk+A+2)
fork=0,1,2,....
Proof. Using the well known power mean inequality and s-convexity of |f”|? we have
1
(5.10) / [1 — (1 — )P tﬂk“H] I (ta + (1 — t)b)| dt
0
1 -3
< (/ pk+/\+1 tpk+)\+1:| dt)
0
1 1
X (/ |:1 _ (1 _ t)Pk+)\+1 _ tpk-‘r/\-&-l} |f// (ta + (1 _ t) b)|q dt)
0
1 1
(1 ok + 3 n 2) (/ P R [ | @)+ (=0 O dt)
0

-2 o
B <_pk+)\+2>

{ pk+A+1
(s+1) (pk+ A+ s+2)

s+ 1,pk+>\+2)} L @1+ 1 )

where 3 (z,y) is the Beta function. By substituting inequality (5.10) into (5.6), we have

f(@)+ 1) | o
‘ 2 2= Fr oy o=y el O F Tnar O ‘
(b—a)?

. 2f::w[ wb—a] |

— )’k ( P )1‘3[ P+ A+1
E 1- ——— - 1,0k + A+ 2
- pk+)\+2) pk+ A +2 GrDhrasstz PLETLe )

R e B
- 9 F;A-o-l[ (b—a)p Uf ()| +|f (b)”

7 @) + [ (5)]7] 7

Q=

which completes the proof. O
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Corollary 13. If we choose s =1 in Theorem 7, then we have the following inequality

(@) + 1 (b) 1 [T 5 b f (@) + T i (B)]

2 2(b—a)* Fo .y [w (b — a)’)]

(b—a)* Fpiia [w (b —a)’]

< 2 7 i [w (b —a)’] [ (@) + 1" (B)]*]

where

5 \I-% 1 okt A+ 1 1 .
= 1_7 -
o7.1(k) U(k)< pk+>\+2) [pk+>\+3( 2 pk+k+2)]

fork=0,1,2,....

Corollary 14. If we take A = a, c(0) = 1, w = 0 in Theorem 7, then we have the following inequality
for Riemann-Lioville fractional integral

’f(a) ;f(b) _ QF((bO‘_*a;l [(I5- f) (@) + (Ig: f) (b)]‘

1 1
(b — a)? 2 \'« a+1 SN R
1-— — 1 2 a
2(a+1) a+2 (s+1)(a+s+2) B+ Lat2)| [If" @+ O]
Corollary 15. Choosing s =1 in Corollary 14, we obtain

fla)+ f(b) T(a+1) o
: B (I~ f) (@) + (I f) (b)]‘

z(lza_f)f) (1 - oz—2|—2>131

6. CONCLUDING REMARKS

)} e @ )

1 a+1_ 1
a+3 2 a+2

In this paper, we established the Hermite-Hadamard and trapezoid type inequalities for mappings
whose first and second derivatives in absolute value are s-convex and related results to present new
type inequalities involving generalised fractional integral operator. The results presented in this paper
would provide generalizations of those given in earlier works. The findings of this study have several
significant implications for future applications.
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