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Abstract: In this paper, we give an equality for the case of differentiable convex functions involving conformable
fractional integrals. Bullen-type inequalities for the conformable fractional integrals are established by using this equality.
Some important inequalities are obtained by taking advantage of the convexity, the Holder inequality and the power
mean inequality. By using special choices, we present some known results in the literature. Furthermore, we give an

example using a graph in order to show that our main results are correct.
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1. Introduction

One of the most famous inequalities in the case of convex functions is the Hermite-Hadamard-type inequality
in the literature. Hence, many mathematicians have considered the Hermite- Hadamard inequality and related
inequalities such as trapezoid-type, midpoint-type, Simpson-type, and Bullen-type inequalities have contributed
to science. In addition to this, Riemann-Liouville fractional integrals, conformable fractional integrals and many
types of fractional integrals have been investigated to these types of inequalities.

Fractional integral operators in a variety of scientific disciplines have been investigated widely. Using the
derivative’s fundamental limit formulation, a newly well-behaved straightforward fractional derivative known
as the conformable derivative is improved in paper [19]. Some significant requirements that cannot be fulfilled
by the Riemann-Liouville and Caputo definitions are fulfilled by the conformable derivative. However, in paper
[2] the author proved that the conformable approach in [19] cannot yield good results when compared to the
Caputo definition for specific functions. This flaw in the conformable definition was avoided by some extensions
of the conformable approach [13, 24].

Many mathematicians have considered midpoint and trapezoid-type inequalities that give bounds via the
left-hand side and right-hand side of the Hermite-Hadamard inequality, respectively. Dragomir and Agarwal
first presented trapezoid-type inequalities for convex functions in [7], while Kirmaci first investigated midpoint-
type inequalities for convex functions in [18]. Sarikaya et al. and Igbal et al. presented some fractional midpoint
and trapezoid-type inequalities for the case of convex mappings in papers [14] and [23], respectively. In addition
to these, Bullen [5] proved the well-known Bullen-type inequalities in the literature. In paper [22], Sarikaya et al.

established generalized Bullen inequality for generalized convex function. Erden and Sarikaya [9] investigated
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the generalized Bullen-type inequalities including local fractional integrals on fractal sets. In paper [8], Du et al.
used the generalized fractional integrals to obtain Bullen-type inequalities. For some recent results connected
with these types of inequalities, see [11, 12] and the references cited therein.

Twice differentiable functions have been studied extensively in order to get significant inequalities by
many researchers. For example, Barani et al. [3] give inequalities for twice differentiable convex mappings
which are connected with Hermite-Hadamard-type inequality. Some generalized fractional integral inequalities
of midpoint-type and trapezoid-type for the case of twice differentiable convex functions are obtained in paper
[20]. In [21], authors obtained some new inequalities of the Simpson and the Hermite-Hadamard-type for
functions whose absolute values of derivatives are convex. Furthermore, several generalizations of integral
inequalities of Bullen-type inequalities for the case of twice differentiable functions including Riemann-Liouville
fractional integrals were obtained in paper [6]. For further information connected with fractional integral
inequalities, see [4, 10] and the references cited therein.

We will present some Bullen-type inequalities for differentiable convex functions involving conformable
fractional integrals with the help of ongoing studies and the articles mentioned above. The whole study consists
of four parts including the introduction. In Section 2, the fundamental definitions of Riemann-Liouville integrals
and conformable integrals will be explained for building our main results. In Section 3, an identity will be proved
for the case of differentiable convex functions including the conformable fractional integrals. By using this
equality, we prove some Bullen-type inequalities by convex functions with the aid of the conformable fractional
integrals. Furthermore, we also give some corollaries and remarks. Finally, the summary and concluding remarks

are presented in Section 4.

2. Preliminaries
This section discusses the fundamental definitions of Riemann-Liouville integrals and conformable integrals are

given as follows:

Definition 2.1 The gamma function, beta function, and incomplete beta function are defined by

I'(x):= /;ﬂ_le_“du,
0

1
B(z,y):= /u“’_l (1= )" dp,
0

and

respectively for 0 < z,y < oo and r € [0, 1].

Definition 2.2 [17] The Riemann-Liouville integrals Jer]-'(J;) and Jgf]—'(x) of order B> 0 are given by
1 ¥ _
IS Flx) = m/ (@ — )"  F(u)du, =>0 (2.1)
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and

o
7LF@) = 5 [ =0 Foda, < (2.2)

respectively for F € L1]o,0]. The Riemann-Liouville integrals reduce to the classical integrals for the case of

B=1.

The fractional conformable integral operators are defined as follows:

Definition 2.3 [16] The fractional conformable integral operator P J%, F(z) and PJ& F(x) of order B € C,
Re(B) >0 and « € (0,1] are given by

x T — o) — — ) p—1
gpr) = o [ () I s (23
and
5 L [P (G=2)* = @E-p\"" Fw
Jé):]—'(x):r(l@)/ ( - ) mdu7 <0, (2.4)

respectively for F € Lq[o,d].

Let us consider o = 1. Then, the fractional integral in (2.3) becomes to the Riemann-Liouville fractional
integral in (2.1). Moreover, the fractional integral in (2.4) reduces to the Riemann-Liouville fractional integral
in (2.2) if & = 1. For more information about fractional integral inequalities, see [1, 15] and the references cited

therein.

3. Principal outcomes

Lemma 3.1 Let F : [0,0] = R be a differentiable function on (0,8) such that F' € Lj[o,d]. Then, the
following equality holds:

1 [f (0;—6) LT ;—]—"(5)} B 2@5—(;&1;)(5; 1)

2 (P2 Flo)+ PT84, F ()] (3.1)

_ o / [(““J’”)B . 215] (25w te) -7 (Bo s 2510 an
0

Proof By using the integrating by parts, we get

0/1 [(1_(10;“)35 3 2;[3] {]—"’ (2;”0+ g&) - F <ga+ 2;“5)] dp (3.2)
[y e

I
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- 62_[30/<1—(1a—ﬂ)a>ﬂ1 (1M)O‘1]-'<2;“o+’2‘5> du

_ 52_50 / (1 - (la— u)a>ﬁ_1 1—w* ' F <§o + 2;“5> du

_ 2 [}_<0+5>+}'(U)+}'(5)}

_ 62_50/<1_(1a_ “)a)ﬁla—u)a‘lf(Q;”aJrga) dp

1 o an Bl B
B () e (s 25 )

If we use change of variables in (3.2), then the equality (3.2) is converted as follows:

b= g 7 (50) 15

:2[}_<a+6)+}'(0)+}'(5)]_( 2 >a5+1r(ﬁ+1)[5‘732“_]_-(0)+ﬂj%+]:(5)_

(6 —0)aP
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5—o)a?

When the equality (3.3) is multiplied by ( 17— the proof of Lemma 3.1 is finished. O

Theorem 3.2 Let us consider that F : [0,d] — R is a differentiable function on (0,d) so that F' € Ly [o,0]

and |F'| are convex on [0,6]. Then, the following inequality holds:

1 o446 Flo)+F(6)] 22T (B+1)
2[f( 2 >+ 2 (6 — o)™

(772 Flo)+ 530‘3;5+f(5)]| (3.4)

<O () IF @) + 17 @)
Here,
o1 (0, B) Oj (1(1a“)a>ﬁ2;3 du = [; (1 (;))] (35)
v [p(pe1d) e (s L (1))

where B and A denote the beta function and incomplete beta function, respectively.

Proof Let us first take the absolute value of both sides of (3.1). Then, we have

% [f (0;—5) N F (o) —;—]—"(6)} B 2aﬁ(;a_f’1;)(fﬁ+ 1)

< (60)045{
- 4

ey

Since |F’| is convex on [0, d], it follows

(772 F o)+ ﬁjg*;aj(a)w (3.6)

L=\ _ 1
« 208 2 2

/

7 (55t )| an

1 [}_(04—5) +]—"(0)+}"(6)} ~2977aPT (B4 1)

B 7o B Fa
2 2 2 6 —0)*? [ Jegs F (o) + j";ﬂﬂ‘s)}‘

2—p o, By
23 @+ 517 ol

g
0
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<1—<1a—u>a)52aﬁ

i <>|+2;“|f'<6>|}du}

55| (17" (o) + |7 (9]

O
Corollary 3.3 If we set a« =1 in Theorem 3.2, then the following inequality holds:
1 o446 Flo)+F(@©)] 2070 (B+1) [ 5 8
> []—"( . ) + == ~—Goop [0 Fo)+ 7L FO) |
d—o , ,
< — et (LA IF () +[F ()
where
1 1
1\7° 1 1
ﬁ—fd—i = —_—— . 3.7
/‘“ ‘”ﬂ (>+ﬂ+12 (37
0

Remark 3.4 Let us consider « = 1 and 8 = 1 in Theorem 3.2. Then, we have the following Bullen-type

1 [f(a;5> +F(a)—2FF(5)} . 5;/6;@)

which is given in [11, Remark 4.2].

inequality

d—o
16

17 (o) + 17 (9)]]

Theorem 3.5 If F : [0,0] = R is a differentiable function on (0,6) so that F' € Ly [0,6] and |F'|? are convex
on [o,0] with ¢ > 1, then the following double inequality holds:

1 [}_(0+5> L F) +]—'(5)} 29810 (B 4 1)

2 2 2 (6 — o)’ [ﬂj%f(‘”* Bjc‘f‘;a+f(5)]| (3.8)

< 00l (0 ) [(W’ @F 417 <6>|‘1>é .\ <|f/ " + 317 Wﬂ |

(6 —0)aP

< (5 W) 1F @)+ 1F @)
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P
dis.

1

N a 2a8
0

Proof Let us apply Holder inequality in (3.6). Then, we obtain

% [f(0—2|—5> N F (o) ;rf(é)} B 2“5—(20152)(5; 1)

p
dp

1
1 v/
a\ B p
1—(1—p) 1 / (B 2—p
+(/‘( - ) — du) ( F Lo+ =ts
0 0
It is known that |F'|? is convex on [, §]. Then, it yields

% [f (0—2|—(5> N F (o) +f(5)} B 2(*6—(20451;)(5; 1)

(7725 Flo)+ Wﬁgsf(é)}‘

1
q q
dp

B =
~—

< 4(5—;7)0/9 (!’(1—(101—#)“)6_%1#

(2 p
f( 5 J+25>

1
q q
dp

[P78s Fo)+ ﬁj;};f(&)}‘

1
q

(/ (2L @+ i o) du)

Q=

)(/( F o)+ 22 If’()l)du)

(2= (o))" + |7 <<s>|q>é (= ()| +3|F <6>|‘1>3] |

4 4

The second inequality of Theorem 3.5 can be obtained immediately by letting n1 = 3|F' (0)|?, 61 =
|F'(8)|T, m2 =|F (0)|* and 02 = 3|F (§)|? and applying the inequality:

an+9k5§2ni Zé’k, 0<s<l1
k=1 k=1 —
Thus, the proof of Theorem 3.5 is finished. O
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Corollary 3.6 If we choose o =1 in Theorem 3.5, then we derive

2

1 [f<a+5> . ]-'(U)Jr]-'(é)} 2P (B4 1)

L ! : . | 2 F(0)+ I FO) }|

< 600 ()} l(sv’ O 17 <6>|‘1>3 - (F sl <6>|Q>3]

< (6 —0)aP

< S (T )T IF @)+ 1 ().

Corollary 3.7 If we take « =1 and B =1 in Theorem 3.5, then we have

; [f(a;—é) +f(a);f(6)} _ ;0 /5]-‘(1:)(1:6

0= (1 [(3? @ + 17 (5>|Q>3 L )" 4317 <5>|q>3]

1

d—0o 4 P ,
<2 (51) P @I+ IF O

p+1

Theorem 3.8 Assume that F : [0,0] — R is a differentiable function on (0,6) such that F' € Ly ([o,0]) and
|F'|? are convex on [o,8] with ¢ > 1. Then, the following inequality

% [F (0—21—5> N F (o) —2%]—'(5)} B 2aﬂ(;a_31;)(fﬁ+ 1)

(#9725 F(o)+ 5J§35+f<6>]‘

(0-0)a® 1 [ (201(0.8) 03 (0, 8) 1F @)1 + 02 0,8) 1 ()17
<829 4, (a,5) [( y )

(RODIF O Ca s ) <a>lq>;]
2

is valid. Here, @1 (0, ) is defined as in (3.5) and

cpz(mﬂ)—/lu‘(l_(la_wy)ﬁ—%lﬁ d
0
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1 1 1\ 7 1 2 9 N
(Lo (3) ) -w (b)) en () 20 (20 (3))]

where B and B denote the beta function and incomplete beta function, respectively.

Proof If we apply power-mean inequality in (3.6), then we have

% []__ (o;é) N F (o) +}'(5)} B 2aﬂ—(;a_ﬂz)(fﬂ+ 1)

[#78 Flo)+ BJ?;(;J-'@)}‘

2 —
F (504- 2“5)

q q
dp

(72 Flo)+ ﬁﬁ;aj(d)}‘

x (Oj‘(l—(la—u)af_%lﬂ

Since |F’|? is convex on [o,d], we obtain

% [f (0—2|—5> N F (o) ;—]—"(6)} B 2aﬁ(;a_ﬁ1;)(§ﬁ+ 1)

=
d,u)

2*,“ / q H / q
@+ 517 o) }du)

(1_0@_“)@)[3—2;5

1
a

1 <1(1au)°‘)5_201ﬁ
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Flri—a—pey 1
+ O/’(a> " %P

which completes the proof of Theorem 3.8. O

Q=

% 2—p
SIF @+ 2 O ) |

Corollary 3.9 If we set a =1 in Theorem 3.8, then we acquire

% []—' (”;(s) G ;f(é)} N 26(?_(5); ) [ o F0)+ 0 F(O) }’

SEELIIAP Ksﬁ(ﬁ) /() + 2 (LO)IF ) )

2 (1,8) |F (0)|" + ¢ (B) |F (8)]\ 7
+ ; )

Q
| ESS— |

Here,

(p(ﬂ) = 2901 (135) —¥2 (175)

_m(1>é_g_2<1>%+5+3_3
S B+1\2 2(8+2) \2 B+1)(B+2) 4

where @1 (1,5) is defined as in (3.7) and

oB-2 (17 1 1
2005505 (3) *a

Corollary 3.10 If we take a« =1 and 8 =1 in Theorem 3.8, then we obtain

;{}_(a;é)Jr}'(a);-}'(é)} _;0 /]—‘(x)dw

§—o [(1UF (@) +|F O\ | (|1F (@) +11|F (8)["\7
=16 [( 12 ) +( 12 )]

4. Summary & concluding remarks

In this manuscript, we derive an equality for the case of convex differentiable functions. By using this identity,

we prove Bullen-type inequalities for the case of conformable fractional integrals. Furthermore, our results
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generalize known results from the literature. In future studies, the ideas and strategies for our results concerning

Bullen-type inequalities via conformable fractional integrals may open new avenues for further research in this

area.

Moreover, mathematicians can obtain Bullen-type inequalities for convex functions by using quantum

calculus. Furthermore, interested readers can apply these resulting inequalities to different types of fractional

integrals.
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