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Abstract

The aim of this work is to obtain quantum estimates for g-Hardy type integral
inequalities on quantum calculus. For this, we establish new identities including
quantum derivatives and quantum numbers. After that, we prove a generalized
g-Minkowski integral inequality. Finally, with the help of the obtained equalities and
the generalized g-Minkowski integral inequality, we obtain the results we want. The
outcomes presented in this paper are g-extensions and g-generalizations of the
comparable results in the literature on inequalities. Additionally, by taking the limit
g — 17, our results give classical results on the Hardy inequality.
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1 Introduction
Hardy's integral inequality, proved by G.H. Hardy in 1920 [4] is

fw(;lc fxf(t)dt)pdx< (I)Ll)p[mfﬁ(r)dt, (L.1)
0 0 == 0

where p > 1, x > 0, f is a nonnegative measurable function on (0, 0¢0) and fooof”(t) dt is
convergent. Also the constant (f)" is the best possible.

Hardy’s type inequalities have been studied by a large number of authors during the 20th
century and has motivated some important lines of study which are currently active. Over
the last 20 years a large number of papers have appeared in the literature which deal with
the simple proofs, various generalizations and discrete analogues of Hardy’s inequality and
its generalizations; see [5, 8, 11, 12, 15, 17-19].

The inequalities have become an important cornerstone in mathematical analysis and
optimization and many uses of these inequalities have been discovered in a variety of
settings. Recently, the Hermite—Hadamard type inequality has become the subject of in-
tensive research. For recent results, refinements, counterparts, generalizations and new
Hadamard's-type inequalities, see [1, 7, 10, 14, 16, 20].

On the other hand, the study of calculus without limits is known as quantum calculus or
g-calculus. The famous mathematician Euler initiated the study g-calculus in the 18th cen-
tury by introducing the parameter g in Newton’s work of infinite series. In the early 20th
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century, Jackson [6] has started a symmetric study of g-calculus and introduced g-definite
integrals. The subject of quantum calculus has numerous applications in various areas of
mathematics and physics, such as number theory, combinatorics, orthogonal polynomi-
als, basic hyper-geometric functions, quantum theory, mechanics and in theory of rela-
tivity. This subject has received outstanding attention by many researchers and hence it
is considered as an in-corporative subject between mathematics and physics. The reader
is referred to [2, 3, 9] for some current advances in the theory of quantum calculus and
theory of inequalities in quantum calculus.

The purpose of this work is to establish quantum estimates for g-Hardy type integral
inequalities on quantum calculus. For this, we establish new identities including quan-
tum derivatives and quantum numbers. After that, we prove a generalized g-Minkowski
integral inequality. Finally, with the help of the obtained equalities and the generalized
g-Minkowski integral inequality, we obtain the results we want. The outcomes presented
in this paper are g-extensions and g-generalizations of the comparable results in the lit-
erature on inequalities. In addition, by taking the limit ¢ — 17, our results give classical
results on the Hardy inequality.

2 Preliminaries and definitions of g-calculus
Throughout this paper, let 2 < » and 0 < g < 1 be a constant. The following definitions,
notations and theorems for g-derivative and g-integral of a function f on [a, 5] are given
in (2, 3,9].

The notation [z], is defined by

(e CGqe C\{1L4° #1). (2.1)

A special case of (2.1) when z € N is

s

qq =1l+q+q*+---+q"! (neN).

1=

[n]q =
Also
1
[-nly = _?[”]q (n e N). (2.2)

Definition1 Letf : [a,b] — R be a continuous function, then g-derivative of f atx € [a, b]
is characterized by the expression

f(x) —flgx)
Dyf(x) = , x70. (2.3)
of (%) = (=g 7
Since f : [a,b] — R is a continuous function, thus we have D,f(a) = lll‘l'quf ) The
function f is said to be g- differentiable on [a, b] if D,f(t) exists for all x € [a,b]. Also
11m | Dyf (x) =f"(x) is classic derivative.

Theorem 1 Assumethatf,g:1 C R — R are continuous functions, then we have the prop-
erties of the g-derivative:

() Dy(af(x) £ bg(x)) = aDyf (x) £ bDyg(x).
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(1) Dy(f(x)g(x)) = f(gx)Dgg(x) + g(x)Dyf (x)

flx f(gx)Dyg(x) + g(x)Dyf (x)
v Dq(g(x)) glx)g(qw) '

Definition 2 Suppose 0 < a < b. The definite g-integral is defined as

b o0
fo fldgt=01-q)b> " q"f(q"b) (2.4)
n=0

and

fa foydyt = fo ’fe)dyi - fo “fnd

where "> ¢"f(¢"b) and Y ¢"f(q"a) are convergent.

Definition 3 ([9]) The improper g-integral of f(¢) on [0, 00) is defined by

fof(t)dqt_ / fOdgt=01- q)qu(q”) (0<g<1)

and

qnfl

q-
f(t)dgt = j dgt =2
/ H ) q" q

where Y7 4"f(¢") is convergent.

o0
Z n 1 < Q),

H=—00

We have the following properties of the g-integral of (2.4):

I D, f F@)dgt = fx)
an f "D O dyt = )~ f(a)
(111 f[f(t)ig(t)]dqtsz(t)dqti] g(t)dyt.

X xa+1
av) [)tdqtz[a+l]q, for @ € R\[-1].

(V) The integration by parts rule of the g-integral:
f S(O)Dyg(t) dyt = f(£)g(t)]: —f g(gt)Dyf (t) dyt. (2.5)

Theorem 2 (g-Holder inequality) Letf, g be q-integrableon [a,b] and 0 < q < 1 and % + % =
1 with s > 1. Then we have

b b 1 b , 1
f Lf(t)g(t)|dqt§( [ Lf(t)]sdqt) ( / [f(t)g(t)rdqt) .
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3 Auxiliary results
The following results which will be used. There is no general change of variables property
for the g-integral. However, the variable can be changed as follows.

Lemma 1 (-Change of variables property) Letf :1 — R bea function and 0 < q < 1. Then

we have

1 1 b
/0 Flsb)dys = jo fd,t, (3.1)

where b # 0 and fobf(t) dgt is convergent.
Proof From the definition of the g-integral, we have
1
/ f(sh)dys
0

o0

=(1-91-0> q"f([g"1+(1-¢")0]b)

n=0
1 b
= t)d,t
: fo £,
as desired. O

A general chain rule for g-derivative does not exist. However, a chain rule of (h(£)) and
1
(h(t))* can be calculated as follows.

Lemma?2 Leth:1 CR — R bea function p € Z.and 0 < q < 1. Then we have

p71 4 i
D, (h(n) = (Z[h(r)]”“ [h(qr)]‘)D,,.h(z). (3.2)

i=0

In (3.2) if we choose g — 1~ we have the classical derivative of (h(t))?,
Jim_ Dy (H(0)" = p(h(®) ™ 0 = [(h(0))]"

Proof By the definition of the g-derivative we have

Dy(h(8))”
_ @) - (g
(1-q)t
(h(t) - hgt)) £, pois ;
=TT BIN ()  [hige)
T Zﬂ[ I [hign)]
p_l » y
= (Z[h(t)]f"l“[h(qt)]‘)pqh(t)
i=0

as desired. O

Page 4 of 15
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Lemma3 Leth:1 CR — R bea function p € Z and 0 < q < 1. Then we have

1 D,h
D,(h(©)? = — L (33)
Yoo (D) 7 (hlgqt)?
In (3.3) if we choose g — 1~ we have the classical derivative of(h(t)):’l’,
1 h" i 1o

lim Dy(0)F = — 2 = [(h)?].

! ph(t)) 7
Proof We consider

o) = (D)7,

(v®)" = (h@)),
such that

D,(y(®))" = Dy (h(t)), (3.4)
and from (3.2) we know

p=L ; .
D, ()’ = (Z[y(t)]p‘l“ [y(qt)]’)qu) = D, (h(t). 55)
i-0
Thus, we get
D h(t
Dyy(t) = 1 qp—(l—z i
1o (h() 7 (h(qt))?
as desired. O
Similarly, we have more general result as follows.
Lemma4 Leth:1 CR — R bea function 5. € Q and 0 < q < 1. Then we have
n o () (h(gt))!
D, (h(e)) % - —2=i0H! ),,)<me)( G o). (3.6)

S () " (hlgt)

In (3.6) if we choose g — 1~ we have the classical derivative of(h(t))% ,

n__ !

tim D ((8)) * = — ((®) *~' I (2) = [ ((0) ] .

q—1"

Proof We consider
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such that
Dq(y(t))m = Dq(h(t))n'

and from (3.2) we have

m—1
(Z[y(t)]m_l_' [;v(qt)]‘)qu(t)

i=0

- (”Z_ll[h(rﬂ"‘l“'[h(qr)]")Dq(h(t))-

0
Thus, we get
o B
3 %}}(h(t))(::')(h(qrwﬂ Dyt
7o (h(e) 57 (h(qt) 7
as desired. O

4 Main results
Firstly, we will prove the generalized g-Minkokski type integral inequality which will be
used in the next theorem.

Theorem 3 (Generalized g-Minkowski integral inequality) Let e € (0,1], 1 <p < o0, f :
la,b] x [c,d] — R be a g-integrable function. Then the following inequality holds:

(/: qux)!i </Cd(/ab[f(x,y) [ dqx)}) dg (4.1)

where g € (0,1).

d
[ Flon)dgy

Proof The case p = 1 corresponds to Fubini's theorem. For the case p = oo we just notice

that
b d
([ 1([ renan)
a c q
Now assume that 1 < p < 0o and we can write
b pd
f / flxy)dgy
fb
b
=

1
P P d
dqx) Ef ess sup |f(x,y)| dgy.

xecR”

Iz
dgx

p-1
dgx

d
f Flnp)dgy

p-1 d
(f Lf(x,y)‘ dqy) dgx

d
f f(x’y) dq)’

d
f flx,t)d,t

Page 6 of 15
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p-1
)] dqy) e

d
f flx,t)dyt

[
L

the last step coming from Fubini’s theorem. By applying the g-Holder inequality to the

p-1
V(":y” dqx) dgy

d
[ flx, ) dgt

inner integral with respect to x, we have
b
/
d b
= [0S
[ a

Iz
dgx

d
f flx,y)dgy

rip-1) dqx) 1 ( f:lf(x: P dqx) é) } iy
LU ) (o) o
([ o) [([roors <

Finally dividing both sides by [ :(] fcd flx, t)dgt)? a’qx)% we have

d
f Flt)d,t

d
f flx,0)d,t

d
f flat)dgt

b pd P 1-1 dys b :
( f j fxy)dgy qu) 2 [ ( f [f(x,y){"dqx) dgy
Le.
b| rd ? i dy b L
([ e = ([
which gives the required inequality. O

Theorem 4 (g-Hardy inequality) If [ is a nonnegative function on (0,00), p > 1 and
fomfp(t) d,t is convergent, then the following inequality holds:

Wiy * PN\ 1 o0 L
- P
([ (2 frose) ) < gl ([“roms)

where g € (0,1).

Proof From (3.1) by the g-changing variables ¢ = xs it follows that

x 1
! f F(t)dt = f Flads
x Jo 0

Thus, we write

1

( fo ) (% /0 xf ) dqt)p dqx)é = ( fo Oo( ]0 1f(xs) a'qs)p dqx) g (4.3)
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From the generalized g-Minkowski integral inequality and by using the g-changing vari-
ables xs = t, we have

00 s pl p :
( f ( f f(xs)dqs) dqx) (4.4)
0 0
1 00 }l-, 1 001 ﬁ
< fo ( fo f‘”(xs)dqx) dys = fo ( L ;fp(t)dqt) d,s
1__1_ oo 1 foe] %
([ ) ([ rom) g ([T o)

from (4.3) and (4.4)

(f"m (’l‘ /Oxf(t) dqt)p d"x)é = [P_ll]q (fomf"’(n dqf);
b

and the proof is completed. O

==

Remark 1 In (4.2) if we choose g — 1~ we recapture the classical Hardy inequality.

The following theorem generalizes the g-Hardy type integral inequality by introducing
power weights x”.

Theorem 5 Iff is a nonnegative function on (0,00), p>1,r<p—1and fooo tfe(t) dgt is
convergent, then the following inequality holds:

> l ) p r 1 = r
/0 (;'/; f(t)dqt) X dgx < ["Tf—l]f;fo £1P(t) dyt,

where g € (0,1).

Proof By the g-changing variables ¢ = xs we get

([ e s ([ ([t )

So, from Minkowski g-integral inequality and by the changing variables xs = u the proof
is completed as follows:

(/000 (folf(xs)x% dqs)p dqx)})
< fol (ﬂmxyp(xs) dqx); dys = /01 (fom ;:lfi’(u)dqu)}, dys
= (folsrpl dqs) (-/;xuifp(u)dqu)%’

1

- ;(/wu'ﬁﬂ’(u)d u)p
[P—"—l]q o q . 1

r

Page 8 of 15
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Remark 2 In Theorem 5 if we put r = 0 we obtain the inequality (4.2).

Definition 4 For a given weight r, we define the modified g-Hardy operator as

1 X
quf(x) = mﬁ I’(t)f(t) dqt

The following theorem will be proved using the g-Hardy operator.

Theorem 6 Assumef is a nonnegative function on (0,00), r being an absolutely continuous

function on (0,00), and p > 1. Also assume fooofp(x) dgx s convergent, and

p-1l; % Dyr(x) i[h uqu)} 1

pp ) S e | TR (+5)

for alimost every x > 0 and for some . > 0. Then we have the following inequality:

/ N (Hyf (1)) dyxe < 3P pP [ N S (x) dyx,
0 0
where
1 X
Hy, f (x) = T(JC)L r()f (£) dgt.

Proof We assume 0 <a < b < oo and

hq,r,qf(x) = %A/al r(t)f(t) dqt

Then, defining H,.f (x) = 14, ,f(x), and integrating by parts from (2.5) with w = (/1,,4f (x))?
and D,g(x) = x¥ noting that g(x) = [11p we get

b
f (Hyraf (x))p dgx
b
. f (g () 57 d

b a
y f (ngaf )37 dl s~ f (hgraf ()2 g
0

0

1-p xl=r

b a
) & x— _ P PR
o fo (hq,r.af(x)) D, 0 —P]q dqx ]0 (hq.r,ozf(x)) D, T _P]q dqx

1-p |b b 1-p
=(h p ‘ﬂx— o= & h . Pd
( LE ﬂf(x)) [1 _p]q 5 fO [l _p]quI( 4, ﬂlf(x)) i
p X" (g »
- (hfirrvﬂf(x)) [1 _P]q 5 ¥ L [:L_—p]qD‘Z(hq.l’,af(x)) dqx
b-r

= (Mg raf (b))’
(q'ﬂf( )) [1_p]q



Alp and Sarikaya Advances in Difference Equations (2021) 2021:355

—

=

b
[1 _P]qf(; xl_quhq.r.uf(x (;[ !Irqf X)]p i[ qwf(qx)] )

q*

1-p 2 L i
+ [lq——p]qf XD g raf (%) (l=0[ q,,-,af(x)]!’ 1 [hq_mf(qx)] )dqx
e
(1-ply

g7 fb D F) (P ! e 12 [hyraf )])
= x 7 E - x r X
1 _P]q a s -0 4 ¥ 1

= (hq.r,ﬂf(b) )p

We notice that from (2.2)

b'r
(haraf O - =~ (sl 0)

p b7
lp-1],

is negative since p—1 € N, p — 1> 0 and /1, .f (b) > 0 with b > 0. Also, from the definition
of hy . qf (x) we have

thq,r.af(x)

1 X
) Dq(@ fa HOF () dqt)
i > 1 “
= Dq(m [ r(O)f (1) dqt) —Dq(a— r(t)f (t) dqt)
1 1 ¢ L
- r(qx)D ( 0 A t) . 0 e ) r(x) B ([0 r(t)f(t)dqt)Dq@

(f
- o,( [ )+( e ) i
)

v 1
_1’(qx)f(x)+( r(E)f (2) dgt q—)
i) )

- r(qx)f Hgraf (%) r(qx)

Hence, by [1 - p]; = —ﬁ[(P - Dlg

b
LD - l]qf (Hq.r,af(x))p dqx

b - p-1 . )
s [ (g0 -t ?(>))(Z[ qmfﬁx)]p‘l"[hq,r,aﬂqx)]’)dqx

(gqx)
b
_ 1- r(x) pl hqiqf(qx
_L x pr’(q Qraf ( qu(x) )dx

B 4 Dyr(x) ral (@%) ]’
[t 2 (St )
a i0 T

’_' \I

Page 10 of 15
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or equivalently
]b p-1],+ xqu(x) E[hq,mf(qx)}f (Hywaf ) d
a : r(gx) 0 hq.r.tlf(x) s o

bLor(x) p-l Byraf (@) .
S[a ("(qx) XO:[ hq,r,af(x)} ) (Hyraf ()" dg

Now, using (4.5) and the g-Hélder inequality, we have

P b
2 [ Hurd 0 e
1

([ (2 St o) ([t as)

1,1 ;
where ey = 1, that is,

b wore (o) vl (G)
'/a (quf(x))‘”dqxsﬁ 3 ( (gx) Z[ qqu ])jp(x)

i=0

=

If we take ¢ > a, then
b
f(quqf ) qx<f (Hq,,-,J(x))pdqx
WP r()Pfl hq,aqu n?
SE A ((qx Z[ qux)} JP(x)dgx

Invoking the dominated convergence theorem, taking 2 — oo, we get

b r(x) q, raf (Gx)
£ 2 : p
[ (quf(x)) "= < (y (gx) < [ g paf (%) i| f il
for all ¢, b > 0. Finally, letting # — oo and ¢ — 0,

oo P .’”(x) p hquf qx)
V[O (Hq,r,f('x)) qx = E (]"(qx) ;[ q,r,t{f :| ) fp ]:l

In Theorem 6 if we take the limit ¢ — 1~ we obtain the following theorem, proved by
N. Levinson in 1964 (cf. [13, Theorem 4]).

Remark 3 Let f be a nonnegative function on (0, 00), r being absolutely continuous func-

tion on (0, 00) and p > 1. Also assume fooo (f (%)) dx is convergent, and
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for almost every x > 0 and for some 4 > 0. Then we have the following inequality:

[OO(H,f(x))p dx < )J’foofp(x) dx,
0 0
where
1 X
Hrf(x) = F(JC) j(; f"(t)f(lf)di’.

Theorem 7 Assumief is a nonnegative function on (0, 00), u is absolutely continuous func-
tion on (0,00) and p > 1. Also assume fab(f(x))f’ dgx is convergent, and

[p—l]q xDu(x - ; hy .ag(qx)i 1
p p ulx) Z(() Z[hqmgu} =5 (6

for almost every x > 0 and for some 5. > 0. Then we have the following inequality:

oo oc P
[ (qu(x))pu(x a<> AP (Z[ gr.ag(qx) ] ) fP(x)ulg qx, (4.7)
0 )2 o

q,r,ag (%)

F() = r()g®) = (i) o
)

and we apply Theorem 6 to g, we assume 0 < a < b < 0o and

hli’rag )[ g(t)dt— () ‘%/f

Then, defining Hgqg(x) = 1hg,qg(x), and integrating by parts from (2.5) with w =

(hgrag(x)) and Dyv(x) = x# notmg that v(x) = [;‘_;]gq we get
b
f (Hyr.ag(x))” dgx
1-p
= (Mgrag(®))’
( 178 ) (1-ply

—

=

1y

1-p b 4 ‘
B [151’ = f xl‘quhq,r,ag(’C)( [ qrag(x)]Pll[hq,r,ag(qx)]’) dgX
—plg Jo

. i f XD ag() (1508 @)™ [y raglqn)]' ) dyx
(1-plg Jo ?gral gl qra8\q E

=
o

N
(=]

i

Page 12 of 15



Alp and Sarikaya Advances in Difference Equations (2021) 2021:355 Page 13 of 15

b\
= (Hgrag(B)) ———
(hyrag(b)) i=pl,

r-1

g b 1 i
~ a5 f TDyhgra8@| > grag @ [hgraglan)]' ) dys.
Plg Ja i=0

We notice that from (2.2)

pL-r bi-p

. - b
[1-pl 2 (hyrat B -1l

(rgra8(B))

is negative since p—1 € N, p— 1> 0 and /. ,g(b) > 0 with b > 0. Also, from the definition

of hy,.g(x) we have

D hq rag(x)

e [0

=Dq((u<x))ﬁ [ 7)) [ “f(r)dqr)
i 1o e~ [
)7, ( [ s0de) « (fo(r)dqt)aq(u(x))

1 h ,r,ag(x) Dyu(x)
= (u(gx)Pf(x) + £ : — ’
; ()7 z’-"l ()7 (u(g))?

i

- (ulg) )+ 21225 Z( 2)'.

—
-

‘h
‘b

1

Hence, by [1 - pl, = —ﬁ[(p— D],

b
[P - 1]qf (Hq,r,ag(x))p dqx

p-1

hyrag(qe) ]
Z[ hq,r.ug(x) :| dqx
b L p-1 i
( qrag x))P fix) p hq,hag(qx)
+/a - )Z( ) ;[ hq.r_ag(x) i| dqx
or equivalently
b Dyu(x) 225 q) \ 7 225 { g rag(q)\'
/ﬂ [“” R e Z( i ) ZO:( sl ) (Herag®)) de

b
S[
a

b 1 1 p—1
2 f 2P (u(q)) 7 £ () g g )]

i bp-
EZ[ Wif((q x))]f ()[Hgrag@]" dy
qr

=
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Finally, by using (4.6) and the g-Holder inequality, we have

w2 [hq,r,ag(qx

00 i\ P
[0 (Hq,,f(x))‘udqxgp—p )] SP(x)ulgx) dyx

h q.ra8 (x)

i=0

and

[ T Hf @Y uwdr < [ i ara @1\ o)
0 ! PP -0 hq,r,ag(x) R

and this completes the proof. O

In Theorem 7 if we take the limit ¢ — 1~ we obtain the following result, proved by

N. Levinson in 1964 [13] on continuous analysis.

Remark 4 Assume that f is a nonnegative function on (0, 00), u is absolutely continuous

function on (0, 00), and p > 1. Also assume ff(f(x))z” dx is convergent, and

for almost every x > 0 and for some i > 0. Then we have the following inequality:

fOO(Hf(x))Pu(x) dx <)\ joofp(x)u(x) dx,
0 0
where

Hie = [ s
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