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ON THE OSTROWSKI TYPE INTEGRAL INEQUALITY FOR
DOUBLE INTEGRALS

Abstract. In this note, we establish a new inequality of Ostrowski-type for dou-
ble integrals involving functions of two independent variables by using fairly elementary
analysis.

1. Introduction

In 1938, the classical integral inequality was established by Ostrowski [3]
as follows:

THEOREM 1. Let f : [a,b]— R be a differentiable mapping on (a,b) whose

derivative f - (a,b)— R is bounded on (a,b), i.e., | f'|lc = sup |f'(t)] < co.
te(a,b)

Then, we have the inequality:

b T — a+b\2
) |- Vo] < [+ G5 0 ol

for all x € [a,b]. The constant % 1s the best possible.

In a recent paper [1], Barnett and Dragomir proved the following Os-
trowski type inequality for double integrals

THEOREM 2. Let f : [a,b] X[c,d]— R be continuous on [a,b] X [c,d],

2y aag;Q—gy exists on (a,b) x (c,d) and is bounded, i.e., ||fy, oo =
sup 2 gx(g?;y) < 00. Then, we have the inequality:
(z,y)€(a,b) % (c,d)
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bd
(12 |{§ f(s.)dtds — (d— )b~ ) fz.)
ac ; ,
—[(b—a)gf(de )| f(s, }
1 a+b o d+c
< |30+ - 502 [ v - 502 2,

for all (x,y) € [a,b] X [c,d].

In [1], the inequality (1.2) is established by the use of integral identity
involving Peano kernels. In [5]|, Pachpatte obtained an inequality in the
view (1.2) by using elementary analysis. The interested reader is also refered
to (|1], [2], [4]-]8]) for Ostrowski type inequalities in several independent
variables.

The main aim of this note is to establish a new Ostrowski type inequality
for double integrals involving functions of two independent variables and
their partial derivatives.

2. Main result

THEOREM 3. Let [ : [a,b] X [c,d]— R be an absolutely continuous fuction
such that the partial derivative of order 2 exists and is bounded, i.e.,

2 2
eS| o P
O0tos 00 (z,y)€(a,b)x (c,d) otos

for all (t,s) € [a,b] X [¢,d]. Then, we have
(2.1)

‘(51 —o)(B2 —042)f<

a+b c+d
2 7 2

> + H (a1, az, 1, B2) + G(aa, ag, 1, 52)

b
_(ﬁQ—ag)Sf<t C+d>dt—(51 )Sf(a;_b,s>ds
b “ cd
—5[(02—6)10(15 ,¢)+(d—B2) f(t,d)]dt §[( a1 —a)f(a,s)+(b—P1)f(b,s)]ds
—i—ﬁf(t,s)dsdt‘é (01— a)" 2( ) (a+b_2a1)2;(a+b_2ﬁl)2
X([(ca2—c)2+(d—62)2+(c+d—2a2) +(c+d—262)2} 021 (t, )
2 8 otds ||

for all (a1, a9), (B1, B2) € |a,b] X [¢,d] with oy < p1, ag < P2 where
(22)  H(ai,az,B1,82) = (1 —a)[(az — ) f(a, ¢) + (d — B2) f (a, d)]
+ (b= B1)[(a2 =) f(b,¢) + (d — B2) f (b, d)]
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and

(23)  G(ai,az,p1,82)

R AT )
# (B —an) (- (0 S50) 4 (v-51) 1 (0.5 7) |

Proof. We define the following functions:

t—ai, t € [a, 2]

a,b,aq,p,t) =
p( 1,61,1) {t—ﬁl,te(‘%rb,b]

and

s—ao, s € [c, 58
S—ﬂg, S € (%,d]

Q(Cv d7 ag, 527 8) = {

for all (a1,a2),(B1,P2) € [a,b] X [c,d] with a; < 1, as < [2. Thus, by
definitions of p(a,b, a1, B1,t) and q(c, d, asg, B2, s), we have

bd )
24)  {{p(a,b,a1, 81, )a(c, d, as, B, )aaf((9 S o
aTerC2d )
=) (t_al)(s—az)ag(as ) dsdt

T P2f(t.5)

£ ) e f)=gadsd
b c42rd 82
b d

t,
BRI T

Integrating by parts, we can state:
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25§ § a0 g
:(a+b—mm§c+d—2aﬂf<w;ﬂcgd)+ 2 if@@ﬁkﬁ
(a—a1)(c+d—2a) ctd) _(atb—20m)(c—0s) (ath
3 2f<“ 2 >_ > 2f< 2 m>
+(a—a1)(c—a2)f(a,c)
B §L |:(C+d2—2a2)f<tjc_{2—d> _(c—og2)f(t76):|dt
B § [(a+b2—2a1)f<a—21-b’s>_(a_al)f(a,s)}ds.
Sl 2f(t. s
CONE I RO e (G

(a+b—2a1)(c+d—2ﬁ2) a+b c+d
= 4 / 2 72

oty
>+ || st s)dsat
@ e

2 2 2 2
(a—a1)(d—B2)f(a,d)

[(c—l—dQ— 252)f<t’ C;d> —(d— B2) f (¢, d)] dt

(a—al)(c+d—262)f<a’ c+d> . (a+b—2a1)(d—62)f<a+b’d>

+

n . ﬁ>—m—agﬂmg}w

S
; Pa+b—2aﬁf<a+b
0%f(t,5)

dsdt
otos

o
o L_’—;M‘Jr
<9

(t—51)(s—a2)

f(t, s)dsdt

_ _(a+b=28))(c+d—20a5) (a+b c+d
- 4 f< 2 7 2 >+a_

o
o ;_,—,m|+
<9

(b—B1)(c+d—2a)
+ 5 f<b,

b

Sb

c+d (a+b—2p1)(c—a2) ,[a+Db

2 >+ 2 f< 2 ’C>
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—(b=PB1)(c—az)f(b,c)

—i letd - 2a2f<t, ) (c— a2)f(t,c):dt
+T a+b 261) f<a b’> - 8) .
(28) ii(t—mx — ) I gy
_ (a—i—b2261)4(c—|—d262)f<a—21—b7c—2kd) +i g £t s)dsdt
) (b—51)(c2—|—d—2ﬁ2)f<b’c42—d> B (a—i—b—?ij(d—ﬁg)f(a—zi—b’d)

+(b=B1)(d = B2) f (b, d)

+§ [(c+d2— 252)f<t’ C;d) _ (d—BQ)f(td)]dt

—+

5 5 ,s> — (b= B1)f(b, s)] ds.

o
w|+L/ﬁ& N
u

[(a+b—2ﬁ1)f<a+b

Adding

—~

2.5)—(2.8) and rewriting, we easily deduce:

bd 2
(29)  []pla.b.on, B (e d,az, Bo,5) 2 ftg;s

ac 8
a+b c+d
2 7 2

) dsdt

+H(a17 a27/617ﬁ2)

= (B1—a1)(B2— Oéz)f<

b
+G(041,OC2;,81762) - (52 _042)8‘]0(757 C—gd>dt

d b
(- an) LT3 s [llaa = e0f(t, )+ (0 ) e,

d bd
—\[(a1—a)f(a,s)+ (b= B1) f(b,s)lds + || f(t, s)dsdt
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where H (a1, as, 81, f2) and G(aq, ag, 1, B2) defined by (2.2) and (2.3), re-
spectively. Now, using the identitiy (2.9), it follows that

(2.10)
bd
(b1 —041)(/82—042)f<a_2‘_b, C—;d> +H(ar, a2, B, 82) + | f(t, s)dsdt

b d
+G(a1,a2,51,ﬁ2)—(ﬁ2—a2)Sf<f a+b>dt—(51—a1)gf<x, ﬂ>ds

o ) 2
b d
—\[(aa—c)f(t,c)+(d—B2) f(t, d)dt —\[(ar —a) f(a, )+ (b—B1) f (D, 5)]ds
bd 9
< Jlptasb. e, 3, Ola(e oz, o) % dsdt
2 bd
- 0 8'];(;;8) S S |p(a7 b’ aq, /81, t)||q(c, da 2, 527 5)|d3dt

On the other hand, we get

a+b
b 2 b
(211)  Vlp(a,b,00, B, t)|dt = | [t—an|dt+ | [t—pi|dt
a a aTer
a1 oft B1 b
= (a—tydt+ | (t—ar)dt+ | (Bi—t)at+ | (t—p1)dt
a aq ath B1
(al—a)2+(b—ﬁl)2 (a+b—2a1)2+(a+b—2,81)2
= +
2 8
and similarly,
d c-gd d
(2.12)  Ylg(a, b1, p1,t)[dt = | |s—azlds+ | [s—pa|ds
C c ct+d
2
(ag—c)2+(d—ﬁg)2+(c+d—20z2)2+(c+d—252)2
= 5 3 :

Using (2.11) and (2.12) in (2.10), we see that (2.1) holds. =
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COROLLARY 1. Under the assumptions of Theorem 3, we have

(2.13) ‘(b—a)(d—c)f(“b C+d> —(d—c)§f<t,cgd>dt

2 7 2 )
d bd
_ (b—a)Sf(aTM,s>dsSSf(t,s)dsdt‘ < 1—16 H% ‘ (b—a)?(d - c)2.

Proof. We choose a1 = a, 1 =b, ag = c and f2 = d in (2.1), then we see
that (2.13) holds. m

COROLLARY 2. Under the assumptions of Theorem 3, we have

219 [P a0 4 a0+ 10,0+ £0.0)

b d bd

0,0+ s de— L as) + 50 s+ s)asa
2 S

<= ‘ g1tk 5) éftg; ) ‘Oo(b—a)2(d—c)2.

Proof. We choose oy = 81 = CLTH’, Qg = [y = %l in (2.1), then we see that
(2.14) holds. =

c+d

b
REMARK 1. If we take x = and y = in Theorem 2, then

the inequality (1.2) reduces (2.13). So, our result is generalization of the
corresponding result of Theorem 2.
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