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1. Introduction

In mathematics, the study of calculus without limits is called quantum calculus (briefly
called g-calculus), and was first studied by Euler (1707-1783), introducing the number
in the g-infinite series defined by Newton (also called Newton’s infinite series). In the
early 20th century, Jackson [1] relied on the concept of Euler to define the g-integral and g-
derivative (well-known g-Jackson integral and g-Jackson derivative) over the interval (0, o).
In g-calculus, we obtain the g-analoques of mathematical objects that can be recaptured
by taking 4 — 1. In recent years, g-calculus has had numerous applications in various
disciplines of physics and mathematics; see [2-10] and the references cited therein for
more details.

In 2013, Tariboon and Ntouyas [11] presented the g,-integral and g,-derivative over
finite intervals and also investigated the existence and uniqueness results of initial value
problems for the first- and second-order impulsive g,-difference equations. In 2020,
Bermudo et al. [12] introduced the g’-integral and g’-derivative over finite intervals
and also proved some of their basic properties. Recently, the topic of g-calculus has been
applied in various integral inequalities, for example, Simpson- and Newton-type inequal-
ities [13], Hanh inequalities [14], Ostrowski inequalities [15], Fejér-type inequalities [16],
Hermite-Hadamard-like inequalities [17], Hermite-Hadamard inequalities [18], and the
references cited therein. In particular, Hermite-Hadamard inequalities have also been
studied by using g-calculus for convex functions by many researchers; see [12,19-25] and
the references cited therein for more details.
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The g-calculus generalization is called post-quantum calculus (briefly called (p, q)-
calculus). In (p, q)-calculus, two independent parameters, p- and g-number, are included. It
is commonly known that g-calculus cannot be recaptured by taking g4 — q/p in g-calculus,
but it can be recaptured by taking p = 1 in (p, g)-calculus. Then, the classical formula can
be gained by taking g — 1. The concept of (p, q)-integral and (p, q)-derivative over the
interval (0, o0) was first studied by Chakrabarti and Jagannathan [26] in 1991. Later on,
the concept of the (p, )q-integral and (p, q),-derivative over finite intervals was proposed
by Tung and Gov [27,28] in 2016. Recently, the concept of the (p, q)’-integral and (p, q)°-
derivative over finite intervals was proposed by Vivas-Cortez et al. [29] in 2021. In the past
few years, the topic of (p, g)-calculus has become interesting in various integral inequalities
for many researchers, and the results of (p, g)-calculus can be found in [30-45], and the
references cited therein.

In 2021, Li et al. [46] presented a new generalization of g%-integral inequalities related
to Hermite-Hadamard inequalities for g°-differentiable convex functions. Inspired by the
above-mentioned literature, we propose establishing a new generalization of (p, q)?-integral
inequalities related to Hermite-Hadamard inequalities for (p, q)’-differentiable convex
functions to extend and generalize the results given in the above-mentioned literature.
Moreover, we study some special cases of various integral inequalities. Finally, we give
two examples to investigate the main results.

The rest of the paper is organized as follows: In Section 2, we give some definitions
and notations of (p, q)-calculus. In Section 3, we present the (p, q)’-integral inequalities
related to Hermite-Hadamard inequalities for (p, q)’-differentiable convex functions and
display some special cases of various integral inequalities. In Section 4, we show two
examples to investigate our main results. In Section 5, we summarize our results.

2. Preliminaries

In this section, we provide some definitions and notations of (p, ¢)-calculus used in our
work. Throughout this paper, we assume that 0 < g < p < 1 are constants and [2,b] C R is
an interval with a < b. The (p, q)-number of A is given by

PA—QA A—1 A—2 A—2 | A-1
[/\]p,qzip_q =" 4 249, AeN 1)

If p = 1in (1), then (1) is reduced as follows:

A

1_
Ay = 1_‘2 =1+g+@+--+q"1, AeN,

which is called the g-analogue or g-number of A; see [47] for more details.

Definition 1 ([27,28]). Let ¥ : [a,b] — R be a continuous function. Then, the (p, q)q-derivative
of Y at x is given by

Flpx+ (A =pla) —¥(gx+A=q)a) o,
Dy ¥ (x) = (p—q)(x—a) . )
)1613‘11 aDpg¥(x), if x=a.
The function Y is called (p, q)q-differentiable function on [a,b] if ;Dp5¥ (x) exists for all x €
0, (b—a)/p +al.

Note thatif p = 1and ;D1 4¥(x) = sD;¥(x), then (2) is reduced as follows:

Y(x)-Ygx+ (A —q)a) . .
DY (x) = (1-9)(x—a) e ©)
J1(13{11 aDg¥ (x), if x=a,
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which is the well-known g,-derivative of ¥ on [a, b]; see [48,49] for more details. Moreover,
ifa =0and ¢D;¥(x) = D;¥(x), then (3) is reduced as follows:

Y(x) - ¥(gx)

, If x £a;
D,¥(x) = (I—9g)x fx#
lirrb D;Y¥(x), if x=a,
x—

which is the well-known g,-derivative of ¥ on [0, b]; see [47] for more details.

Definition 2 ([29]). Let ¥ : [a,b] — R be a continuous function. Then, the (p, q)’-derivative of
Y at x is given by

Y(gx+ (1 —q)b) —¥(px+ (1 —p)b) . :
D ¥ (x) = TEDICEE) A @
lim "Dy ¥ (x), if x=0.

The function ¥ is called (p, q)P-differentiable function on [a,b] if D), ¥ (x) exists for all x €
[b—(b—a)/p,b].
Note that if p = 1 and bDllq‘I’(x) = "D, ¥(x), then (4) is reduced as follows:

Ylgx+ (1 —9)b) —¥(x) . .
D) =4 A-p-x o TP
lim "D ¥ (x), if x=0,

which is the well-known qh-derivative of ¥ on [a, b]; see [12,24] for more details.

Definition 3 ([27]). Let ¥ : [a,b] — R be a continuous function. Then, the (p,q)q-integral of ¥
at x is given by

[ f (e (1) o

The function ¥ is called (p, q)q-integrable function on [a,b] if fab Y (x) adp,qx exists for all x €
[a,a+ p(b—a)l.

Note that if a = 0, then (5) is reduced as follows:

b [eS) q/\ q/\
/0 ¥(x) dyox=(p—q)by WT<Wb>, ©)

A=0

which appears in [28]. Moreover, if p = 1, then (6) is reduced as follows:

b )
/ ¥(x) dyr = (1-q)b Y ¥ (¢'D),
0 A=0
which is the well-known g-Jackson integral; see [1] for more details.

Definition 4 ([29]). Let ¥ : [a,b] — R be a continuous function. Then, the (p,q)°-integral of ¥
at x is given by

/ab‘}’(x) dpgx=(p—q)(b—a ipq (ﬂ;”(l_piil)b)' 7
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The function ¥ is called (p, q)'-integrable function on [a,b] if [ ab ¥(x) bdyqx exists for all x €

Lemma 1 ([27]). For a € R\ {—1}, the following inequality holds:

b N B (b - a)a—l—l
/a (x —a)" qdpgx = m. (8)

Theorem 1 ([28]). Suppose that ¥, ® : [a,b] — R are continuous functions and r > 0 with
1/s+1/r =1, then

1/r

[ 100 sty ([ 19007 stpgr)  ([1000 are) )

3. Main Results

In this section, we prove (p, q)’-integral inequalities related to Hermite-Hadamard
inequalities for which the first-order (p, g)’-derivatives in absolute value are convex func-
tions. We define I} = [b— (b—a)/p,bl and I, = [b — p(b —a),b]. The (p,q)-integral
identity is as follows:

Theorem 2. Suppose that ¥ : [a,b] — R is a (p,q)P-differentiable function on Iy such that
b D, Y is continuous and integrable functions on I with y,v € [0,1], then

v 1
(b—a) [/0 (gt + v — ) *Dp ¥ (ta + (1 — t)b) dp gt + /V (gt +9v —1) "Dy ¥ (ta+ (1 — t)b) dy ot
1 b

= = /,,H(lfp)b\y(x) b, ax — Y[V (a) + (1 — v)¥(b)] — (1—7)¥(va+ (1 - v)b). (10)

Proof. Using Definition 2, we have

¥(g(ta+ (1 —t)b) +(1—q)b) —¥(p(ta+ (1 —1t)b) + (1 —p)b)
(p—q)(b—(ta+(1—1)b))
_ Y(qta+ (1 —qt)b) — ¥(pta+ (1 pt)b).

"Dy ¥(ta+ (1—t)b) =

CEDI=T v
Applying an identical transformation, we obtain
(b—a) M(qt +qv — ) PDy ¥ (ta + (1 — £)b) dy gt + /Ul (gt + v — 1) Dy ¥ (ta+ (1 — £)b) dpyt
— (b—a) /01 (qt+9v —1) "Dy ¥ (ta + (1 — £)b) dy ot
+(b—a) /00(1 —7) "Dy ¥(ta + (1 — £)b) dpyt. (12)

Using (6) and (11), we obtain
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1
/ tPDy, ¥ (ta+ (1 —t)b) dpgt
0
_/“P qta + 1—qt)b)—‘P(pta+(l—pt)b)d ;
(p—q)(b—a) P
[ oo A A+1 A+1 0 A A A
q q q q q q
b—a gpzx+1l}r<pzx+1”+ (1_ p/\+1>b> _Ep)wrlly(p)\wr <1_p)\>b>]
1 1 & q/\+1 q/\+1 q/\+1 1 & q/\ q/\ q
ol o g (e (1 3 o) = 4 v (e (1- 32 )0)
o= Ty(Lat(1-L)p)—-¥(a
b—a (q P),\E_OP)‘ pt p? q @)
1 P—q) < gt (qA ( qA)) 1
Ty(Tagy(1-T )p)-
b—a( Pq Ago;ﬂ Pt Pt q(b—a) @
1 /‘b b 1
S — ¥(x) dy . x — ———F(a). (13)
pa(b —a)? Jpa+(1-pyp ) pax =y ¥ @
Similarly, we obtain
1
/ "Dy ¥ (ta+ (1 —t)b) dy ot
7/1‘i’qta+ (1—gqt)b) — ‘Y(pta+(1—pt)b)d ;
(p—q)(b—a)t P
_ 1 00 qA+1 q)\—l—l 0 q/\ q/\
“ s Sy (e () - B (G (-5
1
= ¥ ()~ ¥(a), (1)
and
/0 "Dpq¥(ta+ (1—1)b) Vdy gt
:/V Y(qta+ (1 —qt)b) —¥Y(pta+ (1 — pt)b) vy 4
0 (p—q)(b—a)t P
1 [= g g1 o g g
:b—aLX_:OT<pA+1W+( p/\+1v>b>)§)‘l’(wva+<1wv b
1
= o [¥(b) ~ ¥(va+ (1-v)b)] (15)

Substituting (13) to (15) in (12), we obtain the required (p, q)’-integral identity. Therefore,
the proof is completed. [J

Corollary 1. Under the assumptions of Theorem 4 with v = 0,1 and p/[2], 4, the following new
(p, q)b-integral identities hold:

(i)

1 b
(b—a) [ (g =1)"Dy¥lta+ (1= )0) dyt = p(bl_a) / ¥ (x) Yy x — ¥ (b); (16)
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(i)
1 1 b
— b _ - - b _ .
(b—a) UO gt Dy ¥ (ta + (1— £)b) dp,qt} = /W(lip)bw(x) dpgx — ¥ (a); (17)
(i)

/2pq
(b—a) [/Op (qt—ﬁjﬂ) "Dy ¥ (ta+ (1—t)b) dy ot

1
- /p/[z] (qt + % - ) "Dpq ¥ (ta+ (1—t)b) dp,,,t}
1 b b p¥(a)+qg¥(b) pa + qb
SR vy bg 5 PY@+g¥0) | .
p(b—a) /7”’”(1*;7)17 e 2lpq =) ( 2]p.9 > (18)

Corollary 2. Under the assumptions of Theorem 4 with v = 0,1/3,1/2 and 1, the following new
(p, q)-integral identities hold:

(i)

o {/OV 7t Dpa¥(tat (1= 0)8) dyat + /1(qt —1)"Dyg¥(ta+ (1—t)b) dprqt}
1 b ,
— W ~/Pll+(1—p)bT(X) dpgx —¥(va+ (1—-v)b); .

(i1)

v 11 1 1
(b—a) [/0 (qt +3v- 3> "Dy ¥ (ta+ (1—t)b) dy ot + /V (qt +3v- 1) 'Dy ¥ (ta+ (1—t)b) dp,qt}

1 b , 1
T pb—a) /W(lfp)h‘P(x) dpgx — Z[v¥(a) + (1= v)¥ (b) + 2¥ (va+ (1 - v)D)]; 20)

(iii)
v 1
(b—a) UO (qt + %v — ;) "Dy ¥ (ta+ (1 —t)b) dy gt +/V <qt + %1/ - 1) "Dy ¥ (ta+ (1—t)b) dp,qt}

= p(bl—a) /p;(l_p)h‘l’(x) bdy,x — %[V‘P(ﬂ) + (1= v)¥(b) +¥(va+ (1—v)b)]; 1)

(iv)

(b—a) Uov(qt +v—1) "Dy ¥ (ta+ (1— 1)) dp gt + /1(qt +v—1)"Dpg¥(ta+ (1—1)b) dm’}
= 0 gy YO0 o ¥+ (Y0 @

Remark 1. If p =1, then (10) is reduced as follows:

(b—a) [/Ov(qf + v =) "Dg¥ (ta+ (1 1)b) dgt + /vl(qt + v —1)’Dy¥ (ta + (1 - t)b) dqt}
= L [0 g ¥ (@) + (1 0¥ - (1) (v + (1 0)D)

which appears in [46].

Remark 2. If p = 1, then (16) to (18) are reduced as follows:
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(i)

(b—a) /Ol(qt 1) "Dy¥ (a4 (1 - 0)b) dyt = -
(ii)
(b—a) [/01 gt "D ¥ (ta + (1— 1)) dqt} - /aqu(x) b, — ¥(a);
(iii)
/2]q
(b—a) [/01 ’ (qt — [Z]qq) "Dy¥ (ta+ (1 —t)b) dgt + 11[2“ (qt + ﬁ - 1) "D ¥ (ta+ (1 - t)b) dgt

L ¥ (a) +q¥(b) a+qb
_ b_a/a ¥ (x) hdqx—'yi[z]q -1 —7)*1/( 7, )

respectively, which appears in [46].

Remark 3. If p = 1, then (19) to (22) are reduced as follows:
(i)

(b—a) Uovqt bD¥ (ta + (1— £)b) dgt + /1(qt —1)'D,¥(ta+ (1— £)b) d,t

— biu /b‘I’(x) bdgx —¥(va+ (1 —v)b), (23)

which appears in [46]. In particular, if v = 1/[2],, then (23) leads to the midpoint-type
integral identity as follows:

(b —a) Vi D ¥ (ta + (1 — £)b) dyt ' (gt — 1) *D,¥ (ta + (1 — £)b) dyt
—a |:/0 q q ll+( - q"’/l/[z]qq_ q (a+ - q:|

which appears in [50].
(i1)

(b—a) {/OV <qt + %v - ;) bD¥ (ta + (1— £)b) dgt + /Vl (qt + %1/ - 1) bD¥(ta + (1— £)b) dgt

=% 1 p /ab ¥(x) Pdgx — %[V‘I’(a) + (1 —=v)¥(b) +2¥(va + (1 —v)b)], (24)

which appears in [46]. In particular, if v = 1/ [2],, then (24) leads to the Simpson-like integral
identity as follows:

(b —a) Vol/mq (qt - 3({'2’]17)> DY (ta+ (1 — £)b) dyt

+ /11[2107 (qt + 3([;]0 - 1) "D ¥ (ta+ (1 —t)b) dﬂ,t}

- bia/ﬂbqf(x) bdqx—;{lm);]:‘y(b) +2‘1f<”+qbﬂ,

which appears in [46].
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(iii)
(b—a) UOV (qt + %1/ — ;) "Dy¥(ta+ (1—t)b) dgt + /1 <qt + %v — 1) "Dy¥ (ta+ (1 —t)b) dgt
=3 i p /ﬂb ¥ (x) Pdyx — %[v‘f(u) +(1—v)¥(b) +¥(va+ (1 —v)b)], (25)

which appears in [46]. In particular, if v = 1/[2],, then (25) leads to the averaged midpoint-
trapezoid-type integral identity as follows:

(b —a) [/01/[2]" (qt - 2([’72}‘1)> PDy¥ (ta+ (1 — £)b) dyt

1 IR )
* (10 gy =) 'or¥ta a0

“im e e [T e ()]

which appears in [46].
(iv)

(b — {Il) |:/Ou(qt+l/ — 1) qu‘F(tlZ—F (1 — t)b) dqi'—i- /1(qt+v _ 1) qu‘P(t{l—F (1 _ t)b) dqt:|
=3 1 P /bT(x) Pdyx — V¥ (a) + (1 - v)¥(b)], (26)

which appears in [46]. In particular, if v = 1/[2],, then (26) leads to the trapezoid-type
integral identity as follows:

2]
(b—a) [/01/2 (qt_ [2‘7]q _1> YD (ta -+ (1— 1)) dyt
) 1) B
" 1/[2}£,<thr 2], 1) Dg¥(ta+ (1 —1t)b) dgt

_ 1 Y(a)+q¥(b)
= b*ﬂ/a ¥ (x) hdqx—T,

which appears in [50].

Remark 4. From Corollary 2, we have the new (p, q)-integral identities as follows:
(i) Ifwetake v = p/[2],q, then (19) leads to the midpoint-type identity as follows:

/2]y,
(b —a) [/Op " gt D, (ta + (1= £)b) dy ot

1
- t—1)'D,, ¥(ta+ (1 —t)b d,t]
[ @ =D Dyt (1= 00)

1 /b b (Pa+qb>
p(b—a) Jpar(—pyp () "dng 2154

which was proposed by Aamir Ali et al. in [29].
(i)  Taking v = p/[2]p,q, then (20) leads to the Simpson-like integral identity as follows:



Mathematics 2022, 10, 826 9 of 20

(b—a) UOP/[ZJW <qt - 3([’7) bD, ¥ (ta+ (1 — t)b) dy gt

2]pq)
1
p b
+/ (t+—1>D,Yta+ 1- )b d,t]
P/ 2g q 3([2]][],[7) pAa ( ( ) ) P4
1 /b b 1 [p‘I’(a)+q‘i’(b) (pa%—qb)}
=— Y(x) dpgx — 5| ———>+2Y .
p(b—a) Jpa+(1-pp () "pax = 3 2lpa 2lpa
(iit) If we set v = p/[2]pq, then (21) leads to the averaged midpoint-trapezoid-type integral
identity as follows:
p/2lpq q
b—a / (t—)bD,‘Iferl—tbd,t
( ){ 0 q 2([2}}”]) pa ( ( ) ) P4
1
p b
+/ <t+—1>D,‘Pta+ 1—t)b d,t}
P/[Z]p,q q 2([2]17,17) rYq ( ( ) ) pAa
1 /l’ b 1 {p‘lf(a) +q¥(b) (pa+qb)]
= ——— Y(x)dpgx — - | —F7—=+Y .
PO—a) et 3T, Zlra

(iv) By setting v = p/[2]p,q, then (22) leads to the trapezoid-type integral identity as follows:

P/[Z]p,q q b
(b—a) [/0 (qt T 1) Dy ¥ (ta+ (1 —1t)b) dy,t
1

P b
+ (t+—1> D,‘i’(ta—i-(l—t)b)d,t}
p/2lpg 1 2]p.q P P

1 ’ p¥(a) +q¥(b)

S Y(x)d, x—
ST oy T s

Theorem 3. Suppose that ¥ : [a,b] — R is a (p,q)"-differentiable function on Iy such that
pr,q‘I’ is continuous and integrable functions on I, with y,v € [0,1]. If | pr,q‘I’| is convex
function on [a, ], then

1 b
’p(b_a) /W(lip)b ¥ (x) Uy gx — Y[V ¥(a) + (1 — v)¥(B)] — (1 — 7)¥(va+ (1— V)b)‘
<(b—a) [[/\1(% 0,7v) + Ma(p,q,7v) — As(p,q, 7,1/)]‘ hpp/qu(a)‘

+[©1(p,9,7,v) + ©2(p,4,7,v) ~ ©s(p,3,7,v)]| "Dpg¥ ()], 27)

where Ai(p,q,7v,v), i=1,2,3,and ®j(p, q,7,v), j = 1,2,3, are given by
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Ma(p,g,7v) = [ Hat+9v =] dygt
v2y(1-v) . v3q )
:{ o ([3],,,3/ - (r+av<y
vig  viy(l—v 29°(1—-v 1 1
Blpa [2lpq + 7 ([Z]p,q [3];1,q)’ (v +a)v >,
©1(p,0,1v) = [ (L= D)lgt+7v =] dyyt
v
= / lgt +yv — | dpqtf/o tlgt +yv — | dp 4t
vy(1 =) - SR 4 o (r+qv <y
[272(1—1/)2([2],;,‘7—[1])4-1/ P2 +v2gy(1—v) B [qu
" T |, (r+qw>
_ . . 2y (1_1,)3 11 ’ Y q Y,
vy(1=v) 7 <[2]m [3]%4)
1
Aa(p,g,7,v) = / tgt +yv — 1] dp4t
v g .
— { 2]p.4 (3lp.g” 24P w1
4l —v) (11
Blon ~ @oa T @ (mp,q s}m)' wtg>1
1
Oax(p. g, vv) = | (1=1)lgt+ v —1[dpgt
1
:/ gt +yv — 1] d,,qtf/o tlgt +yv — 1| dp 4t
_ gl g .
(=) 2y Bl wHgsl;
_ [ 2(1—v)? ([Z]pq[ ]1)+q +q(l—yv) %
- 2 3lpa vtg>1
DR ) S U U KA
(1 ’)’U) 7 ( 2] pa (3] pa )
A3(p,q,7v) = / gt + v —1| dp gt
V(l—qv) g .
= { 3[2];1,11 2 [3];73' ( ; wHgsl
vig 1—qv 2(1—qv 1 1
[S]W 2lpg + 7 ([Z}M [3]p,q>' W=l

Os3(p,q,7,v) = (1—t)\qt+'w—1|dqu

/O\qt+'yv—1|dp,qt7/0 tqt +yv — 1] dp 4t

1/2 1/2 _ 3
1/(1 — ’)’1/) — 4q+[2]i,lq ’yv) + [g]:q, v + q S 1;
r(l—w)z(mw—[1)]+V2172+V2‘7(1—W) _ [v;q
12]pq 3lpa v4ag>1
ey 201 | T
v(1=v) 7 ([Z]M [3]M)

Proof. Taking the absolute value of both sides of (10), using Lemma 1 and applying the
convexity of |"D,,¥|, we obtain
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Y(x) bdp,qx —y¥@)+ A -v)¥®)] -1 —-7)¥va+ (1- v)b)‘

1 b
’ p(b—a) /pa+<lfp>b
v 1
[/0 (gt +yv—17) pr,q‘I’(ta + (1= t)b) dp 4t + /V (gt+yv—1) pr,q‘I’(ta + (1—1t)b) dmt} '

= (b—a)
[ rv 1
/0 gt +yv — 'y\) "Dy ¥ (ta+ (1 — t)b)‘ dpqt —l—/o gt +yv — 1|’ "Dy ¥ (ta+ (1 - t)b)’ dpqt

~—

<(b—a
v

—/0 |qt+w—1|’pr,q‘P(ta+(1—t)b)’dp,qt]

B v v

‘pr,q‘I’(a)’/o gt + yv — 7] dpgt + ‘pr,q‘I’(b)’/o (1—=1t)|gt+yv —7] dpqt

~—

<(b—a
b ! b !
+ ‘ DM‘I’(a)'/O tgt +yv — 1] dpyt + ’ Dp,q‘I’(b)‘ /0 (1—1t)|gt +yv —1| dp4t

v v
—['D) ¥ (a)| /0 Hat +7v — 1] dpgt — [*Dy ¥ (1) /0 (1—£)|gt + v — 1] dp,qt]

(b—a)[[A1(p, .7, ) + Dap,q,7,v) = As(p,q,7,v)]| "D ¥ (0)|

B

+[©1(p,3,7,v) + ©2(p,3,7,v) — Os(p,3,7,v)]| "Dy ¥ (b)

which completes the proof. [

Corollary 3. Under the assumptions of Theorem 3 with v = p/[2]p,q, the following new (p,q)"-

integral inequality holds:
1 b b p¥(a) +q¥(b) pa+qb ’
- ¥ d —y| P —(1—-7)Y
‘ p(b—a) /pa+(1fp)b (x) "dpqx =11 { 2lpg } =7 ( [2]pa >
1 1 1
<(b—a) H/h <P, a7 [Z]pq> + Az <p,q, Y, [Z};Jq) — A3 (P, 9,7 [2]pq>] ‘ pr,q‘Y(a)]
(28)

+ [@)1 (P,m, mt}q) +0, (Pqu Vs [z]lpq) - ®3(M,% [2}1,,5,” ( "Dp,q‘l’(b)”-

Remark 5. If p = 1, Ai(p,9,7,v) = Ai(q,7,v) and Oi(p,q,7,v) = Oj(q,7,v) fori, j =
1,2,3, then (27) is reduced as follows:

1 b
‘ / ¥(x) bdgx — y[v¥(a) + (1 —v)¥D)] — (1 —9)¥(va+ (1 v)b)’

b—a g
< (b= ) [[A1(g,7,v) + A2(a,7,v) = As(g,7,v)) | 'Dy¥ (a)]
(29)

]

where A;i(q,v,v), i =1,2,3,and ®j(q, v,v), j =1,2,3, are defined by

+[01(4,7,v) +©s(q,7,v) — ©3(g,7,v)]| "Dy ¥ (b)
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Al(m,V):/O tlgt + yv —y| dgt
20 (1— Vv
_{Vﬁh” i (r+aqv s

1% v 3 —v 3
7(1 ) + 2’12](1[3] ) ’ (’)/‘Fq)l/ >,

J
3 2]

/ qt+’yu—’y|dt—/0 tlgt 4+ yv — | dgt
1— 3
{v'y (1-v) 7Vq+v[2]7( U)+%, (y+qv <y,

2
292(1—v) +v q+1/ 2y(1—v) % —1/')/(1 —1/) - ELE, ('y+q)1/ >,

No(gq,v,v) = /0 tgt +yv —1| dgt
{1[;]:”[3”}, WwHqg<
R 2(1—qv)3
B, T @, T oEmn o Wil

1
Oa0,7,v) = [ (1=Dlgt+7v 1] dyt

< S

1 1
:/0 |qt+'yv—1|dqt—/0 tlgt +yv — 1| dgt

{ﬂquﬂhw+[£, WHg<;
T Y20l g g _ 2(1—w)?
ey W) = g e > 1L
Naa,v) = [ tlat+ v =1 dgt

V(l-yv) v .

_{Sp” 1) - 20 sy
vg v2(1—qv 2(1—y
S i 0 U

v

Os(q,7,v) = /0 (1—1t)|gt+yv—1| dgt

v v
:/0 |qt+'yv—1\dqt—/0 tigt +yv — 1] dgt

1/2 v v 1/3
{ v(1— ) — 7%[2}(1 )4 L, WwHg<y;
21=qv)2+2g+v (1—yv) 2(1—yv)3
v [12/]:11 v2(1—qv v(l—yv)— [;]:q — 4([2][][73]?) , ywHg>1,
which appears in [46].

Remark 6. If p = 1, then (28) is reduced as follows:

e P i (52)

smeA(%%EL>+A4%%EL)A{m%ELHVDﬂWﬂ

%&Gm&)+%@mé)—%@m&)hwmw}

which appears in [46].
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Remark 7. From Corollary 3, we have the new (p, q)-integral inequalities as follows:

(i) If we take v = 0, then (28) leads to the midpoint-type integral inequality as follows:

‘p(bl—tﬂ /;+<1—p>bqj(x) "y = T(pé]tjb) ‘
S A BV A R VRS

olangt)omod)-omog ool o

(i)  Taking -y = 1/3, then (28) leads to the Simpson-like integral inequality as follows:

P(bl—a) /pzbz+< ) bd”x_3[ & [)]Jrﬂ( )H\P(pé]t,zb)”

R N (o e B N [

4 1 p 1 _p b
+®(,,,)+®(,,,)—®(,,,)] D, ¥ (b ] (31)
{ 73 2l P32, P32, ‘ 2 )‘
(iii) If we take v = 1/2, then (28) leads to the averaged midpoint-trapezoid-type integral inequality
as follows:

‘P(bla) /PZJr(lP)bT(X) pgx = % [([)]HY() 211[(72;;317)} ’
< (b—a) HAl (Pr‘% ;[2]ppq> + A2 (PI % miq) — A2 (Pq;[ziqﬂ ‘ bDP,q‘Y(ﬂ)‘
Jo(paz gy ) relrazgy) ozl ol @

(iv) By setting v =1, then (28) leads to the trapezoid-type integral inequality as follows:
1 /’b b [p‘i’ (a) +q¥ (b)} ‘
—_— Y(x)dpgx — | ——5——
5657 s 01

—a) Jpat(1-pyp 2lp.4g

coof[nour ) o) )] o
O N [ A

Remark 8. If p = 1, then (30) to (33) are reduced as follows:
(i)  We obtain the midpoint-type integral inequality as follows:

e v(52)
< (b—a) Hm <q, 0, [zl]q) + A, <q, 0, [zl]q) —As <q, 0, [21]6,)] ‘ qu‘I’(a)‘
“lor(s0gy) +ex(nog) —o (a0 g )| orven)]

which appears in [46].
(i)  We obtain the Simpson-like integral inequality as follows:
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oo R e ()|

} , (34)

which appears in [46]. Moreover, if g — 1, then (34) is reduced as follows:

i ) v = S o ()| < 22wl + o)

which appears in [51].
(iii)  We obtain the averaged midpoint-trapezoid-like integral inequality as follows:

i [ v e g (g )]

1 1 1 1 1 1 b
<(b—a) HAl (qlzl[]q) + Ag (q,z,[z]q) AV <q121 mq)“ quj(”)‘
1 1 1 1 1 1
+®</r)+®(//)_®(//>:| bD‘Yb :|/ 35
which appears in [46]. Moreover, if ¢ — 1, then (35) is reduced as follows:

’bia /ab‘I’(x) hdqx_;[‘l%z‘f(b) +2\f(”£]zb)ﬂ < b1_6” [¥/(b)| + ¥/ (a)

which appears in [52].

P

1

(iv) We obtain the trapezoid-type integral inequality as follows:

e (2522

< (b—a) HAl <¢7, 1, [21]¢7> + A2 (‘7/1, [21]¢7> — A3 (‘7/1/ [zl]qﬂ ‘ quT(a)‘
o) o) sl el o

which appears in [52].

Theorem 4. Suppose that ¥ : [a,b] — R is a (p,q)P-differentiable function on Iy such that
Dy, oY is continuous and integrable functions on I with y,v € [0,1]. If | *D, ;¥ forr > 1isa
convex function on [a, b], then

‘p(bl—a) /p:(l_p)b ¥(x) Py gx — y[v¥(a) + (1 —v)¥(D)] — (1 —7)¥(va+ (1 - v)b)‘
r)l/r

< (b= a)(Mi(p g, 7)Y (A2lp,a,7,0)| "Dpg¥(@)| +©s(p,q,7,v)| "Dyt (b)
’pr,q‘f(b)’) , (37)

V2
2lpa

r o v([2pg —v) Y
T g

+(b—a)(1- 7)1/11/7( |*Dy % (a)




Mathematics 2022, 10, 826 15 of 20

where ©z(p, q,7,v) is given in Theorem 3 and A (p,q, 7y, v) is defined by

v
Ba(pa,1v) = [lat+7v=1] dygt

(1_’71/)—7[1 ’ w+g<1;
2] p,9
21— ) ([2p — 1) + 42

q(2] P

—(1—=9v), yv+g>1.

Proof. Taking the absolute value of both sides of (10) and using the power-mean inequality
for (p, q)-integrals, we obtain

’p(bl—a) /p;(lp)b‘{’(x) bdpox — y[v¥(a) + (1 —v)¥(b)] — (1 — 1) ¥(va+ (1 - v)b)‘

— (b—a) [/Ov(qt 4 v — ) PDy ¥ (ta + (1— £)b) dp gt + /Ul (gt + v — 1) *Dy ¥ (ta + (1 — £)b) d,,,qt} ’

— (b—a) [/Ol(qt +qv—1) "Dy ¥(ta+ (1— £)b) dy,t + /Ov(l — ) 'Dy ¥ (ta+ (1— t)b) dmt] ‘

1 v
< (b—a) UO |qt+w—1|‘bD,,,q\f(tH(l—t)b)‘dwt+(1—7)/0 ’pr,q‘I’(ta+(1—t)b)’dp/qt]
1 171/7’ 1 r 1/7‘
S(ba)(/o |qt+’yv1|dp,qt) (/O |qt+'yv71\’pr,q‘I’(ta+(1ft)b)‘ dp,qt>

+-aa-n ([ dp,qt)l_l/r (f

Applying the convexity of ["D, ,¥|", we have

) ’ 1/r
D, ¥ (ta + (1 — t)b)‘ dp,qt> :

‘p(bl—a) /pl;+(1_p)b‘1’(x) bdp,qx —ywv¥@)+ 1 -v)¥)] - 1—9)¥(va+ (1— y)b)’

1 1-1/r
< 0-a)( [[lat+-11d0)
b r 1 b T 1 1/7
x (‘ D)% (a) /0 Hat +7v — 1] dpgt + [*Dy ¥ (b)) /O(l—t)|qt+’yv—1|dp,qt)
v 1-1/r
+(b—a)(1—fy)</0 1d,,,qt> (‘bDM‘{’(a)

— r r
< (b= a)(B1(pg, 7)) (A2(p,0,7,0)| "Dpg(@)] +©2(p,q,7,v)| "Dy ¥ ()

r>l/r

T v b 7 v 1/r
/Otd,,,qur‘ D, ¥ ()| /0(1—13) dp,qt>

7‘)1/7

2 . _
+(b—a) (1 -y ([Z?pq‘ pr,qT(ﬂ)‘ + W‘ "Dpg¥ (b)

which completes the proof. [

Remark 9. If p =1, then (37) is reduced as follows:

’ : 1 : /ﬂb ¥(x) bdgx — y[v¥(a) + (1 —v)¥ D) — (1 —9)¥(va+ (1 - v)b)'

r>l/r

< (0 =) (A1(q,7,v)' " (A2(,7,v)| 'D¥ (@) +©2(9,7,v)| "DyE ()

v([2]; —v) N
T rorol)

+(b—a) (-t (Vz‘ PDy¥ (a)

2], ‘ Dot (b)

_|_

’ r



Mathematics 2022, 10, 826 16 of 20

where ®y(q, 7y, v) is given in Remark 5 and A1(q,y,v) is defined by

v
Ba(g. 7 v) = [ lat+v =1/ dgt

(bw)—%, wHqg<1;
q
2(1—)2+4gq

—(1=9v), ywv+g>1,
pL, T T

which appears in [46].

Theorem 5. Suppose that ¥ : [a,b] — R is a (p,q)P-differentiable function on Iy such that
Dy,q Y is a continuous and integrable function on I, with y,v € [0,1]. If | °’D},g¥|" for r > 1
with 1/s +1/r = 1is a convex function on [a, b), then

1 b
'p(ba) /PaJr(lfp)b‘F(JC) bdyox — y[v¥(a) + (1 —v)¥(b)] — (1 — ) ¥(va+ (1 - v)b)‘
N\ 1/r

"Dpg¥(a)| + ([2lpg — )] "Dpg¥ (1)
< (b—a)(Da(p,g,7,v))"° ’ = ’ [2;;7: ‘ -

2

(b= (1 =)0 (=] "Dyg)

’r n 1/([2]p,q — 1/) ‘ pr,q‘I’(b) ,)1/1*, (38)

2lpa

where )
Da(p,q,7,v) =/0 gt + v =1 dpt.

Proof. Taking the absolute value of both sides of (10) and using Theorem 1, we obtain

1 b
‘p(ba) /pH(lip)b‘F(x) bdy0x — y[v¥(a) + (1 —v)¥(b)] — (1 — 1) ¥(va+ (1 - v)b)‘
== MVW +9v =) "Dyg¥ (ta+ (1= 1)b) dpgt + /Vl(qt +9v = 1) "Dy ¥ (ta + (1 - 1)b) dp,qt] ‘
= (b—a) {/Ol(qt +yv—1) prrq‘F(ta + (1 —=t)b) dpqt + /OV(1 —9) th,q‘P(fﬂ +(1—-1t)b) dp,qt:| ’

"Dy ¥ (ta+(1— t)b)‘ d,,,qt}

1 v
< (b-a) {/0 |qt+w—1|(pr,q\f(tH(l—t)b)\dp,qt+(1—7)/o

1 1/s 1 . 1/r
S(ba)(/0 ]qt+'y1/1|sdp,qt> (/O ‘pr,q‘I’(ta+(1—t)b) d,,,qt>

L (b—a)(1-7) (/O 1 dp,qt>1/s (/0 ' dp,qt)l/r.

Applying the convexity of |?D, ,¥|", we have

"Dy ¥ (ta+ (1—t)b)
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’p(bl— ) /p;(lp)b‘lf(x) bdp,qx —y¥@)+ A -v)¥®)] -1 —-—7)¥va+ (1- v)b)‘
1/s 1/r
g(b—a)</01|qt+w—1|5dp,qt) ( D, ¥(a) /tdqu—’ D, ¥(b)[ / >
v 1/s 1/r
+(b—a)(1—'y)</0 1° dp,qt) (‘ D, ¥(a) / Edpat+ "Dy ¥ () / (1-1) dwt)

7Dy ¥ (@)| + (12pg —1)| *Dp ¥ (0)] v

= (b—a)(B2(p,q,7,v))"*

2] g
1/2 ; v vy . 1/r
+(b—a)(1—’y)v1/s([2]p’q‘thrq‘I’(a)‘ +([2[]2”ﬁw)‘bn,,ﬂ(b) ) :

which completes the proof. [

Remark 10. If p = 1, then (38) is reduced as follows:

b
57 o Y06 g =¥ (a) + (1= ) (B)] = (1= ¥ (s (1= )
r r\ 1/r
Y \ th‘P(a)‘ +q‘ "D, (b)
N " 2]4
VZ , v —v , 1/r
+(b—a)(1— /s ([2],7‘ qu‘I’(a)‘ + %‘ th‘If(b)‘ ) , (39)
where
1
Az (q,77,v) :/0 gt + v — 1 dyt,
which appears in [46].

Corollary 4. Under the assumptions of Theorems 4 and 5 with v = p/[2]p,,, if we choose
¥y=0,v=1/3,v =1/2and v = 1, then we obtain the midpoint-type integral inequality, the
Simpson-like integral inequality, the averaged midpoint-trapezoid-type integral inequality and the
trapezoid-type integral inequality, respectively.

Remark 11. From Corollary 4, if p = 1, then we have some g-integral inequalities, which appears
in [46].

4. Examples

In this section, we show two examples to investigate our main theorems.

Example 1. Let f : [0,1] — R be defined by f(x) = x>. From Theorem 3 with p = 3/4, q =
1/2, v =3/5and v = 1/3, the left side of (27) becomes

‘p(bl—a) /,J;(l,,)b F(x) Pdpgx —yvf(a) + (1 =v)f(B)] = (1= 7)f(va+ (1 —v)b)

_’;L/ll 2y ) x ;.[gf(o)jL;f(l)}—if@)’

4

~ ]0.2736 — 0.1333 — 0.1066| ~ 0.0337,
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and the right side of (27) becomes

(b= ) [[M1(pg, 7, v) + Aa(p,0,7,) = As(p, .7, )]| pr,qf(”)‘

+[@1(p.4,7,v) + ©a(p,3,7,v) — Os(p,3,7,0)]| "Dpaf ()]
~ (1 —0)[[0.0517 + 0.2189 — 0.1394] - |0.75| + [0.0264 + 0.1810 — 0.1605] - |2|]
~ 0.1922.

It is clear that
0.0337 < 0.1922,
which demonstrates the result described in Theorem 3.

Example 2. Let f : [0,1] — R be defined by f(x) = x2. From Theorem 3 with p = 3/4, q =
1/2, v=3/5 v =1/3andr =5, the left side of (37) becomes

1 b b
57 o T Mgx (@) + (L= 0 (B)] = (1= W)f(va+ (1= 1))

3 e o 2] - 24(2)

4

~ |0.2736 — 0.1333 — 0.1066| ~ 0.0337,
and the right side of (37) becomes
_ r
(b= a)(B1(p a7, ) (Map g, 7, 0) | "Dpg¥ (@)]| +©2(p,0,7,v)| "Dyt (0)

V2 v([2]pq —v) vm
2]pq 2]p,q

1/5
~ (1—0)(0.4) 715 (0.2189 -10.75/° +0.1810 - |2|5)

r>1/7’

_|_

‘ r

R0

+ =01 =0 ("Dt )

1/5
+(1—0)(1—0.3333)(0.6) 1/ (0.2880 -10.75)° 4+ 0.3120 - |2|5)

~ 1.3868.
It is clear that

0.0337 < 1.3868,
which demonstrates the result described in Theorem 4.

5. Conclusions

In this work, we established some new estimates of (p, ) -integral inequalities re-
lated to Hermite-Hadamard inequalities for which the first-order (p, q)’-derivatives in
absolute value are convex functions. The main results in this study were proven to be
generalizations of some previously proved results of g’-integral inequalities related to
Hermite-Hadamard inequalities for g’-differentiable convex functions. Furthermore, the
obtained results were used to study some special cases, namely the midpoint-type integral
inequality, Simpson-like integral inequality, averaged midpoint-trapezoid-type integral
inequality, and trapezoid-type integral inequality. Examples were given to illustrate the
investigated results.
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