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1. Introduction

Quantum calculus or g-calculus is known as the study of calculus without limits. It
was first studied by the famous mathematician, Euler (1707-1783). In 1910, F. H. Jackson [1]
determined the definite g-integral known as the g-Jackson integral. Quantum calculus has
applications in several mathematical areas such as combinatorics, orthogonal polynomials,
number theory, basic hypergeometric functions, quantum theory, mechanics, and theory
of relativity, see for instance [2-7] and the references therein. The book by V. Kac and
P. Cheung [8] covers the fundamental knowledge and also the basic theoretical concepts of
quantum calculus.

In 2013, J. Tariboon and S. K. Ntouyas [9] defined the g-derivative and g-integral of a
continuous function on finite intervals and proved some of its significant properties. They
also proved Holder, Hermite-Hadamard, trapezoid, Ostrowski, Cauchy-Bunyakovsky—
Schwarz, Griiss and Griiss-Cebygev inequalities in the setup of g-calculus , see [10] for more
details. Based on these results, there are many outcomes concerning g-calculus, see [11-16]
and the references cited therein.

The further generalization of g-calculus is (p, g)-calculus (or post-quantum calculus),
which was first considered by R. Chakrabati and R. Jagannathan [17]. In 2016, M. Tung and
E. Gov [18,19] introduced the (p, g)-derivative and (p, q)-integral on finite intervals, proved
some of its properties and gave many integral inequalities via (p, g)-calculus. Recently,
according to works of M. Tung and E. G6v, many researchers started working in this
direction, some more results on the study of (p, g)-calculus can be found in [20-25]. It is
worth to note here that (p, g)-calculus cannot be derived directly by replacing g by q/p in
g-calculus, but g-calculus can be retaken by setting p = 1 in (p, g)-calculus.

Mathematics 2022, 10, 872. https:/ /doi.org/10.3390 /math10060872

https://www.mdpi.com/journal /mathematics


https://doi.org/10.3390/math10060872
https://doi.org/10.3390/math10060872
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0002-9570-3010
https://orcid.org/0000-0002-7469-5402
https://orcid.org/0000-0002-7695-2118
https://orcid.org/0000-0002-6165-9242
https://orcid.org/0000-0001-8843-955X
https://doi.org/10.3390/math10060872
https://www.mdpi.com/journal/mathematics
http://www.mdpi.com/2227-7390/10/6/872?type=check_update&version=2

Mathematics 2022, 10, 872

2 of 26

Simpson’s rules are a well-known technique for numerical estimations of integrals.
Thomas Simpson (1710-1761) developed this method to estimate of definite integrals.
Simpson’s quadrature formula (sometimes is called Simpson 1/3 rule) is stated as

./ubf(x) dx%é[f(a)Jrﬁlf(a;b) +f(b)} )

There are many estimations related to Simpson’s quadrature rule, one of them is the
following estimation known as Simpson’s inequality:

Theorem 1. Suppose that f : [a,b] — R is a four times continuously differentiable mapping on
(a,b) and let || 9] = SUP e (4.0) |f#)| < co. Then we have

B3 (3] -t

Recently, many researchers have played attention on Simpson’s type inequalities for
various classes of functions such as convex functions, s-convex functions, etc., see [26-28]
for more details.

In 2020, H. Budak, S. Erden and M. A. Ali [29] presented new Simpson’s type
inequalities for convex functions via g-calculus. Recently, H. Kalsoom et al. [14] and
M. A. Ali et al. [30] derived new Simpson’s type inequalities for coordinated convex func-
tions via g-calculus.

Previously, some generalizations of new Simpson’s type inequalities for convex
functions to g-calculus, but no one generalized (p,q)-calculus. H. Kalsoom et al. and
M. A. Ali et al. provide some excellent and powerful techniques to get such extensions.
Motivated by the above literature, we propose to prove new Simpson’s type inequalities
for coordinated convex functions by using (p, g)-calculus.

L@y
< s IV G-t @

2. Preliminaries

Throughout this paper, we let A := [a,b] X [c,d] C R xR, 0 < g < p < 1and
0 < g;i < p; <1fori=1,2. The definitions of (p,q)-calculus, coordinated functions,
g-calculus and (p, q)-calculus for coordinates are given in [15,16,18,19,23-25,31,32]. Also,
here and further, we use the following notation:

Pt—=q"
n),, =—"=1 = +
(Mg p—q P p

204+ pg" 2 +q"1,  for neR.

Definition 1 ([18]). Let f : [a,b] — R be a continuous function on |[a, %(b —a) + al. Then the
a(p, q)-derivative of f at x € (a, %(b — a) + a] is defined by

_ flpx+(A—pla) — flgx+ (1 —q)a)
ﬂDp,qf(x) - (p—q)(x—a) . (3)
The 4(p, q)-integral of f on [a, x] is defined by

[ gt = =)= & Lr (SEaxr (1-500)a). @

n=0

Definition 2 ([24]). Let f : [a,b] — R be a continuous function on [%(a —b) + b, b]. Then the
b(p, q)-derivative of f at x € [%(a —b) + b,b) is defined by

flgx+ (1 —qb) — f(px+ (1 —p)b)

CEDICEE) ©)

mef(x) =
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The ¥ (p, q)-integral of f on [x,b] is defined by

[ 50ttt === 3 Lor (Tows (105 ). @

n=0 p

Definition 3 ([31]). A function f : A — R is said to be convex on coordinates, if the partial
mappings

fxiledsv= f(x,v) €R and fy:[a,b] >u f(u,y) eR
are convex for all x € (a,b) and y € (c,d).
A formal definition for coordinated convex functions may be stated as follows:
Definition 4. A function f : A — R is said to be convex on coordinates, if

fltx+ (1 —t)z,Ay+ (1 —ANw) <tAf(x,y) +t(1—A)f(x,w) + (1 —t)Af(z,y)
+ (1 =H)A1-])f(z,w) @)

holds for all t, A € [0,1] and (x,y), (z,w) € A.

Definition 5 ([15]). Suppose that f : A — R is a continuous function of two variables. Then the
(q192)-derivatives are given by

g f(0y) — floy) = flax+ (1 —q1)ay)

Ox A-a)x-a 7% ®)
O f (X, y)  f(xy) = f(x, g2y + (1 = g2)c)
ERT A-—my-o Y7° ©)
and
0,00 q.0.f (%, ) 1

e e T (e A e A R
—flx+ (1 —qi)ay) — f(x,q2y + (1 = g2)c) + f(x, )], (10)

forx #aandy # c.

Definition 6 ([16]). Suppose that f : A — R is a continuous function of two variables. Then the
(q192)-derivatives are given by

9, f(xy)  flgix+(1—q0)by) — f(x,y)

e O r an
B f(xy)  fx,q2y + (1—g2)d) — f(x,y)
Oy A—pd-y V77 a2
gaz v f (%, 1) _ 1
R R (e e A ([ R A A A
—flpx+ (1 —q0)by) — f(x,q2y+ (1 —q2)c) + f(x,y)], x#by#c, (13)
Zaz 1/ Zf(x’y) _ ].
ﬂaqqqudaqzy S A p =g+ 0 -a)aay+1-q)d)
—flpx+ (A —q)ay) — f(x,qy+ (1 —q2)d) + f(x,y)], x#ay#d, (14)

and
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b vaaf (%, Y) _ 1
ooy =m0 =@y (= ab ey (1= a2

—flax+ (1 —q1)by) — f(x,q2y + (1 — q2)d) + f(x,y)], (15)
forx #bandy # d.

Definition 7 ([23]). Suppose that f : /A — R is a continuous function of two variables. Then the
(p1, P2, 01, q2)-derivatives are given by

O f(0y)  f(prx+ (1 —p)ay) - flx+ (1 —q1)ay) x#£a, (16)

aOp, g, X (p1—q1)(x —a) ’
0 , — — —
Pzéqu(x y) _ flxpay+(1 Pz)_C) f(i,qzw A=2)) L. ap
cOppp2Y (p2—g92)(y —¢)
and
aICaZPLPZIququ(x’ y) 1

P tedmmy i)z )Gy g ¥ T A= q)e gy + (1 =62

—f(qix+ (1 —q1)a, pay + (1 — p2)c) — f(p1x + (1 — p1)a, g2y + (1 — q2)c)
+f(p1x+ (1= p1)a, p2y + (1 = p2)c)], (18)

forx #aandy # c.

Definition 8 ([32]). Suppose that f : A — R is a continuous function of two variables. Then the
(p1, P2, 91, q2)-derivatives are given by

00,0 f(,y)  flarx+ (1—q1)b,y) — f(prx + (1 — p1)b,y)
Dy (71— (b —x) o x7b 1)
W f (Y)  f(x, g0y + (1= q2)d) — f(x, poy + (1 — p2)d)
= , d,
9,00y (p2—q2)(d—v) v @0)
?azm,pz,qlfqu(xry) _ 1

b8p1,q1xcap2,q2y (- q)(p2—q2)(b—x)(y —¢) [f(q1x + (1 = q1)b, poy + (1 = p2)c)

—f(p1x+ (L= p1)b, poy + (1 = p2)c) — f(q1x + (1 — g1)b, g2y + (1 — q2)c)
+f(px+ (A =p)b ey + (1 —q2)c)], x#by#c, (21)
2 ppaananf (XY) _ 1 _ _
gy (1= — ) —ay@—y) U P paqy (1= a)d)
—f(mx+ (1 —q1)a,qy + (1 —q2)d) — f(p1x + (1 = p1)a, pay + (1 — p2)d)
+f(x+ A =qi)a,py+ (1—p2)d)], x#a,y#d, (22)

and

P42 pravanf () 1
ey — X + 1 - b/ + 1 - d
bapqulxdapmzy (P —71)(p2—92)(b—2x)(d — 1) [f (g1 ( q1)b, g2y + ( 72)d)
—f(p1x+ (1= p1)b, qay + (1 — q2)d) — f(q1x + (1 — q1)b, p2y + (1 — p2)d)

+f(p1x+ (1 = p1)b,poy+ (1 —pa)d)], x#b,y#d. (23)

Definition 9 ([23]). Suppose that f : /A — R is a continuous function of two variables. Then the
definite (p1, p2,q1,92)-integral is given by
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/ux /Cyf(t,s) CdPMzs ﬂdm,tht = (Pl - lh)(pz - E]z)(x — 11) (y — c)

y LAY | SV i % (192 (24)
Z Z n+1 m+l n+1 x n+1 a, m+1 Yy m+1 ¢l
n=0m=0 P1 P1 P1 p p

2 2
for (x,y) € [a,p1b+ (1 — p1)a] X [c, pad + (1 — p2)c].

Definition 10 ([25]). Suppose that f : A — R is a continuous function of two variables. Then
the definite (p1, p2, 41, 92 )-integrals are given by

X pd
L 109 s st = (1= a0) (2~ ) (= @)(d )
(o) (o] q q qn qn qm qm
x ) Z n}rl i f < ax (1 - nil)a’ oty + <1 - m2+1>d>’ (25)
imom=o P1 Py T\ P p p p

1 2 2
for (x,y) € [a,p1b+ (1 = p1)a] x [c, p2d + (1 — p2)c],

/xb /Cy F(t,5) elpyg,8 Py gt = (p1— 1) (p2 — 32) (b = x) (y — ©)

y Z Z 7 L (1- 7 b, ' 4 s (26)
n+1 m+1 n+1x PR | +13/ it | €|
n=0m=0 P1 Py P Py p

2 2
for (x,y) € [a,p1b+ (1 — p1)a] X [c, pad + (1 — p2)c| and

b pd
/x /y f(t,5) Uy, 0,5 Pdpy gt = (p1— 1) (p2 — 2) (b — x)(d — )

Sy 91 o), T _ 2y 27
Z Z n+1 m+1 ?+1x+ it )7 +1y+ | ’ (27)

2
for (x,y) € [a,p1b+ (1 — p1)a] X [c, pad + (1 — p2)c].

Lemma 1 ([32]). ((p1, p2,q1,92)-Holder’s inequality for functions of two variables).
Let f, g be (p1,p2, 91, 92)-integrable functions on A and % + 1 =1 with a, > 1. Then the
following inequality for functions of two variables holds:

*ory 1/«
//|ffs (t,8)| cdpygo8 adpygit < </a /c |f(t,s)wcquzsadpwlt>
x oy 5 1/p
X </ﬂ /C 18(t,8)|7 cdp, g5 ﬂdpl,q1t> ) 28)

Lemma 2 ([32]). ((p1, p2,q1,92)-power mean inequality for functions of two variables)

Let f, g be (p1, p2, 91, 92)-integrable functions on /\ and « > 1. Then the following inequality for
functions of two variables holds:

1-1/a
/ / |f(£:5)8(t,5)| cpy g8 adlpy it < </ / [f(t,5)| clp, g5 qul)
1/«
([ VNN s atat) 29)
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Lemma 3 ( [19]). We have the equality

b N B (b o a)tx+1
/u (t — H) ﬂdp,qt = m, (30)

fora € R\ {—1}.
3. Main Results

In this section, we prove some new (p,q)-Simpson’s type inequalities for coordi-

nated convex functions. We may start with Lemmas 4 and 5, which are useful in further
considerations.

Lemma4. Let f : A — R bea continuous function and (x1,y1) € (a,x) x (b,y). Then we have

X ry X o ry X1 1y
/x /y F(5) cllpy S adpy gt = / / F(5) ety S adpy g0t — / / F(6,5) cllypyp5 adpr o1t
1 1

Xy X1
— [ [ 05) s oyt + [ [ F(5) s atp it (31)
Proof. By the definition of (p1, p2, 41, 42)-integral, we have

X ry X ry Xy
/ / f(ts) cApy3,8 aldpygit = / / f(ts) cApa 28 adpygit — / / f(t,s) Apg28 alpy gt
X1 yl X1 c X1 c

X ry X1 1y
= /a /0 f(t,s) Cdpz,lhs ﬂdm,qlt - /a /c f(t,S) CszA]zs ﬂdpqult
X ry X1 rhn
_/a /C f(t,s) CdPMzS adm/q1t+/ﬂ /b f(t,s) Cdl’zrqzs ﬂdﬁ]tht'

which completes the proof. [

For convenience, we will use the following notations:

b,dn2 dn2
(I)(t S) . 0 P1,P2,‘71,‘J2f(t/5) @(t s) L aa Pl,Pz,%qu(t/S)
R T e I

P11 P22

7

d
aapwl t apzlﬂizs

b2 ts 92 ts
Y(ts):=¢ proaraf (t5) and Q(ts) ==~ pup2auaef )

b
9p1,41tc0p2,3,5 a9py,q1tcOpy, .S

Lemma5. Let f : A — R be a twice partially (p1, p2, 41, 92)-differentiable function on A°. If the
partial (p1, p2, 41, 92)-derivative ®(t, s) is continuous and (p1, p2, 41, 92 )-integrable on A\, then
the following identity holds:

1 /1
i pa(F) = (0= 0@ =) [ [ Apygy (DApngs ()P0 + (1= Db 5+ (1= ) 0dpages oyt (32

where
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b,d
IPI;PzﬂM]z (f)

oot (5

oy ) ton oo 57) 2 (0 5)
a+b c+

+4f( > } + 316 (36p1p2 — 30p1 — 30p2 + 25) f(a, c)
+(30p1 — 4(6p1 —5) —25)f(a,d) + (30p2 —4(6p2 —5) — 25)f (b, c) + f(b,d)}

b Cc
- 6(bpi ) /a (6p2 =5)f(p1x + (1 = p1)b,c) +4f <p1x +(1—p)b, erd)

d
+f(p1x+ (1 —p1)b,d) bdmmx % /c f(a,p2y + (1 —p2)d)
+4f( i b, pay + (1 — Pz)d> + (6p1 — 5)f (b, pay + (1 — p2)d) “dp, 4,y

+ (b—%/ / flprx+ (L= p0b, poy + (1= p2)d) “dp, g,y *dpy g%,

pmt—¢ te[0,3);
Ap]ﬂ] (t) — 5 1
plqlt_é, t e [E’l

and

_1 1y.
Appanls) = P25~ = € 02
p2g2s — 2, s € (3,1

Proof. By Lemma 4 and the definitions of A, 4, (f) and Ap, 4,(s), we have
1,1
L] 80 (a1 (10 + (1 = 0,5+ (1= 5)d) 05 oyt
1/2 [1/2
- /0 /0 Apygi () Apyg, ()@ (ta + (1 —t)b,sc + (1 —5)d) 0dp, 005 0dpy g1t
1/2 1
+ /0 |y v (DB ()@t + (1= b, 5¢ + (1= 5)d) 0pagy5 0yt
1 172
+ /1/2 0 APMIl (t)Apzrliz (S>q)(ta +(1- t)b/SC + (1 — S)d) OdPM]zS Odpl,qlt
11
+ /1/2 /1/2 Aprgi (D) A pogr (5)@(ta+ (1 — )b, sc + (1 = 5)d) 0dpy,q,5 0dpy g1t
1/2 (1/2 1
- / / (plqlt - ) (pzqzs - 6)(1) (ta+ (1= t)b,sc+ (1 =5)d) odpy, 0dlpy gt
1/2 5
/ /1/2 (qul - ) <P26125 - 6)(1) (ta+ (1 —t)b,sc+ (1 —s)d) odp,,5,5 0dp, g,
1/2 1
/1/2/ (qult — ) (quZS — 6>CI> (ta+ (1 —t)b,sc+ (1 —s)d) Odpz,qzs Odmmt
5
/1/2 /1/2 <P1‘11 - ) (quZS — 6>CI>(ta + (1= t)b,sc+ (1 —s)d) odp,,q,5 0dp, gt
1/2 ;1/2
=5 /0 /O O(ta+ (1— t)b,sc + (1—5)d) odpyrs 0dpr.ort
2 /2 1 5
T3 /0 /O (pzqzs - 6><I>(ta + (1= t)b,sc+ (1 —)d) 0dp, 5,5 0dpy g1t

2 (1 (172 5
+t3 /0 /O (qult - 6><I>(ta + (1= t)b,sc+ (1 —s)d) odp,,3,5 0dp, gt
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1 1 5 5
* /0 /O <P1Q1t - 6) (quzs B 6>q)(ta * (1 B t)b,sc * (1 N S>d) OdPZr‘hs Odlﬂlr‘ht
=h+Lh+L+1.

By Definition 8, we have

1/2
D(ta+ (1 —t)b,sc+ (1 —s)d) 0 py,3,5 0dpy g1t

1/2
5
1/2 1

1/2
/0 (p1—q1)(p2 — 92)(b—a)(d —c) flata+ (1= q)b gase + (1= g25)d)

(
—f(pita+ (1 — p1t)b, gasc + (1 — qo8)d) — f(qrta+ (1 — g1t)b, pasc + (1 — pas)d)
-l-f(plta + (1 = p1t)b, pasc + (1 — p2s)d)] odp, 4,5 0dp, g1 t

n+1 q;z-&-l qg’l+1 q?+1
B (b (d {1;””2 f(z TEE (1 zpn+1>b me+1c+ (1 zpm+1>d>
00 n q2m+1 qg1+l
b, + 11— d
n;)ﬂ;()f( 2P1> 2pm+1c ( 2pg1+1> )
© 11+1 n+1 m
i ’12 ( 92 )
b, c+|\1—-55.)d
;;sz—:of<2 e ( 2;7”“) 2p% 2p} )
00 n+1 m
% ) ‘72 ( 1 )
+ b, c+ — == )d
nX::O mX::of ( C2p ) 2p8 2p3
4 a+b c+d a+b c+d
96— a) (- >{f“"””‘f< 7o) (05 (5050

Also, by Definition 8, we get the following equalities:

S— S5—

@\»P @\»-lk

1/2 ;1
/0 /0 s @(ta+ (1 —t)b,sc+ (1 —s)d) 0dp, 4,5 0dpy gt

1
T (m-a)(p2—g2)b—a)d—c) lqrta+ (1= g6)b,gasc + (1= g25)d)

—f(pita+ (1 — p1t)b, gasc + (1 — gos)d) — f(qrta+ (1 — g1t)b, pasc + (1 — pas)d)

+f(pita+ (1 — p1t)b, pasc + (1 — p28)d)] 0dpy 0,5 0dpy 1t

—~

1 A at o, B
(b—a)(d—c) 2 E m+1 ZP'fH 2pn+1 perl p

n=0m=0 P2 1 2

o= g g g\, Bt g5
_EO; mﬂf( a+(1 20 bp?“c+ 1_p'2”“ d
o n+1 n+1 m m
7 92 1
_ ; ; erl ( ﬂ+<1 zpn+1>b,p£nC+< pgl)d)
i i ) 0 < q?)
; Z:: ’”“ ( i)y Py
o0 n+1 qTJrl ng_l
= 1-— b, c+
(b { 2 m+1 Zf<2 n+1 ( 2p§1+1> P?+1 (

E (4t A\, 2 95!
- f( a+ (1 - )b, - 1———|d
n; 2p} 207 )7 Py

(33)

(34)

)
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7\, 9 '
e (1= 2 ) et (- 3 ))
mzo pytt LZ 21/ P P2
< (gt gy, ay ( q?)
— a—+ 1— b,7C+ 1—7m d
ngof<2p’f“ 201t ) s P2
1 (R T 7"
S S b, ctr(1- d
(b—a)(d—c) { 92 =0 P?“f pyt! pyt!
SEBCE 0B R 05
qzmzopzf 31 Py p mzopzf 2 py Py
1 m+1 m+1 m+1
- Z 12 f( q3n+1 1- q:2ﬂ+1 d
qzm Op p2 Pz
ol w " e L ( (1= )4)
= ———¢——f(bo)+ e+ | 1-
<b—a><d—c>{ 00
SEBOF (5 SRR (-5
sz Opm p£n P? PZm opz 2 pgn
a+b ) 1 & g% (a+b a5 ( q37> )
- — e+ |\ 1—- = d
f( 72 g ! Py Py
- L 7 v qu( c—l—( qz)a’) T
(b—a)(d—c) o P% py q2
2= v 95 <a+b ‘72C ( ‘72)) <a+b )
— +(1- 12
P2 mzopzf 2 " py Py f
1
= (b*ﬂ)(d ){qz /fb P2]/+(1_P2) ) dpzfqzy
a-+b
= [ ,pzy+<l—pz))ddpz,qzy—qﬂb o+ () | @)
an

1/2 1
/ /0 D(ta+ (1— £)b,sc + (1 5)d) odpy g5 odpy o1t

e CNIC N WS

From (35) and (36), we obtain

2 (172 1 5
= g/ / (szlzs - 6)<D(ta + (1 —=t)b,sc+ (1 —s)d) odp,,3,5 0dp, g, t

d
e a?(d —0) [dp_zc £ 2y + (= p2)d) gy

(IhZLb’sz +(1- Pz)d> Uy g0y — p2f(b,c) + sz(mfcﬂ
_wa;—fz(;(dc){f(b'd*f(a;bfd) _f(blc—kd) +f(a+b c;dﬂ

B 1 Zp
- (ba)(dc){ 2 /be2y+(1—P2) ) dpy g,y




Mathematics 2022, 10, 872 10 of 26
2 d b 6py —5
_3(dp_2c)/c f(ll_;rpzl/+(1_P2)d> ddpz,qz]/_< p29 >f(b,c)
5 S5.(atb 6p2 —5Y (a+b
—9f(b,d)+9f< 5 ,d>+< 5 )f( 5 c)} (37)
Similarly, we have
I = L [ 2’“ /f x+(1—p)b,d) bd,, , x
3T h—a)d—0c) |30 p e PLn
5 /f< e (1=, 5 ) Y gx = (52 ) fla,)
5 c+d 6p1 — c+d
a3 ()
Moreover, we get the following equalities:
1 r1
| ] et + (1= 0b,sc+ (1= 9)d) 05 oyt
1
R CE ) [f(b,d) — f(a,d) — f(b,c) + f(a,c)], (39)
/01 /O'ls O(ta+ (1— )b, 5c+ (1= 5)d) 0y 025 0y
1
= e e S )
1 i 1
_ qu(d_c)/c f(a,p2y + (1 = p2)d) dpz,qzy—qu(b,c)+qu(a,c)}, (40)
1 r1
/O /O ED(ta+ (1— )b, sc+ (1— 8)d) oy 0,5 0yt
1
~ a0
1 b 1
- ﬁ/a f(px+(1=p1)b,c) dpl,q1X—lhf(a,d)+lhf(a,C)} (41)

q1(b

and

1 1
/0 / ts @(ta+ (1 —t)b,sc+ (1 —s)d) odp, 4,5 0dp, g,

_ 9143 git! gty ! g5
o (b ( {Z Z n+1 m+1 ( 111+1a+ 1= n+1 b’Pm+1C+ 1_pm+l d

n=0m=0 P1 2p

2 2

B o L % e (1o N, e (e,

& b eyt 2p1) 7 py Py

<o) qqu ﬂ+1 qll’lJrl m gf[

Z Z n+1 m+1f< 1t 1= i+l b T 7 d

n=0m= 0p1 p2 pl 2

e 5/1‘72 71 s ”lz

B E <zw<1 ) e >}

1 qn—i-lqzm—i-l q111+1 n+1 m+1 qg1+l
= _ Z Z n+1 m+1 n+1 a+ n+1 m+1 1= m—+1 d
(b—a)(d—c) p! p

7192 =0 m= 0P1 2
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c© o0 n m+1 m—+1 m—+1
: 2 )3 qiqzmﬂ )b q%ﬂ+lc+ (1 - 6]3’1+1>d>
g n=0m=0 P1P2 2ri) v P2
1 0 n+l n+l n+1 m
Z Z n+1 n+1 q1n+1 b'%c+ (1 q%n)d
qMpP2 ,=om=o 2p] Ps P2
T zf( ( ; ) i
P1P2 j=h o P1PY Pl pi Py’

:<b—a>1<d {qlqzl%;ofw(zm + 2?)%5*(‘%)0
Zf(< ) - s (o (1 25 Joe) 1)
+(1-

P

o 0195 ( ) ( q2>>
c+(1-2 )4

mZO Plpzf 2P1 2p} Pz Py

1| 9195 ( ( tﬁ) 7 < qz’”))
- — a+(1— = |bSc+ (1—-=%)d

qip2 Zog plpzf 2pt 2pt) " py Py
R (-5

m—=o0 P2 |12 P

R EE A (e (- S0 (-5
+ — 1- b 2c+ (1-22 )d
L f2P1 2p1) " py 2

plp n=0m=0 plpZ

1 (P —q)(p2—32) v o 1192 < i ( 7 > 9 ( 6731> )
= a+(1- b,—=c+(1—-—=|d
(b—a)(d—c) { pP1p24142 nZOWEO pirs \2p1 2ri) P2 Py

292 93 (u 2 < 9 ) ) P19 q1 < ( q1 ) )
—c+(1—-—|d —|b,c| — ——f(a,c
q1P2492 mZO Py pu! Py Pa q1P192 ,120 plf 2p1 2p] tmzf (@)

_ 1 {
~(b—a)(d—c) L q1g2(b —

b
[ f e (= pa)b) Y —
}. 42)

1 b d
) /a /C f(pix+ (1 —p1)b, p2y + (1 — p2)d) ddpz,qz}/ bdm,mx

/ f(a, p2y + (1= p2)d) Ydp, 00y

From (39)—(42), we obtain

_ p1p2 1
= <b—a><d—c>{<b—a><d—

1 b 1 d
b _ a) /ﬂ f(Plx + (1 - Pl)b/ C) bdpl,qlx - 7((1 — C) /C f(a, p2y —+ (1 — PZ)d) ddpzlfhy

b pd
j /a /C f(pix+ (1= p1)b, pay + (1 — p2)d) dp, 0,y "dpy g, x

b
+ flae)} - 6(b—i?)jzd—6) { (bia) /a Flprct (1= pbod) by, x

ey ) Fre (= p)be) M= )+ flo)
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d
i e S =)
d
g [ @y 0= p2)d) Uy = £0,0)+ F(a0)

& (0D = flad) = f(b,c) + f(a,0)) (3)

360 —a)[d—c

Replacing (34), (37), (38) and (43) in (33) and multiplying the resulting one with (b —
a)(d — c), the proof is completed.  [J

Remark 1. Under the condition of Lemma 5 with p; = pp = 1, we have Lemma 3 in [30].

Remark 2. Under the condition of Lemma 5 with py = p» = 1 and q1, g2 tend to 1, we have the
following identity:
f<a+b )+f(ﬂ+b d>+4f<”+b C+d)+f( c+d) f( )
9

f(a,c) + f(a,d) + f(b,c) + f(b,d)
* 36

/fxc +4f< C+d)+f(x,d)dx

/ fla, +4f( b}/>+f(b,y)dy

+T_6//f(x,y)dydx

2 _ _
—(b—a)(d—c // (DA(s afta+(1 BHb),sc+ (1 —s)d) ds dt,
dtds

which was appeared in [33].

For brevity, we give some notations of integrals before giving the main theorems as

follows:

1/2 1

A1(p,q) = /0 Hpat — | odpats (44)
1/2 1

Aax(p,q) =/O (1- t)‘qu odpqt, (45)

As(p.q) = /1 p tHpat — ¢| odpat, (46)
1 5

Ay(p,q) :/1/ (1—t)’Pqt—6 0dpqt, (47)
1/2 1

As(p,q) = /0 pat — | odpat, (48)
1 5

As(p,q) = /1 L P ¢ | 0dpat: (49)

Now we give some new quantum estimates by using the lemmas given previously.

Theorem 2. Let f : A — R be a twice partially (p1, p2, 1, 92)-differentiable function on A° and
the partial (p1, p2, 41, 92)-derivative ®(t,s) be continuous and (p1, p2,q1,q2)-integrable on A\.
If |®(t,s)| is convex on A\ then the following identity holds:
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)(A1(p2,92) + As(p2,92))|P(a, c)|
+ A3(p2,42))|@(b, ¢)|
+ A4(p2,92)) 1@ (a,d)|
+ A4(p2,92))|@ (b, d)]]. (50)

4 Ty pagiaa ()] < (b= a)(d = ©)[(Ar(pr, 1) + As(p1, @1
+ (A2(p1,q1) + Aa(pr, 01)) (A1(p2, 92
+ (A1(p1,q1) + As(p1,91)) (A2(p2, 92
+ (A2(p1,q1) + As(p1,q1)) (A2(p2, 32

~— — —

Proof. By taking modulus of the identity in Lemma 5, we have

b,d
| IPerz/ﬁlelz (f)|

1 /1
< (b—a)d—c) /0 /O Appgs (DA pan ()] 1@t + (1= £)b,5¢ + (1 — 5)d)| 0dpy005 0y - (51)
Now, using the convexity of |®(t,s)|, then we get

1 Ly o ()]
1 1
<O=0)=0) [ Mg [ Al s [0+ 1 =0b,0)
+ (1—=5) |P(ta+ (1 —t)b,d)|] 0dp,4,5} 0dpy g1 t- (52)

Computing the integrals appearing in the right hand side of (52), we have

/OlApMz(s s |@(ta+ (1= )b, c)| + (1—5) [@(ta+ (1 — £)b,d)]] 0dpygys

1/2
:/ S
0
1/2
+/0 (1—5)

1
—i—/ s
1/2

1
+ (1-5)
1/2

1
p2g28 — 6‘ |®(ta+ (1 —t)b,c)| odp, g5

1
P2g28 — 6‘ |®(ta+ (1 —1t)b,d)| odp,,q,5

5
p2gas — 6‘ |P(ta+ (1—1t)b,c)| 0dp,,3,5

5
P2g2s — 6‘ |®(ta+ (1 —t)b,d)| odp,,g,5-
From (44)—(47), we obtain

/OlAmz ()5 |@(ta+ (1= t)b,c)| + (1—s) [@(ta+ (1 — )b, )] 0dpyqys

= |®(ta+ (1 —t)b,c)[[A1(p2,92) + A3(p2,q2)]
+[®D(ta+ (1 —t)b,d)|[A2(p2,q2) + As(p2,q2)]-

Thus, we have

|b'd1p1 P21, qz(f)|
b—a)d—c / Appg (O{|@(ta + (1= )b, c)|[[A1(p2,92) + A3(p2,92)]
+ |¢(fﬂ+ (1—1)b,d)[[A2(p2,q2) + Ada(p2,92)]} 0dpy gt
b—a)ld—c / Apy g (D{[E [ @(a,0)[ + (1= 1) [®(b,0)[][A1(p2,92) + As(p2, 92)]
+ [t |<I> a,d)| + (1 —t) |D(b,d)[][A2(p2, 42) + As(p2,42)]} 0ddpy g1t

< - 0@ { e + )] [l [t

Pt — ¢ 0dpy gt
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1/2
+ |®(a,c I/ pqat — 2| odpyg, b+ [P0, I/ (1—=1t) |p1aat — = | odp, g1t
+ ]@(b,c)\/l/z(l—t) Pt — ¢ Odpl,qlt]
1/2
+ [ A2(pa,02) + As(pa )] [|<1><a,d>| L e = g ot
1
10l [ttt + 100,01 [0 =0 [prast = ¢ ot

n |d>(b,d)|/112(1—t)

Odplflh t] }

5
p1q1t — 5

From (44)—(47), we obtain

| Ilﬂlpthfh(f)‘

< (b—a)(d—c){(A1(p1,91) + As(p1,91)) (A1(p2,92) + A3(p2,92))|P(a, c)|
+ (A2(p1,91) + Aa(p1,91)) (A1(p2, 92) + As(p2,92)) [ (b, c)|

+ (A1(p1,91) + As(p1,91)) (A2(p2, 92) + Aa(p2, 2))|P(a, d))|

+ (A2(p1,91) + As(p1,91)) (A2(p2, 92) + As(p2,92)) | P(b, d) |}

The proof is completed. O

Remark 3. If p; = pp = 1 then Theorem 2 reduces to Theorem 7 in [30].

Remark 4. If p; = pp = 1 and q1,qo tend to 1 then Theorem 2 reduces to Theorem 7 in [33].

Theorem 3. Let f : A — R be a twice partially (p1, p2,q1, 92 )-differentiable function on A\°

and

the partial (p1, pa2, q1,q2)-derivative ®(t,s) be continuous and (p1, p2, 41,42 )-integrable on A.
If |®(t,s)|“ is convex on /A for some p > 1 and % + 1 =1, then the following identity holds:

1 r1 1/8
Ib/dll’lfpzﬂhr‘h (f)| < (b - a) (d - C) </0 /0 ‘Aplﬂh (t)APMz <S)|l3 Odpzrqzs Odpqult)
1 p2t+q—1
o P o) + S [®(a,d)[*
( 2lpia 2lpaa 2lpva 2lpaa

prt+q1—1 e, (it a—D(p2+q-1) D
@b, 0)|* + |D(b,d)] .
[2] P1.491 [2] P2.92 [2} P11 [2] P2.92

Proof. Applying Lemma 1 to the right hand side of (51), we have
‘b'dlplzpzﬂhm ()l

1 ,1 1/B
< (b - a)(d - C) </O /(; |APM1 (t)APMIz (S) "B OdPM2S Odplﬂh t)

1 ,1 1/«
(/0/0|<I>(ta+(1—t)b,sc+(1—s)d)|“0dp2,q2sodpl,qlt> .

By convexity of |®(t,s)|%, (54) becomes
bd
‘ Iplfpzx%flz (f)|

1 1 1/
<(b—a)(d—c) (/0 /0 | Aprar () Apygs (5)1P 0dpy g Odpqult)

(53)

(54)
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1 1
(/ / ts | (a,c)|* + (1 —s) [ (a,d)[*
0 Jo
1
(1—=1t)s |®(b,c)|* + (1 —t)(1—5) [P(b,d)|* 0dp,q,5 odpl,qlt) /" (55)
Applying Lemma 3 for 2 = 0 and « = 1, we obtain
/1 /1 dy, o8 od " od 'sod L (56)
ts odp, 3,8 0 ,t:(/fo ,t></80 ,S>:/
o Jo p2,92 P11 0 P11 0 P2/42 [2]171#1 [2] P22
1 1
p2+q2—1
t(1—5) 0dp,,q,5 0dpy qf = o, (57)
A
1 41
prt+qi—1
(1 —1)s odp, 4,5 0dpy gt = or—i—— (58)
/O /0 P2 P [Z]Pqul [2] p2.q2
and
e (P2+q2—1)(p2+92—-1)
(1—t)(1—5)0d 425 0dpy 0t = . (59)
/0 /o Pri Rlpua 2lpase

Substituting (56)—(59) in (55), the proof is completed. O

Remark 5. If p; = pp = 1 then Theorem 3 reduces to Theorem 8 in [30].

Theorem 4. Let f : A — R be a twice partially (p1, p2, q1,92)-differentiable function on A° and
the partial (p1, p2,q1, 92)-derivative ®(t,s) be continuous and (p1, p2, 41, q2)-integrable on A.

If |®(t,s)|" is convex on A for some o > 1, then the following identity holds:

P g (F)] < (b —a)(d — C){[AS(Plr‘h)AS(PZr g2)]t 1"
[A1(p2,92) (A1(p1,q1)|D(a, ¢)|* + Az(p1,q1)|D(b, 0)[*)
+As(p2, 02) (A1 (pr, 1) | (a, d) |* + Ax(pr, q1)|@(b,d)|*)]/*

+ [As(p1,91) As(p2, 42)]" /"

[A3(p2,92) (A1(p1,91)[®(a, 0)|* + Az(p1,91)| (b, 0)|)
+A4(p2, 02) (A1(p1, 1) |®(a,d) |* + Ax(p1, 1) | @ (b, d)|*)]
+[As(p1, 1) As(p2,q2)]' /"

[A1(p2,92) (A3 (p1, 1) [®(a, 0)|* + Aa(p1,91) D (D, c)|")
+A2(p2, 02) (As(p1, 1) |®(a,d) |* + Ag(p1, q1) | @ (D, d)|*)]
+[As(p1,91) As(p2,92)]1/*

[A3(p2,92) (As(p1, 1) [®(a, ) |* + Aa(p1,91)[D (b, c)|7)

+A4(p2,92) (A3 (p1,91)[P(a,d)|* + Ag(p1,q1)|P(b, ) \“)]1/“}

Proof. Applying Lemma 2 to the right hand side of of (51), we have

bd
| IPerZ,thlth (f)|

< (b—a)(d—C){(/Ol/z/ol/z

1-1/«
0dpy,3,8 Odm,qlt)

1
paas —

1
pig1t — 6'

(60)
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1/«
1
P2g2s — 6‘ |P(ta+ (1 —t)b,sc+ (1 —s)d)|* 0 p,,,5 Odpl/q1t>

L4
(0L
(6 s

1
piq1t — 6‘

1-1/«
0p, 455 Odmmt>

g2
p292 6

p_ 1
p191 6

1/«
5
P2g2s — 6' |P(ta+ (1 —t)b,sc+ (1 —s)d)|? 0dp,,3,5 Odp1,q1t>

1
p1g1t — 6‘

1 1/2 5 1 1-1/a
+ (/1/2/0 Piqat — 6‘ P2g28 — 3 04p,,.8 Odp1,q1t>
1 1/2 5 1 1/a
(/1/2/0 p1q1t — 6| P2g2s — 6' |®(ta+ (1 —t)b,sc+ (1 —s)d)|" odp,,q,5 Odp1,q1t>
1 5 5 1-1/a
- (/1/2 /1/2 Pt = 6’ Paf2s = ¢ 0dps 455 Odm,qlf)
1 1 5 5 1a
(/1/2 /1/2 pigit — 6‘ p2925 — 6‘ |®(ta+ (1 —t)b,sc+ (1 —5)d)|” odp,,q,5 odpl,qlf) ) (61)

By convexity of |®(t,s)|*, we have

1-1/«
04p2,925 0py 91 t)

g1
p29q2 6

g1
p191 6

1/a
1
P2g2s — 6‘ |®(ta + (1 —t)b,sc+ (1 —s)d)|* 0dp,q,5 Odpl,q1t>

1-1/«
Odpz,th)}

(s |@(ta+ (1 —1£)b,c)|*

1
piqit — 6‘

1 1/2
Odpl,fh t) (/0

Plﬁlffg

s 1
p292 6

1/2
< |(
0
1/2 1 1/2
[/0 Pl‘ht—6H/0

+(1—s)|®(ta+ (1 —t)b,d)|*) 0dp,,4,5} 0dpy,gut]
= [As(p1,91)As(p2, 02)] '~ 1/*

[Al(sz q2) /01/2

+ Az(Pz,LI2)/0

< [As(p1, q1) As(p2, )] /*

_1
P2dq2s 6

1/a

1
p1q1t — 6‘ |®(ta+ (1 —t)b,c)|" odp, gt

1/2 1 . 1/a
pig1t — 6‘ |®(ta+ (1 —t)b,d)| Odm,qlt]

1/2 1 0 14
[Al(PZIQZ)/O p1g1t — 6‘ (t|D(a,c)|* + (1 = t)[P(b, c)|*) odp,q.t
1/2 1 1/«
+ Aa(p2, ﬂ/z)/o p1q1t — 6‘ (t|®(a,d)" + (1 —1t) |D(b,d)[") odm,qlf}
= [As(p1, q1)As(p2, 32)]" /"

[A1(p2,2) (A1(p1, 91)|P(a, 0)|* + Az(p1, 41) [P (b, €)[*)
+ Aa(p2,32) (A (p1, 1)@ (a,d) [ + Az (p, 1) |@(b,d)[*)]'*, (62)
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1-1/«
P2925 — = | 0py,4:5 0dpy 0, f)

L1
(/1/2 1/2

< [As(pr,q1) As(p2, q2)] 1/
[A4(p2,92) (A1 (p1, 1)@ (a, 0)[* + Az(p1, 1) |P(b, 0)|7)
+ Aa(p2,a2)(Ar(pr,00) (e, d)|* + Aoy, ) @0, 0) )], )

(™

1 ,1/2 1 . 1/a
(/1/2 ./0 P2g28 — 6’ |®(ta+ (1 —t)b,sc+ (1 —s)d)|* odp, 4,5 Odpl,q1t>

< [As(p1,01)As(p2, )] /"
[A1(p2,92) (A3(p1,91)1D(a, 0)|* + Ag(p1,q1)|®(b, 0)[*)

1
p1g1t — ‘

1/a
5
P2928 — 6’ |®(ta+ (1 —t)b,sc + (1 —s)d)|* 0dp, 4.5 0dpy 4, t)

;1
p191 6

1-1/a
0,0, Odm,qlt)

5
p1q1t — 6‘ P2q28 — &

g2
p191 6

+ Aa(p2,42) (As(p1, q1)|®(a,d) |* + Ag(p1, q1)|@ (b, d)|*)]'/* (64)
and
1 1 1-1/a
</1/2 /1/2 ot = ‘ P2q25 = g| 0FpygoS Od”l’”“t>
1 1 1/a
</1/2 /1/2 piqit — ’ p2q2s — ’ |®(ta+ (1 —t)b,sc+ (1 —s)d)|* odp,,0,5 0dp1 .41 )
< [As(pr,q1) As(p2, 1)) 1"
[A3(p2,q2) (As(p1,q1) | @ (a, ¢)|* + As(p1, 1) |P(b, c)|*)
+ Ag(p2,92) (As(p1, 31)|®(a,d)|* + As(pr, q1)|@ (b, d)|*)]*. (65)

Substituting (62)-(65) in (61), the proof is completed. [J

Remark 6. If p; = po = 1 then Theorem 4 reduces to Theorem 9 in [30].

4. Examples

In this section, we give some examples to show how the application of our theo-
rems. Our theorems can be used to find the boundaries of (p1, p2, 41, 92)-integral of very
complicated functions in the following examples.

Example 1. Let f : [0,1] x [0,1] — R be defined by f(x,y) = tanxy, p1 = p» = 3 and
q1 = g2 = . Then f is twice partially (%, 3L %)—diﬁerentiuble on (0,1) x (0,1), ®(t,s) is
continuous and (Z' 3L Z)—mtegmble on [0,1] x [0,1], and |®(t,s)| is convex on [0,1] x [0, 1].

Note that, it is very difficult to find (1, 3L 7) integral of f by using the definition directly. But we
can find its boundaries. By applying Theorem 2, we have
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31 31 31 31
1,1 _ _ vt vz vz Vot
g0 < a-0a-0| (a5 1) a3 ) ) (a5 1) + 4 (5 1)) leo)
31 31 31 31
() a(33)) (0 () a(33) Jeao
31 31 31 31
“(a(53) 2 (5a)) (2(55) ra(33) Jeon
31 31 31 31
+ (A2<4/4> +A4<4r4>> (A2<4r4> + Ay (4,4>)|¢(111)|}
Since
31 12 71 3t 11 3 2 5
Al 2 2 ) = - _ = .- _2.c___2
1(4’4) /0 t(6 6>°diflt 68 16 13 624
31 1/2 1 3t 11 3 1 3 2 113
A== = 1-t)(=—Z)dsat=- - o= ==
2<4’4) /0 ( )(6 6)"4 ' T6 2 9% 8716 13 1664’
A (31 _/1t§_§ dyp=2.7_3 14 32
S\a'2)  hpl\e 6)%i T 68 16 13 624’
31 1 5 3t 51 987 3 14 457
Ayl S,2) = 1-)(2-Z)dast=2-2—— 24— . =",
4(4 4) 1/2( )<6 604 =6 2 9% 8 16 13" 1664
33 1 3 31 11
(0,0) =4 tan1~1—tan1-1—tan1 4+tan4-4>~1.25425,
®(1,0) = D(0,1) = D(1,1) =0,
we derive
5 329 5 329
1,1 < - _ [ JRN— =
| Ii,“,i(fﬂ_( 624+624>( 624+624>1.25425 0.338147.
Example 2. From Example 1, we try to apply Theorem 3 with « = B = 2. We get
1 1 1 ) 1/2
a1 =00 =0 ([ [T1ag (08 0P oy 5oty 1)
1 s+1-1
®(0,0)> + A4 ®(0,1)
([2]31[2]31| (0.0 [2]51[2§1| @
474 474 474 474
3.1 3.1 3.1 172
S41-1 S+l-1(@B+1i-1
+ 4+4 |©(1,0)|2+ (4+4 )(4+4 )|q)(1,1)|2 ) (66)
2]51[2]5 1 2]51[2]5 1
474 44 44 474
Since

31 1
474 4
3 1
Pliy=ata="
3 3 1 3 31 1
®(0,0) =4 tanz Z—tanz Z—tan1~1—|—t i 4>~1.25425,

the right hand-side of (66) is

(—0.05942297 . ..)1/2(1.25425)1/2 ¢ R.
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Therefore, Theorem 3 with « = B = 2 is not applicable for this (3 3.1 1) integral of f.

3
Example 3. From Example 1, we try to apply Theorem 4 with « = > We get

LDl a-o)- ){[“‘5(2 i)AS(i m””

4(53) (5 1) ee0r s a (G g o

“‘Z(Z i)f‘l(g 1)lq[’(o 1)|3/2+A2<3 1)|<J[><1 1>|3/2r/3

[s(G)a(3a)]

A0(35) (5 3) 00+ a3 ) l00)

(3D (3o nr a3 ) eaop]
a(Gi)sG)]

(53) (51 roor (33 eaor

+A2(4 4)A3( >|<I>(o 1)|3/2+A4<Z i)|¢(1f1)|3/zrm
+ [As(p1, 01) Ag(p2, 32)] 22

43(53) 23 7) 12002+ 4 (1.7 ) le00)P
+A4<Z i)A3(3 1>|c1>(o 1)|3/2+A4<3 1)|<1>(1 1)|3/2} /3}.

|1,1

’

~
SIS
ENI)

Since

31 1/2 (1 3t 11 3 2 5
A1<4f4>—./0 f(6‘6)0dmf—6'8‘16'13—‘m

31 1/2 1 3t 11 31 3 2 113
A2 ) = 1-1(z-= = .2 42 L2
2(4’4) /0 ( )<6 )45 279 8 16 13 16647

31 1 /5 3t 57 3 14 329
A3<4’4)_/1/2t(6_6)°difit_6'8_16'13_624’

31 1 5 3t 51 987 3 14 457
A4(4'4>_/1/2(1_t>(6_6 A= 5 3 " 9% 816 13 1664’
a(3 1 _/”2 1.3ty , ;.11 31 23
\a'a)  Jo \6 16)%04 " 62 16 8 384

31 1 5 3t 5 131 51 3 1 133
AglS,~) = 1-t)(2 -2 t=>1——.-—Z.2 = o=
6(4’4) 1/2( ><6 16) ods1t=15 162 62" 168 384

3 13 3 11

P —4(tan>-> ~.2 _tan> - - ~. o)~ 12542

(0,0) tan4 1 tan4 1 t 1 4+’[n4 4> 5425,

®(1,0) = ®(0,1) = ®(1,1) =0,
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d
a IPI/PZ/‘?L‘?Z (f)

(b—a)(d—

we derive

|1,l

’

IEREICINIE
1/3 2/3
o2 (o) ()| (@) (20125
2/3
[ )] [(G) ()]

= 0.208945.

~
|0
NI

5 5 52]%3
4) <624>125425 ]
5

5. Additional Results

In this section, we present some results without proof because the proofs are similar to
the ones given in last section.

Lemma 6. Let f : A — R be a twice partially (p1, p2, 41, 92)-differentiable function on A°. If the

partial (p1, p2, 41, 92)-derivative ©(t, s) is continuous and (p1, p2, 41, 92 )-integrable on A, then
the following identity holds:

1 r1
) /0 /0 Npragi (D) Ap,y,a,(8)O(th + (1 — t)a,sc + (1 —s)d) odp, 4,5 0dpy 0.t (67)
where

ZIPerqulf‘h (f)
= ;{(6P2—5)f< erb ) +f(a+b ) +f(a,cgd> + (6p1 —5)f<b,c+2d)
+4f<a +b chrd) } n l6 (36p1p2 — 30p1 — 30p2 +25) £ (b, )
+(30p1 —4(6p1 —5) = 25)f (b, d) + (30p2 — 4(6p2 — 5) — 25)f(a,c) + f(a,d)}
b

6(17;71 ) / (6p2 —5)f(p1x+ (1= p1)a,c) +4f(p1x +(1—p1)a, - er d)

d
+f(p1x+ (1= p1)a,d) odp, g% m/c f(b, pay + (1 —p2)d)

+4f< - P2)d> +(6p1 = 5)f(a, pay + (1 — p2)d) “dpy g,y

+ #/ / F(prx+ (1= p1)a, pay + (1 = p2)d) “dp, 0,y adlpy g, .
Remark 7. If p1 = pp = 1 then Lemma 6 reduces to Lemma 4 in [30].
We use Lemma 6 to derive Theorems 5-7 as follows:
Theorem 5. Let f : A — R be a twice partially (p1, p2, q1,92)-differentiable function on A° and

the partial (p1, p2, q1,q2)-derivative ©O(t,s) be continuous and (p1, p2, 91,42 )-integrable on A.
If |©(t,s)| is convex on A\ then the following identity holds:
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(3 Tp1 paang ()] < (b—a)(d = ¢)[(A1(p1,91) + As(p1,91)) (A1(p2, 42) + As(p2,42))©(b, )]

+ (A2(p1,91) + Aa(p1,91)) (A1(p2, 92) + As(p2,92))[O(a, c)|

+ (A1(p1,q1) + As(p1,91)) (A2(p2,92) + Aa(p2,92))|©(b, d)|

+ (A2(p1,q1) + As(p1,31)) (A2(p2, 2) + As(p2,92))|O(a, d) ). (68)

Remark 8. If p1 = pp = 1 then Theorem 5 reduces to Theorem 10 in [30].
Theorem 6. Let f : A — R be a twice partially (p1, p2, q1,92)-differentiable function on A° and

the partial (p1, p2, q1,q2)-derivative ©O(t,s) be continuous and (p1, p2, 91,42 )-integrable on A.
If |©(t,s)|* is convex on A for some & > 1 and % + 1 =1, then the following identity holds:

1 /1 1/8
|Z1p1rpz,q1,qz NI <(—a)d—c) (/0 /0 |Ap1,q1 (t)Apz,qz (5)|ﬁ 0p,q,5 0dp1,q1t>

(m1®mow+’”*%‘1@wﬂw

P11 [2] P22 [2} P11 [2] pP2.92
p1+aq1—1 o (it —D(patq—1) a)l/“
+ |0, c)|" + O(a,d . (69)
Rl o ! Doy )

Remark 9. If p1 = po = 1 then Theorem 6 reduces to Theorem 11 in [30].

Theorem 7. Let f : A — R be a twice partially (p1, p2, 41, 92)-differentiable function on A° and
the partial (p1, p2, 41, 92)-derivative O(t,s) be continuous and (p1, p2,q1,q2)-integrable on A.
If |©(t,s)|* is convex on A for some o > 1, then the following identity holds:

pupaa ()] < (0= a)(d =) {[As(p1,q1) As(pa,02)]
[A1(p2,02) (A1 (p1, 1) @ (b, €)|* + Aa(p1,41)[©(a, ) |*)
+42(p2,32) (A1 (p1, 00)|O(b,d)|* + A (p1,41)[O(a,d)*)]/*

+ [As(p1, q1) As(p2, q2)] /"

[A3(p2,92) (A1 (p1,91)|©O(b, ) |* + Az(p1,q1)[O(a, c)|*)

+A4(p2,32) (A1 (p1, 1) O (b, d)|* + Az (p1, 41)|©(a, d)[*)]V*

+ [A6(p1, 01) As(p2, g2)] /"

[A1(p2,92) (As(p1,91)|O(b, 0)[* + As(p1,q1)|©(a,c)|*)

+A2(p2,92) (As(p1, 01)|©(b,d) |* + Aa(p1,31)|O(a, d)|*)] '/

+[As(p1, 1) As(p2, q2)] /"

[A3(p2,92) (As(p1, 41)|O(b, ¢)|* + Aa(p1,41)|O(a, c)|*)

+A4(p2,92)(As(p1,41)[© (b, d)|* + A4(P1,q1)|®(a,d)|”‘)]”“}- (70)

Remark 10. If p; = pp = 1 then Theorem 7 reduces to Theorem 12 in [30].

Lemma 7. Let f : A — R be a twice partially (p1, p2, 91, 92 )-differentiable function on A° and
the partial (p1, p2, g1, 92 )-derivative P(t,s) be continuous and (p1, p2, g1, g2 )-integrable on A.
Then the following identity holds:

b
c IPlrr’z,lh,lh (f)

1 r1
— (b—a)(d —c) /0 /0 Apvay (DA pyay (8)9(ta + (1 — )b, 5d + (1= 5)¢) 0y 025 0y, 71)
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where

b
c IP1,P2/QM2 (f)

=g ("5e) + om () tom =9 (057 ) 4 (057

b c+d 1
+4f(” Cz )}+36 (36p1p2 — 30p1 — 30pa +25) f(a, d)

+(30p1 — 4(6p1 — 5) —25)f(a,¢) + (30p2 — 4(6p2 — 5) — 25)f(b,d) + f (b, )}
6(bpi a) /ub (6p2 = 5)f(p1x + (1 — p1)b,d) +4f <P1x + (1= p1)b, Cerd)

d
+f(prx+ (1= pr)bc) dpygx — P2 / f(@, pay + (1 = p2)e)
6<d C) c
a+b
+4f< 2y + (1= p2)c ) +(6p1 = 5)f (b, pay + (1 = p2)c) cdpypy
P1p2
+(b—a / /f prx+ (1= p1)b, pay + (1= p2)c) cdpy g,y "y g,
Remark 11. If p; = pp = 1 then Lemma 7 reduces to Lemma 5 in [30].
We use Lemma 7 to derive Theorems 8-10 as follows:
Theorem 8. Let f : A — R be a twice partially (p1, p2,q1,q2)-differentiable function on A°

and the partial (p1, p2, 41, 92)-derivative P(t,s) be continuous and (p1, p2,q1, q2)-integrable on
A If [ip(t,s)] is convex on A then the following identity holds:

)(A1(p2,92) + As(p2,92)) ¢ (a,d)|

As(p2,92)) [y (b, d)|

Ay(p2,q2))|¢(a, c)|

+ Ag(p2,92)) 9 (b, ) ). (72)

|?1P1,P2,q1,t72 (N < (b—a)(d—)[(A1(p1,q1) + As(p1, ¢
+ (A2(p1,91) + Aa(p1,91)) (A1 (p2, 92
+ (A1(p1,q1) + As(p1,71)) (A2(p2, 2
+ (A2(p1, 1) + Aa(p1,41)) (A2(p2, 2

_l’_
_l’_

~— ~— ~—

Remark 12. If p; = pp = 1 then Theorem 8 reduces to Theorem 13 in [30].

Theorem 9. Let f : A — R be a twice partially (p1, p2,q1,q2)-differentiable function on /A\°
and the partial (p1, p2, 41, 92)-derivative P(t,s) be continuous and (p1, p2,q1,q2)-integrable on
ACIf [ip(t,s)|* is convex on A\ for some o > 1 and % + 1 =1, then the following identity holds:

a1 1 1/B
‘glpppzm,lh (f)| < (b - a)(d - C) (/O /0 |AP1,Q1 (t)Ariz,lh (S)|ﬁ Odpz,'izs Odpl,lh t)

1 w p2+4g2—1 .
U R s B
([2] A M@ a9 (o)

ptp=t e, (Pt s —D(pt+gp-1), a)””‘ "
+[2]P1/Q1[2]P2,q2‘lp( A+ Rlpva 2lpasa (o) ' (73)

Remark 13. If p; = pp = 1 then Theorem 9 reduces to Theorem 14 in [30].

Theorem 10. Let f : A — R be a twice partially (p1, p2,q1, 92)-differentiable function on A°
and the partial (p1, p2, g1, 92 )-derivative P(t,s) be continuous and (p1, p2,q1, 92 )-integrable on
A [ip(t,s)|* is convex on A for some o > 1, then the following identity holds:
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Pl paauaz (£ < (0= a)(d = ) {[As(p1,q1) As(p2,q2)] '/
[A1(p2,92) (A1(p1, q1) [ (a, d)|* + Aa(p1, q1) [ (b, d)]*)
+A2(p2,q2) (A1(p1,91) 1§ (a, )" + Az(p1, q1) [ (b, ¢) )]

+[As(p1, 1) As(p2,q2)] 1"

[A3(p2,92) (A1 (pr, q1) 9 (a,d)|* + Az(p1,91) 19 (b, d)[")
+A4(p2,92) (A1 (p1,91) [§(a, 0)[* + Az(p1,q1) [ (b, 0) )]
+ [As(p1, 1) As(p2, q2)] /°

[A1(p2,92) (As(pr, q) 9 (a, d)|* + Aa(p1,91) 19 (b, d)[*)
+A2(p2,32) (As(pr, 41)[9(a, )| + Aa(pr, a0) 9 (b,0) )]

+ [As(p1, 01) As(p2, q2)] /"

[A3(p2,92) (As(pr, q1) 9 (a, d)|* + As(p1,91) 19 (b, d)[*)

+As(p2,92) (As(p1, q1)[9(a, c)|* + Aa(p1, 1) [ (b, C)|“)]1/a}- (74)

1/

1/«

Remark 14. If p1 = py = 1 then Theorem 10 reduces to Theorem 15 in [30].

Lemma 8. Let f : A — R be a twice partially (p1, p2, 41, 92)-differentiable function on A°. If the
partial (p1, p2,q1, q2)-derivative Q)(t, s) is continuous and (p1, pa2, q1,q2)-integrable on A\ then
the following identity holds:

”/CIPLPZ/QLQZ (f)
1 1
—(b—a)(d—c) /0 /0 Appgs (DA pyar ($)QU(th + (1 — £)a,5d + (1= 5)¢) 0y 0, 06y r, (75)

where

aclpr a0 (f)
=5 (55e) w5 () (5550 ) s+ tom -7 (0,55

+4f(” er b C;d> } + 3% (36p1p2 — 30p1 — 30ps + 25) f (b, d)

+(30p1 —4(6p1 —5) —25)f(b,c) + (30pa — 4(6p2 —5) — 25)f(a,d) + f(a,c)}

N 6(bpi 2) /ab (6p2 = 5)f(p1x + (1 — p1)a,d) +4f(p1x +(1— P1)ﬂ,c42_d)

d
et (L= p2)ae) iyt — g5 [ f 0, pay+ (1= pa)o)
a+b
Hf| —5— P2y + (L= pa)e | + (6p1 = 5)f(a, pay + (1 = p2)C) cdp, g0y
+ L/l] /df(mx+ (1= p1)a, pay + (1 = p2)C) cdps,g,Y adp g, %-
(b _ a)(d _ C) . Je P22 P11
Remark 15. If p; = pp = 1 then Lemma 8 reduces to Lemma 4 in [29].

We use Lemma 8 to derive Theorems 11-13 as follows:

Theorem 11. Let f : A — R be a twice partially (p1, p2,q1,92)-differentiable function on A°
and the partial (p1, p2, 41, q2)-derivative Q)(t, s) be continuous and (p1, p2, 41, q2)-integrable on
AIf|Q(t, s)| is convex on A then the following identity holds:
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)(A1(p2,92) + As(p2,92)) (b, d)|

+ A3(p2,92))|Q(a,d)]|

+ A4(p2,92))|Q(b, )|

+ A4(p2,92))|1Q(a, c)|]. (76)

la,cIpypogrg ()] < (b —a)(d — o) [(A1(p1,91) + As(pr,
+ (A2(p1,91) + Ad(p1,91)) (A1 (p2, 32
+ (A1(p1,91) + As(p1,91)) (A2(p2, 92
+ (A2(p1,q1) + As(pr,01)) (A2(p2, 92

~— ~— ~—

Remark 16. If p; = pp = 1 then Theorem 11 reduces to Theorem 8 in [29].
Theorem 12. Let f : A — R be a twice partially (p1, p2,q1, 92)-differentiable function on A°

and the partial (p1, p2, q1,q2)-derivative Q)(t, s) be continuous and (p1, p2, 41, q2)-integrable on

ACIF1Q(t, s)|* is convex on A for some o > 1 and % + L =1, then the following identity holds:

1 rl 1/B
el (O < 0 =00 ([ [ 1800 OApn©1F odprges o)

(mlmwnu P20 =0 o)

P11 [2] P2.92 [2} P11 [2] P2.92
p1t+q1—1 o (pita—D(patq—1) a)l/“
+————|0a,d)|* + Q(a,c . (77)
Rl Py ) Doy 00

Remark 17. If p1 = py = 1 then Theorem 12 reduces to Theorem 9 in [29].

Theorem 13. Let f : A — R be a twice partially (p1, p2,q1, 92)-differentiable function on A°
and the partial (p1, p2, q1,q2)-derivative Q)(t, s) be continuous and (p1, p2, 41, q2)-integrable on
AT 1Ot 8)|* is convex on A for some « > 1, then the following identity holds:

laclpupaang (Pl < (6= a)(d =) {[As(p1,q1) As(p2,q2)]
[A1(p2,92) (A1 (p1, 1) [Qb, )| + A2(p1,41)|Q(a, d)[")
+A2(p2,42) (A1 (p1, 31)|Q(b, 0)[* + Ax(p1, 1) | (a, ) *)]/*
+[As(p1,91) As(p2,92)]/°
[A3(p2,92) (A1 (p1, q1)[Qb, ) |* + A2(p1, 41)|Q(a, d)[*)
+As(p2, 2) (A1(p1, 91) (D, )| + Az (p1,91) | (a, 0)[*)]
+ [A6(p1, 01) As(p2, q2)] /"
[A1(p2,92) (As(p1, q1)[Qb, d)|* + As(p1, 41)|Q(a, d)[*)
+A2(p2,92) (As(p1, 1) b, €)|* + As(pr, 91) | (a, 0)*)]
+ [As(p1, 01) As(p2, q2)] H/®
[A3(p2,q2) (As(p1,91)|Q(, d)|* + Asa(p1,91)[Q(a, d)[*)
+A4(p2,92) (As(pr, @) OB, 0)|* + Aa(pr,41)|Q(a, )]/} (78)

Remark 18. If p1 = py = 1 then Theorem 13 reduces to Theorem 10 in [29].

6. Conclusions

We proved some new Simpson’s type inequalities for coordinated convex functions
by using (p,q)-calculus. We first proved the key lemma and then we used such the
lemma and property of convexity, Holder’s inequality, power mean inequality to prove
our main theorems. Some previously published results of other researchers are deduced
as special cases of our results for py, p» are unity and g1, 2 tend to one. This means that if
p1 = p2 = 1 then our theorems are reduced to the work of M. A. Ali et al. [30]; moreover, if
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p1 = p2 =1, q1,92 — 1 then our work is reduced to the work of M. E. Ozdemir and A. O.
Akdemir [33].
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