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W N e

Abstract: In recent years, the theory of convex mappings has gained much more attention due to its
massive utility in different fields of mathematics. It has been characterized by different approaches.
In 1929, G. H. Hardy, J. E. Littlewood, and G. Polya established another characterization of con-
vex mappings involving an ordering relationship defined over R" known as majorization theory.
Using this theory many inequalities have been obtained in the literature. In this paper, we study
Hermite-Hadamard type inequalities using the Jensen-Mercer inequality in the frame of g-calculus
and majorized I-tuples. Firstly we derive q-Hermite-Hadamard—-Jensen-Mercer (H.H.J.M) type in-
equalities with the help of Mercer’s inequality and its weighted form. To obtain some new generalized
(H.H.].M)-type inequalities, we prove a generalized quantum identity for g-differentiable mappings.
Next, we obtain some estimation-type results; for this purpose, we consider g-identity, fundamental
inequalities and the convexity property of mappings. Later on, We offer some applications to special
means that demonstrate the importance of our main results. With the help of numerical examples, we
also check the validity of our main outcomes. Along with this, we present some graphical analyses of
our main results so that readers may easily grasp the results of this paper.

Keywords: convex; quantum; Jensen—Mercer; differentiable; majorization

MSC: 05A30; 26A51; 26D10; 26D15

1. Introduction and Preliminaries

A set C C R is said to be convex, if
(1 — Q%)&l + Q>;<&2 ecC, V&L&z eC, 0x € [0,1].
A mapping § : C — Ris said to be convex or § € C , if

F(1 - 00)R1 +0xR) < (1- 00)F(R0) +0:5(R2), VR, Ry € 04 € 0,1],
These classical concepts of convexity have held a widespread position in the different
areas of pure and applied sciences, for example, they play fundamental roles in optimization
theory, majorization theory, operations research, and mathematical economics. Convexity
has also close a relationship with the idea of symmetry. It is also worth mentioning
right here that quite a few big properties of symmetric convex sets can be discovered
in the literature. A beneficial factor of viewing this relationship is that we work on one
and practice it to the other. For some greater useful information, see [1,2]. Moreover, this
principle of convexity additionally has a pivotal role in developing the theory of inequalities.
A wide type of inequalities has direct consequences for the purposes of the convexity
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property of the mappings. One of the most studied effects in the concept of inequalities
pertaining to convex mappings is Hermite-Hadamard’s inequality. It reads as:
Let§ € Cpponl = [Ny, Ry] C R, then

- - ], - <«
g<Nl-i-?‘22> < / Y)dY < N])'FS(NZ).
2 Nz - 2
1
Another significant result related to the convexity property of the mappings is Jensen’s
inequality, which reads as:
Let0 <Y1 <Yy <Y3<...<Y,, andlet® = (@1, ®;,...,®,) nonnegative weights

such that i @=11fF € Cyonl=[R,R,] CR,then
¢=0

3<Xn: ‘OéYé> < Zn: @F(Ye)
é=1 é=1

where Y¢ € [Rq, R], and @¢ € [0,1], (¢ = 1,n). For more detail, see [3].

In Mercer et al. [4] another significant inequality known as Jensen-Mercer inequality
was proven.

Let§ € Cpronl = [Ny, R;] C R, then

n n

§<&1 +R - ) C%Yg> <FR1) +3(R) — Y @eF(Ye), @
¢=1 ¢=1

for each Y, € [Ry, Ry and @; € [0,1], (¢ = 1,n) with 22, @ = 1.

By using inequality (1), Kian and Moslehian prove the Hermite-Jensen—-Mercer in-

equality in [5]. Recently, several papers have been devoted to the generalization of the
Hermite-Jensen—-Mercer inequality. For more recent and related results connected with the
Jensen-Mercer inequality and the Hermite—Jensen—Mercer inequality, see [6-10].
One of the most investigated and studied generalizations of calculus in the last few decades
is known as g-calculus. It is some sort of special case of time scale calculus with domain
qe (0,1). It has numerous applications in number theory, combinatorics, special mappings,
mathematical analysis, etc. It works as a bridge between mathematics and physics. Now,
we describe some basics notions of g-calculus that are necessary for further discussion.

Tariboon and Ntouyas have defined the g-derivative as:

Definition 1 ([11]). Assume § : | = [R,R;] € R — R is a continuous mapping and suppose
Y € ], then

<y SY) = (@Y + (1))

_ LY #R4,0 1. 2
TEREE PR s ?

We say that § is q—differentiable on | provided &1Dq§ (Y) exists for all Y € J. Note
that if Ry = 0in (1), then qu@ = @q@, where Dqis the well-known classical g-derivative
of the mapping F(Y) defined by ' '

500 — §aY)

245(Y) =~ gy



Symmetry 2022, 14,1925 30f 19
Next, we recall the well-known q number:
I A 1 2 n—1 01
[n]q_l—q_ +q9+q +...+q" 7, q€ (0,1).
The g-Jackson integral from 0 to R, for 0 < q < 1 is defined as:
Ry
| Fexodges = (1= 9 }: Q"3 €)

provided the sum converges absolutely. Jackson also gave the g—Jackson integral on a
generic interval [Ry, R,] as:

R %,
/& §(0x)dqos = /0 S(ex)dqes + / (0x)dqQx-
) :
We now rewrite the definition of a 5 -definite integral.
MR

Definition 2 ([11]). Let § : [Ry, ;] — R be a continuous mapping. Then, the gy, -definite
© 381
integral on [Ny, Ry] is defined as:

Sl dgas = (=)= R0) T 5"+ (1)) = (o= ) [ 501 - 0008 + sTo)dgae.

The following is the quantum analogue of Hermite-Hadamard’s inequality:

Theorem 1. Let § : [Ry, 8] — R be a convex mapping, then for 0 < q < 1, we have

- {7&14-&2 1 b ) af(Ry) +3(Ry)
3( T+ )5&2_&1/&1f(Y>N1d7Y§1+g' @

We now present the definition of the q&2 -definite integral.

Definition 3 ([12]). Let 5 : [R1, 8] — R be a continuous mapping. Then, the g 2-definite
integral on [Ny, Ry] is defined as:

/5:23(9*)&2@@* = (1= - Zq”s g"Ry + (1-q")Ry) = (Nz—m)/olg(t”“‘Q*)&”d’ﬂ*'

Using Definition 3, one can have the following quantum version of the Hermite—
Hadamard'’s inequality.

Theorem 2 ([13]). Let § : [Ry, Ry] — R be a convex mapping, then for 0 < q < 1, we have

. &14-!_7&2 1 b R, S(Ry) +qf(Ry)

In recent years, we have seen that a variety of different approaches have been used in
obtaining new analogues of classical inequalities. For instance, many researchers have used
the concepts of quantum calculus. Ref. [14] established some q variants of the Holder’s,
power-mean, and Hermite—-Hadamard'’s inequalities. After this, Noor et al. [15] derived
some g-estimation type results regarding H.H.I. In the following perspective, Alp et al. [13]
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formulated some g-mid-point H.H type inequalities and provided the correct proof of
g-H.H.L In Ref. [16], the authors obtained some Anderson-like inequalities through h and
q integrals. Ref. [17] Arunrat et al. derived the quantum analogues of the Chebychev
i.nequalities. In ref. [18], Almtairi analysed the g-integral inequalities via (h, m) convexity.
In Ref. [19], Kalssom et al. obtained some new generalizations of the Ostrowski-type
inequalities via generalized convex mappings.

For some recent studies and more details, see [20-22].

Majorization is the characterization of convex mappings the through partial ordered
relationship of two I-tuples u = (uy,up,...,u;) and Y = (Y1,Y2,...,Y)), if 6 < u, then,
geometrically, it can be viewed as a component of Y that is less spread out then u. Now we
recall the majorization theorem due to Hardy Littlewood and Polya [23].

Theorem 3. Let u = (uq,up,...,u;) and Y = (Y1,Yo,...,Y;) be two real I-tuples such that
Yr,uz €1=]a,b]. Then

Y Fux) < 3 3(¥a)
m.=1 m.=1
is valid for each continuous convex mapping & : I — R if and only ifu < Y.
The weighted version of the above theorem is given as:
Theorem 4 ([24]). Let § : I — R be continuous convex mapping and Y = (Y1,Ya,...,Y]),

u = (uy,up,...,u;) and p = (p1,p2,...,p;1) be the three I-tuples such that Y ,u, € I,
pr >0, €{1,2,3,...,1}. If u is a decreasing I-tuple and

k k
Yo oprup <Y, paYp k=1,23,...,1-1, (6)
=1 m.=1

then

Theorem 5 ([25]). Suppose that § : I — R is a real valued convex mapping, (Y;j) is a n x m
real matrix, and u = (uq,uy,...,u;) is a I-tuple such that uj, Y € I forall ¢,j,we > 0 for
¢=123, ... nwith Y.;_y we = 1. If u majorizes every row of Y;;, then

! I-1 n 1 -1 n
@(Z U — Y Y wixij> <Y Sun) =) Y wif(Yy).
= S1éa = s o

Now we provide a weighted version of Theorem 5

Theorem 6 ([26]). Suppose that § : I = [Ny, Ry] — R is a real valued convex mapping (Y;;) is
an x m real matrix and u = (uy,uy, ..., u;) and p = (p1, p2, ..., p1) are two I-tuples such that
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uj,Yij € I, pe,we > 0 with p; # 0and ¢ = %for(j =1,2,3,...,nwith Zgzl we = 1. Ifu
majorizes every row of Y;; and

K k ! d
Z Z i ok=123..,1-1, Y. pYi=Y pu,
= =1 j=1 j=1

then

1 1 -1 n
3(2 Qpjuj — 2 2 Qpjwi xl]) <) opis(uj) — E ) opjweS(Y
j=1 j=1 j=1¢=1

j=16=1

The theories of majorization and convexity are interlinked with each other and have
significant impacts on the theories of inequalities and linear algebra as well. Many re-
searchers have devoted their efforts to generalizing the existing inequalities. Interested
readers are referred to [27-32].

The main objective of this paper is to derive some new quantum analogues of a
generalized Hermite-Hadamard-Jensen—Mercer type of inequalities essentially using g-
differentiable convex mappings and majorization theory. We discuss some applications to
special means, which demonstrate the significance of our main results. We would like to
mention here that, to the best of our knowledge, this is the first study of quantum analogues
of certain classical inequalities via the theory of majorization. We hope that the ideas and
techniques in this paper will inspire interested readers working in this field.

2. Main Results

In this section, we will discuss our main results.
Theorem 7. Suppose that § : 1 = [N,R;] — R is real valued convex mapping and

u=(up,up,...,u;), Y =(Y1,Yo,...,Y)),ands = (8q,E8s,...,5) are three I-tuples ux , Y,
B forall . € {1,2,3,...,1} IfY < uand & < u, then

@( Y - 1_21 (Y;*)) @)

~ 1 =1 1 B = Ex.
< L Slun) =5 ) sy UY §(0x)™dgox +/Y $(0x)v,. dgox
T.=1 =1 7T 1. . k - J
Lo 1 I=1f (Yq + qﬂln. - an + &y
< S(un) =5 5 S| -
nzl( : 25 ( [2lq ) ( 2l )]
1 -1y 4E.
<Y §un) - s( — >
=1 =1

Proof. Let 0x € [0,1], then we may write

v v (Yo +Ex
S(Zluﬂ,_ 21( > ))

i -1 = e — 0x
=1

=1

In order to apply Theorem 5 on (8), first we show that u majorizes r and z, where
r= (r,ro,...,1),z2 = (21,22, zl) = 0xYr + (1 —o0x)Ex and z; = 0xEx + (1-
0x)Yr form. ={1,2,3,...,1}.
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For this, let Z;-‘Zl X[ = Bk and Z;-‘Zl vy = Box fork =1,2,...,1 — 1. Then we derive
k k
Yoy =ox Y xp + (1 —0x) Yy = 0xPu + (1 — 0x) Bax-
j=1 j=1 j=1

Since Y < u and E < u, then, from the definition of majorization, we have Zj;l X[ <
Z;-‘Zl uj and Z;‘Zl Y < Z;‘Zl uj thatis

k
B <) ujj )
=1
and
k
Bok < Y ugj- (10)
=1

Multiplying (9) by 0x and (10) by (1 — 0% ) and then adding the resulting inequalities,
we obtain

k
1) = 0=k + (1= 0x)Box < ) uy- (11)
j=1 =1

M

However, Zé‘r.:l Upg, = Zln_:l Y and Z;_:l Uy, = Z;_:l Er., then by using (11), we
have

Hence r < u. Similarly, we can show that z < u. Then, by using Theorem 5 for
1
w1 =wy = 3¢

(FloxYr + (1= 0%)8r) +§(0xEr + (1 —0x)Yr)). (12)

1 B 1 -1 1 9 »
< S(’M‘L) - /0 (S(Q*Yn + (1 - Q*)En) + ‘S(Q*‘ETL’ + (1 - Q*)Yn)) OdqQ*
. 1 =1 1 Ee .
= Y Fn) =g L 5y | Fohvdgor [ F0)% g
7 L5 v, /YC vedq / q

which gives the first inequality in (7). To obtain the second inequality, we use the left sides
of Hermite—-Hadamard’s inequalities (4) and (5). Thus, we have

ZE — /Egg( i:; (an "‘\—ln)/

lq

(13)
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and

— "B = =1 (Y +CJE7T.
Z: E, —Yn /n_ 5(0) -dqvgn;s(mq ) (14)

Summing (13) and (14) and adding Zln':l $(urx ) in the resulting inequality, we have

=1 =1 =T - Y.
Lo 1= (qYe +Ex A Yr +qEx
< ) == I .
LSt L ( Plg ) 5( P )1

This gives the second inequality in (7).
To prove our next relation, we use the following expression

@(Yn. ‘;En> _5 ;(qYT +Ex n Ynr +q5n. )]
+q 1+q
From the convexity of %, we have
§<Yn. ‘;En> < % §<qY: +E7'L> +§<Yn, +(:IE7I.>‘|
+q 1+q
1

[ qQYn +Ex A Y +qEx =1 Yo +Ex
Ao e — 2 = =), 15
S( 2]q ) +S< 2lq )] = n.lg( 2 ) 15)

Adding Z;_:l & (uz.) to both sides of (15), we obtain the required result. [

Remark 1. If we choose | = 2 in Theorem 7, then we have the following inequalities

e (237))

- - 1 g1
SS(M1)+3(M2)—2<31_YO{/Y 13’( %)° 1dqQ><+/ (0% YldqQ*}

L[ Y1+45 L [(9Y1+E
(e ) ()

~ ~ (Y1 +E
< §m) + ) - 5( 5,

1
2

IN

S(u1) + §(uz) —

which are proved by Budak and Kara in [22].
Theorem 8. Suppose that § : 1 = [N,R;] — R is real valued convex mapping and

u=(uy,uy,...,u;),Y=0Y1,Y,...,Y)), 8= (8q,8,...,5)) are three I-tuples iz ,Yr ,Bx
forall m. € {1,2,3,...,1} with pr. >0, p; # 0and o = % IfY and & are decreasing tuples and

k k 1 /
Z pTEY Z Ur.; k:1/2/3/-"/l_1/ Z pn,Yis = Z psun./
m.=1 =1 m.=1 m.=1
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and

k k
Z pr.Bis < 2 PsUrn.; k=1,23,...,1-1, Z Pr8is = Z Psiirn..
=1 . .

Then we have

I -1
@( Z 0P ln — 0 Zl(W)> (16)

Proof. Let 0% € [0,1], then we may write

1
(L oL (2532)
1 -1 - —_
0xYr + (1 —0x)En + 0xEr + (1 —0x)Yn
( ) (pn. 5 )) (17)

Z OPrln —

=1 7'[:]

Letr = (ry,r2,...,1),z = (21,22,.--,21),7j = 0xYn + (1 — 0% )Er and z; = 0xEx +
(1—0%)Yy form. = {1,2,3,...,1}. By using the similar technique as in Theorem 7, we can
show that r and z satisfy the following conditions Zl{il pstn. < Zi{il PsUr, Zlﬂfil PsZn <

Zirfil psur fork =1,2,...,I —1and ):ln:l Pstn. = Zln‘:l Psir, ):ln:l PsZn. = Zlﬂ:l Pstir.

— (Psxn + psyn. ))

1
Z_ opsf(urn) — % Z (PaS(exYr + (1= 0%)8z) + prS(0xBn + (1 —0x)Yr)). (18)

(e
A
H MN
o
=
=
)
\
I, M

By g-integrating the inequality (18) with respect to g%, we have

A~ ! S 7'(.+ SYTT.
S(Z Qpsiin. — 0 Z <px2py)>

T.=1
l B 0 1-1 1
< ) opaS(un) — 5 pr. /0 (F(esYn + (1 —0%)Ex) +§(0xEr + (1 —02)Yx)) 0dqox
m.=1 T.=1 :
! » 1 -1 0 Be
= opa§(urn) — 5 .-.PA[ S(v )yd v+/ “cd v]
=1 " " 2 =1 =T Yr. & ./Yg d q

This proves the first inequality in (16). From Theorems 1 and 2, we have

B . Y+ Exq
/ $(0)y, dqv<—28<q [Z]J; ) (19)

Ye

2’:‘
T.—1 =TT

7'[A
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and
-1 1 /‘En. Y- =1 (Y. + qEr.
- — §()dgv < — ) S| —=— |- (20)
7'[.2:1 Erx —Yr Y. ( ) q ngﬁ [Z]q

From the inequalities (19) and (20), we can write

1 1-1 Ha
S) -8 T o | [ sodge+ [ 50 dgo
ﬁzzlgp 271,2:1 En —Yr /Yé Ye E / B
I -1 Y. +E Yr +qE
- 0 - q . . - 7. q 7.
< T )~ 5 s | + — | |
B nz=1 o g(u ) 2 n.zzl P g( [Z]q ) g( [Z]q )]

which gives the second inequality in (16). The last inequality in (16) is obvious from the

fact that
11~ qur. +Ex A + qEr. ~ <Y7-( + Ex )
2 S( 2lq ) 3( 2l )] = ()

The proof is completed. [

We will now derive a new g-integral identity. This result will serve as an auxiliary
result for our coming results.

Lemma 1. p Let u = (uq,up,uz, ..., u;), Y = (Y1,Y2,..., X)) and B = (Eq, 5y, ..., 5; be the

three I-tuples such that uy , Y ,Bx € [I] forall m. € {1,2,...,1}, 0% € [0,1] and § : ] - R

be a continuous mapping and 0 < g < 1. Ile -yl B Dq§ is an integrable mapping on
. m.=1 "7t T=1"7T

], then

Q(un./Yn./ En.)
9L (Br — Yr)
o 1+¢

! -1
X (Z%.ﬂ un__zln—; B Dq&(Q*( Z U — Z Y7T> 1 *Qse) < Z Um — Z En.))Odl:]Q%/ (22)

1
JACENCERN

where

1 Y ue =Yl e
)/ S(Q*)( L ug Yl B )dq@:«

! -1 =
Z7r,:1 Ur. _En:l =T

af (o un — X0 Y Eﬂ-) + 3(22:1 ur — Tl Yﬂ-)
B 14q ’

Proof. Considering the right-hand side of (22) and using Definitions 1 and 2, we have

Z L(Er —Ynr)
[= g L, (23)

where
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Zi-[_i1 (ET(. n=0" =1 l =1 =1 ' m.=1
— = S U — Yo | —F Ur, — Yr
qzln;l (B — Yr.) 1 =1 =1 =1
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F(Thoue =X N Yo ) = F (ks ue — X Br 1+ [ 11
_ ( =1 =1 )H ( 1 =1 )7 - Hq S(Zun Yn_>
Yoo (‘5 —Yr) C_lzn :1(':'71 ~Yr) \siZ1 =1
1+q o I -1 1 -1
+ et " Umg — Yo | + (1 — n) ( Ur — En))
qZ (‘—‘7'[ —Yr ) nZ:()q (q (7‘(.2=1 n.zzl > q 7'(.2=1 =1
1+q o I 1-1 1 1-1
e fe( e ) eo(fe - £2)
Yo 1(Er —Yr) azo =1 =1 =1 =1
q@(Zlnzl Um — Zn -1 . ) + g(Zln:l U — Zl{il Y”-)
qzigll(an ~Yr)

This completes the proof. [

If we take [ = 2, then the above identity gains the following form:

Q(“l/MZ/ Yl, El)
Q81 —Yy) 1 ) )
= ﬁ /0 (1-(1+ q)Q*) (ul-&-uz—El)DqS(Q%(ul +up = Y1)+ (1 — 0x) (ug +up — dl))odc‘lg*,
where
Q(Z/Il, MZIYl,El)
1 /-u1+u2*Y1 f‘{( ) P (.]@(l/ll +uy—E1)+ S(u] + Uy — Yl)
(El - Yl) uy+up—Eq Q%) (u1+uz—81) qg* T q

Theorem 9. Let § : | — R be a continuous mapping. is convex and

-1 o Dqg

!
) —1 U *Zﬂ:l =

integrable on |, then

|Q(u7'[JY7T.rE7'L)|

‘_72 Zlyriil (En. - Yyr.) !
= by (P(l T+ L

I
(1+3¢° +2¢°) )

=1

Zlﬂ _q U anl:ang(E )

)

-1
1+4q+q Y
=1

TT.

o yun-rit 2, Pg(Yr)
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Proof. By using Lemma 1, we have

|Q(u7T./Y7T./ En)|

-1 (/=
. qzn:l(d‘”- - Y”A) 1
N | 1+ q /0 (1 B (1 + CDQ*)Z%:l Urm. *217;.1:1 Erm.

(24)

1 1

1 1—
Dq%( Z] Uz — (0% 21 Yo +(1—0x%)

-1 (=
qzn:l (C‘Tt- Y ) 1

< = _ ] L

< 1+q /0|1 (1+C.1)Q>.é||z/m=1um,):zm1:1dm

1 -1 1
Dq%( Z] U — (Qs:e Z Yo+ (1—0x%)

=1 f

|
—

. )) Odqu:é

=1

|
J

En)) |OdqQ>:<~
| :

Since |Zz - Dq§ | is convex, using Jensen-Mercer inequality, we obtain

|Q(u7T./Y7T S )|

-1
anA un’ _Yn 1 ) i
< - B ] I H
< 1+q / 1-(1+q)ex (nzl -1 5, Dqd(ur) 0% Lo |Xt s yi1 =, Dg¥(Yr)
-1
+(1 _Q*) Zl Zn g Zn 1:7_[ Dqg \E 1>OdqQ*
.=
-1 (m
QX =1 (Ern —Yr) 2q
) I+q (1+q)? / Z T un ot =, DgS ()

q(1+4q9+9q°)
((1+q+q)(1+q3 2
q(1+39*+2¢°) It .
(gt g1+ i -2ty = PO

7'( =1 Um E -1 B Dqg(Yﬂ:)

T.=1"="

[1]

)

) |

The proof is completed. [

If we choose | = 2, then Theorem 9 reduces to the following relation:

|Q(M1, us, Yl/El)|

q*(E1 - Y1)

EL 2
[3]q[z]a ([2(1 +q)(1+q+q )](

M1+u2731 Dq‘?(ul) ‘

+

1y +iip—E Dq§(u2) ’) — [(1 + 3c.12 + 2q3)
+(1+4q+ Cf) u1+u2731Dq§(Y1) H )

Uy tup—Eq Dqg(al) ‘

7

Theorem 10. Let § : | — R be a continuous mapping. If ’ is convex and

U, _217;1:1 Ho Dqs
integrable on |, and v > 1, then
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1
G

-1 1-2
4 5 —1(Bn —Yr) 2q
Er)| < - T
|Q(u7-(_/Y7T./ 7T)| — 1 +q (1 q)z

I
x (q3 <2(1 +q)(1+q+4%) 21

[3]{1[2],7 o .
) -1 ) ’
| +49+¢) 3 |y gtz Dg§(Yr)
r=11""" = :
2 3\ O < ’ ;
+(1+34° +29 )n; 5l Azlun__zklzlan'Dqg(an,) D) .

Proof. Using the power-mean inequality in (24), we obtain

1 . 1 1-1 -1
/0 |1 - (1 + CI)Q*HZ; il 721*171 o Dq%( 2 Urg — (Q% 2 Yr + (1 - Qéé) ETL’)) ‘OdqQ*
= = To\mr=1 m=1 1 :

TT.

1 1-4
< ([ -0+ qecludgen )

-1 1

1 . 1 —
X (/O |1 - (1 +q)Q*||):£T _1un121113nADqS< Z Ur. — (Q% Z Yr + (1 - Q%)
- = : m.=1

=1 T.

1

1
Er )) |r0dqg%) . (25)
) :

As |ZL un -y B, Dq§ |" is convex, using Jensen—Mercer inequality, it follows that

1 . i -1 -
- eslip chﬁ( Y ux —(gx Y Y + (1)
= = ’ m.=1 =1

—_

g

aﬂ) odqos
: :

T.=
< E 21+ q)(1+q+9q?) i z 1 5. Dailin)|
- (1 +q+q2)(1+q)3 : . . =1 X:71.:1 uﬂ-izmzl =T q ’
) -1 . r 5 3 -1 _ r
~ At X et 2, PO Y)] (14397 429°) ) et oyt 2, Dg8(En) ] 26)

Applying the fact that fol 1 —(1+q)exlodqox =
(25), we obtain the desired result. [

2
ﬁ and substituting (26) into

If we choose | = 2, then Theorem 10 yields the following inequality:

1-1
q(E1—Y1) 2q ’
O(uy,u2,Y1,81)| < - :
| (uy, uz,Y1,E1)] T+q <(1+‘1)2

r

X ([3]qq[2]3 (2(1 +q)<1 +q+q2)( u1+u2*Equ§(l/ll) + u1+u2,51Dq§(u2) r>
7l : ;

ik

r

Uy +uy—32y Dqg(Yﬂ’ + (1 + 3(.12 + 2(13)

- [<1+4C_1+(_]2) u1+u2—Equ§(E‘1)

- Dq&

_ is convex and
=1 Un. *Zln,l:] a3

Theorem 11. Let § : | — R be a continuous mapping. If ’Zl

integrable on |, then we have
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! =
qzﬂ 1(*1'71 —Yr) 1 ! ~ ! 1 =1 r
= T+g R Rt Ll B ey [ DY REPRES RS Dg(Yx )
-1 . r ,l
Y 5wyt =, DS (Er) ] ) , (27)
kN =
where r > 1,%—#% =1,and
1—g o (1-(1+g)q"\’
! anoq( T Zq +q)g" =17
1—gq & 1+q)g"—1
Bt B SYRY A i 28)
LR =) 1+g
Proof. By applying Holder’s inequality in (24) and using the Jensen—Mercer inequality, it
follows that

|Q(M7T./Y7T./ En. )|

-1 (= 1
an;l (Er —Yr) 1 P

< _ . |P .
< TTq (/0 1 (1+q)ox] odqQae)

1 Y -1 -1
. (/0 |z;.1un_22.11571.[’95(”2_1”” (0s 3, Yr+(1-02) E”')>r°d‘.lg*>

-1 (=
q):,t,:l (\571, - er.) 1 . 1 3
= 1+q </0 1= (1+q)ex] Od‘ig*) n; £ yn -, 2, PgS(ir)

== ’_‘

_[Q* if eyt =, Dg¥(Ya) r+(1—e*);i_ll £ -yt =z, PgS(Ex) rDrodqe%
_ qu{lll(i;:] Yn)(kl)% ( il S w g1 = Da¥lin) T 141—q 1_21 £ un oyt =, Dg§(Ya) r
: 17=1
%
1in2_1 E oy Ly 2 D35 D
. qZ’nlll(iﬂq‘ ) () <ni_1 S un it s, Daflin) = 1iq ;Z_ll £ yun—xit, 2, Pg8(Yr) r

-1 B r %
i Z:1 RIS D DqS(En) ] ) '
.=

It is easy to check that
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1 1 1
ki :/0 1—(1+q)ox|Podqox = /OHq(l— (1+q)ex)Podqex + /1 (14 g)ex = 1)"odqex
B . “ m N

L1 1

= [0 - 1+ qos)odqes + [ ((1+q)ox —1)7odges
1

— [T+ @ox ~1odqes

_ 0 _ n\ P S
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This completes the proof. [

If we choose I = 2, then Theorem 11 reduces to:

|11, u2,Y1,E1)]

q(E1 — Y1)
< ﬁ(kl) (

1y ip— g Dq@(El) H ) .

r

r
+

==

_ r
Uy +uy—Eq Dq%’(Yl )

~ ~ 1
uptup—Eq Dqg(ul) Uy tup—Eq Dq&(”z) m |:

+q

3. Applications

In this section, we present some applications to special means of arbitrary positive real
numbers and give the numerical verification of our main outcomes. Furthermore, we give
the graphical analysis of our results. Now, we recall some well-known means of positive
real numbers.

For arbitrary real numbers, we consider the following means:

The arithmetic mean: A(R{,Ry) = w

&gﬂ _&TH %

(p+1)(Rp—Ry)
where pc R\ {71,0}, Ny, Ny € R, Ny # Ny,
Now, we present an application of Theorem 9 to special means.

The generalized log-mean: L,(Ry, Ry) = [

Proposition 1. Let 0 < (w3 +up —E1) < (u3 +uz —Yq),0 < g <1, then

2A(q(u1 +up — B1)%, (g + up — Y1)?) 3 L3y + v N 5,
- — T Lo|U1 T U2 — Xq, U T U —
1 +q [3]q 2

< {12(31 -Y1)
= B

(1 +9) + (1= g) (1 +u2 = 91)]) = [ (14302 +2¢%) Y1 (1 +9) + (1 = ) (w1 + 12 — ¢)|

+(1 449+ 47)[21(1+9) + (1 — ) (11 + 12 —¢1)|D-

(20 +92( +q+g)] (I (1 +q) + (1= ) (11 + w2 = g)]

Proof. The proof is obvious from Theorem 9, applied thus, §(z) = z2. O

Example 1. I[fwe take §(z) = 2> with u; = —1,up = 3,Y = 1,E = 2and g = 0.5 in Theorem 9,
then we have 0.0952 < 0.5820 . '
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Now, we provide a graphical demonstration of Theorem 9 in Figure 1. For this, we
consider §(Y) = Y2 withu; = —1,up =3,Y =1,2 =2 and q € (0,1) in Theorem 9, then

q2

I+q+q+)

2

< (-]74[8(1+q)2(1+q+q2) —2(1+3q2+2q3)(1+§1) - <1+q>(1+4‘1+‘12)]
Blal2lg

|| ——LHs

| ——RHS

0ar

fia)

06

0.4

0.2

]

0 0 02 03 0.4 s 06 07 (R 09

Figure 1. This is an image showing the comparison between left and right sides of Theorem 9.

Now, we present an application of Theorem 10 to special means.

Proposition 2. Let 0 < (u1 +uy —&q) < (u3 +uy —Y1),0 < g <1, then

2A(q(u1 +uy — 31)2, (M1 +up; — Yl)z) 3 2 =
. — - La[ur +up — Yy, ug +up — Eq]

1 +£j [3]q
gE -Y1) [ 29 q
BT <0+ﬁV> <a+q+é%u+qﬁ(ﬂ1+ﬂﬂl+ﬂ+ﬂﬁ

r

X ‘M1(1+{7) + (1 —q)(mn +u2—31)‘ + ‘u2(1+{7) + (1 —q)(u1 +uz — 1)
r

—[(1+4g+g2)]|yl(1+g)+ (1—q)(u1 + uz2 — E1)

1)

Proof. The proof is obvious from Theorem 10, applied thus, §(z) = z2. O

+(1+34% +2¢°)

Ei(1+q)+ (1 —q)(ur +uz — Eq)

Now, we check the validity of Theorem 10 through numerical example.
Example 2. If we take
§(z) =2

with up = —l,upy = 3,Y = 1,r = 2,5 = 2 and g = 0.5 In Theorem 10, then we have
0.0952 < 0.7559 . '



Symmetry 2022, 14,1925 17 of 19

Now, we give graphical demonstration of Theorem 10 in Figure 2. For this, we consider
5(z) = 22 withu; = —L,up =3,Y=1,r =2,E=2,r =2,and q € (0,1) in Theorem 10,
then '

1
2

29 \*? q
: C‘l<(1 +'9)2> <(1+q)3(1'+<_1+§12) (20 + )+ g+ 79" 29’ _4‘1_3)>

—+—LHE ]

f(a)

0 : i i i i i i
0.1 0z 03 0.4 05 & 07 0.8 08

Figure 2. This is an image showing the comparison between left and right sides of Theorem 10.

Next, we present an application of Theorem 11 to special means.
Proposition 3. Let 0 < (u3 +up —E1) < (u3 +up —Yq),0 < g <1, then

2A(9(ur + 1y —21)%, (1 +ua — Y1)?) 3 s 4y — Yo+ =)
. — LUy U — Yq,Up U2 — &

r r

qE1—Y1) 1 _
< ﬁ(kl)” X (’u1(1+g)+(1—g)(u1 +uy — )

+ |u2(1+9) + (1 - )1 + 102 — E1)

Proof. The proof is obvious from Theorem 11, applied thus, §(z) = z2. O

1 L )
_1+qHYl(l—i_’?)+(1_‘.7)(u1+”2_¢1)‘ +91E1(1+q) + (1 —q) (1 +uz — 1)

In the support of Theorem 11, we discuss a numerical example.

Example 3. If we take §(z) = z° withu; = —1,up =3,Y=1,r =p =2, =2andq = 0.5
In Theorem 11, then we have 0.0952 < 0.6542 . '

Now, we give graphical demonstration of Theorem 11 in Figure 3. For this, we
consider §(Y) = Y2 withu; = —1,up =3,Y=1,r=2,E=2,p=r=2,andq € (0,1) in

Theorem 11, then
2 3 3
q 1+4q
<q| v 10 — : .
\(1+q+q?) 1+q

q
(1+q)(1+q+g¢?)
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—— | HS
—+—RHS

f(a)

0 : | i i i i i
0.1 0z 03 0.4 0.4a 0.6 07 0.8 09

Figure 3. This is an image showing the comparison between left and right sides of Theorem 11.

4. Conclusions

In this article, we analyzed the q-H.H.].M type inequalities via majorized I-tuples.
Moreover, we established some right estimation type results regarding the q-H.H.J.M
inequality. In the later sections, we presented some applications to means, numerical
examples, and graphical illustrations. In the future, we will extend some other well-known
inequalities such as the Simpson-Mercer-type inequalities and the Ostrowski-Mercer-type
inequalities through generalized quantum integrals. We expect that the combined study
of the theory of majorization and q calculus will open a new venue for further research in
this field. '
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