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Abstract: In both pure and applied mathematics, convex functions are used in many different
problems. They are crucial to investigate both linear and non-linear programming issues. Since a
convex function is one whose epigraph is a convex set, the theory of convex functions falls under
the umbrella of convexity. However, it is a significant theory that affects practically all areas of
mathematics. In this paper, we introduce the notions of (g, 1)-convexity or convexity with respect to
a pair of functions on co-ordinates and discuss its fundamental properties. Moreover, we establish
some novel Hermite-Hadamard- and Ostrowski-type inequalities for newly introduced co-ordinated
convexity. Additionally, it is presented that the newly introduced notion of the convexity and
given inequalities are generalizations of existing studies in the literature. Lastly, we look at various
mathematical examples and graphs to confirm the validity of the newly found inequalities.

Keywords: Hermite-Hadamard inequality; Ostrowski inequalities; convex functions; co-ordinated
convex function

MSC: 26D10; 26D15; 26 A51; 26B25

1. Introduction

In different branches of mathematical analysis, inequalities play a fundamental role in
proving many famous theorems. Additionally, in recent years, such inequalities have been
used in most papers discussing fractional mathematical models, fractional boundary value
problems, etc. The application of some of them can be found in numerous articles, includ-
ing [1-11]. These applications show the importance of study on different generalizations of
inequalities.

Throughout this paper, we let I = [0, p] C Rand A := [, p] x [¢,d] € R2. The Hermite—
Hadamard inequality is a fudamental inequality which is presented as: if / : I — R is a convex
function, then

octp G F(o)+F(p)
— ) < < — .
F( > >_p—U/UF(%)d%_ 3 1)
The double inequality (1) was discussed by Hermite [12] in 1883, and ten years later
in 1893, it was proved by Hadamard [13].
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Another famous inequality is the Ostrowski inequality, which was established by Os-
trowski [14] in 1938.

Theorem 1. Let [ : I — R be differentiable on 1° (interior of I) with a bounded derivative, that is,
[F [0 3= SUP e (g ) |F ' (3¢)| < co. Then, we have

1 o
- — dx| <
re- o [Nr e <

Lt
1+Qp_521@—anfmw @

for all 3 € 1. The constant § is the best possible.

The inequality (2) can be rewritten in the equivalent form

(e =0+ (0= 2]
e U

1 P
- ds| <
re- o [Mre e <

The Hermite-Hadamard inequality and Ostrowski inequality have been extensively
studied by a number of researchers; see [15-20] and the references therein.
In 2001, S. S. Dragomir defined a new concept of a co-ordinated convex function.

Definition 1 ([21]). F : A — R s a co-ordinated convex map, if
Fr:lgdl2v—=F(gv)eR & Foilo,pldu—F(u,9) €R, 3)
are convex (¥ 2 € (0,p),Vv € (g, d)).
A formal equivalent definition of such functions can be stated as the following:
Definition 2 ([21]). F : A — R is co-ordinated convex if

F G+ (1=0z A+ (1 =MNw) <A (55,7) +E(1 = A)F (>,w)

4
A-OM N+ A=A -V o),
VEA€[0,1]andV (5,7),(z,w) € A.

He also presented the following version of Hermite-Hadamard-type inequalities for
the aforesaid functions:

Theorem 2 ([21]). If F : A — Ris a co-ordinated convex function, then
oc+p ¢g+d 1 o c+d 1 4, [(oc+p
L - < |l
F<2,2>_{ = 2d+d_gng2,7d7
1
<— %
S PR ICES JESEF () dydse

i[ L ([0 () ot [ F () d) ®

d
+o— g( (o) dy+ | F(m)dv)]
1
< 7P (00) +Flpg) + F(od)+F(p,d)].
In relation to the convex functions on co-ordinates, Latif et al. [22] presented the
following Ostrowski-type inequality in 2010:
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Theorem 3 ([22]). Let F : A — R be a function with the twice-partial differentiability property

02

on A° and a;;gg be continuous and integrable on A. When ‘ a

’a?ylag(% 'Y)‘ <M, (5,7) €A, then

'g z is co-ordinated convex on A and

’F(%,'y)Jr@_U)l(d_g)/:/ng(u,v) dy d@A’

(x—0)2+ (p— )] [(y—¢)*+ (d—7)?
SM[ 20—0) }{ 2o | ©

where p
1 1 9
Ao = 2 [ roydos [ ;
Gem) = g | Feeoy ot = [ ) du )

Theorem 4 ([22]). Let F : A — R be a function with the twice—partiul differentiability property

q. .
on A°, and let aa 5@ be continuous and integrable on A. When ‘ ayo| co-ordinated convex on

A, whereq>1wzth +1*1 and‘a 57 %,7)’§M,( »,7) € A, then

F(30,7) + (pa)l(dg)/:/:/f(u,v) dv du—A‘

M F%—wkup—mq [w—gﬁ+w—vﬂ
S Wrp o=

where A is defined as in (7).

Theorem 5 ([22]) Let [ : A — R be a function with the twice—partial differentiability property

q. .
on A°, and let 2 oz be continuous and integrable on A. When a a{;’ is co-ordinated convex on

A, whereq>1and’a 5 %'y)‘SM,( »,7) € A, then

‘F(%,7)+(p_a)1(d_g>/;/:,f(u,v) dv du—A’
< 124[(%—0);:(79—%)2} [(W—Q)Ztéd—v)z _—

where A is defined as in (7).

In [23], B. Samet introduced a new class of convex functions with respect to a pair of
functions, which is defined as:

Definition 3. Let g, h : I — R be two mappings. A mapping F : I — Ris called (g, h) convex if
the following inequality holds for M(s¢,y) = g(s¢)h(7y) + g(v)h(¢)

F (Gt (1-8)7) < EF () + (1= 0)°F (1) + (1 - OM(,7), (10)
forall ¢ € [0,1] and 3, € L.

Remark 1. Ifg,h: I C R — [0,00) are two convex mappings, then F = gh is (g, h)-convex
mapping.

B. Samet also established a Hermite-Hadamard inequality (double inequality) for
newly class of convex functions with respect to a pair of functions, presented as:
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Theorem 6 ([23]). Let f : I — R be a (g, h)-convex function over I with g,h : I — R. If
F € LY(I)and g,h € L2(1), then

”«??)_ﬁzﬁgw+p—mmzw%
- 2F<%) B p%tf f;g(%)h(U'JrP — »)dx a
< A [T (eydse

IN

Remark 2. In Theorem 6, if weset § = [ and h = 1orh = F and g = 1, then inequality (11)
becomes the inequality (1).

After that, Ali et al. [24] and Xie et al. [25] used the (g, h)-convexity and established
the following fractional Hermite-Hadamard-type inequality.

Theorem 7 ([24,25]). Consider | : I — R as a (g, h)-convex function on I with g,h : I — R. If
F € LYI)and g,h € L2(I), then

2 (52 - 3k 1000 + - 000)]

2(p—0)*
IFa+1) 7., .
S e VA ORD A
Flo)+F(p)] = 2 o
= 2 L‘—I—Z a2+3a+2] + a2+3a+2M(a’p)’ (12)

o (732) - Frer [ra(5) pre(5)

2T+ , (0+P\ o, (0tP
= oo [”+F<z)+“(zﬂ
. [F@+r@l+1) | Mop)
= 2(x +2) 2(w+2)

and
221 (a+1) | 74 "
2 (52) - 2 |18, 000) + 18, _Q0)

2017 (g 41 "
e, )+ I 0] 1)

IN

F(o)+F +3 M(o, 3
gl st ], Mo

where O (3c) = g(s)h(0 + p — ).

For more results on Simpson- and Ostrowski-type inequalities via (g, /1)-convexity,
one can consult [23-25].

Motivated by the above literature, we conduct an anlaysis on some new generaliza-
tions of Hermite-Hadamard and Ostrowski type inequalities via the co-ordinated convex
functions by defining a new notion of co-ordinated (g, /1)-convexity or convexity with
respect to a pair of functions. It is also shown that the newly established inequalities and
class of convex functions are generalizations of the existing results in the literature.

A description of the paper is as follows: in Section 2, the notion of co-ordinated
(g, h)-convexity is introduced. We also prove some of its important properties and give
an example of a co-ordinated (g, h)-convex function. In Section 3, we establish some
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Hermite—-Hadamard-type inequalities for co-ordinated (g, /1)-convex functions. In Section 4,
we derive some new Ostrowski-type inequalities under the differentiable (g, i)-convexity.
The examples showing the consistency of newly discussed inequalities are in Section 5.
Section 6 concludes our work briefly.

2. Co-Ordinated (g, h)-Convex Functions

In this section, we introduce a new concept of the co-ordinated (g, #)-convex function,
and then some of its properties are proved. We also give an example of a co-ordinated
(g, h)-convex function at the end of the section.

Definition 4. Let g,h : A — R be two given functions. A function [ : A — R is called
co-ordinated (g, h)-convex, if

F(&x+ (1 =8z ny+ (1 —n)w) <E0F (5,7) + (1 —1)F (3, w)
+ (1 =8)%77F (z,7) + (1= &)*(1—n)F (z,w) + &1 — )M (32,7, w)
+&n(1=8)(1 =) Ma(3¢,z,7,w) + &> (1 = E)Ms (3,2, 7) + En(1 = &) (1 — 1) My (3¢, 2,7, w)

+E(1-8)(1—1)*Ms(5¢,z,w) + (1 — &)*(1 — ) Me(z,7,w),

e My (3¢, v, w) = h(se,w)g (5, 7) + h(>,7)8 (55, w),
Ma(>,2,7,w) = h(s,w)g(z,7) + h(z,7)8 (3, w),
Ms(>,2,7) = h(>,7)8(z,7) + h(z,7)8(>,7),
My (52,z,7,w) = h(>,7)8(z,w) + h(z,w)g (5, 7),
Ms (5, z,w) = h(3,w)g(z,w) + h(z, w)g (>, w),
and

Me(z,7,w) = h(z,7)8(z,w) + h(z,w)g(z, 7),
forall &, €10,1], 3,z € [0, p] and v, w € [g,d].

Some properties of co-ordinated (g, h)-convexity are proved as follows:

Proposition 1. Let g, h : A — R be two given functions. Then, we have that

(i) F is co-ordinated (g, h)-convex if F is co-ordinated (h, g)-convex.

(ii) If F is co-ordinated (g, h)-convex, then [ is co-ordinated (c=1g, oh)-convex for all ¢ € R,
o #0.

(iti) If F,F are co-ordinated (g, h)-convex, in this case, F + F is co-ordinated (2g, h)-convex and
co-ordinated (g, 2h)-convex.

(iv) If F is co-ordinated (g, h)-convex, then o is co-ordinated (cg, h)-convex and co-ordinated
(g, oh)-convex for all ¢ > 0.

(v)  Let F be co-ordinated (g, h)-convex, F > 0and (¢ > 0,h < 0)or (§ <0,h > 0). Then F
is co-ordinated convex.

(vi) If F is co-ordinated (g, h)-convex and F are co-ordinated (g,h)-convex, then f + F is
co-ordinated (g, h + h)-convex.

(vii) If F is co-ordinated (g, h)-convex and F are co-ordinated (g, h)-convex, then F + F is
co-ordinated (g + g, h)-convex.

(viii) If F is co-ordinated (g, h)-convex, then
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<%+z 'y+w> <F(%,7)+F(%,w)+F(Z,'7)+F(Z,ZU)
2 7 2 - 16

LM 106, 7, w) + Mo (5,2, 7, w) + Ms(5,2,7) + Ma (36,2, 7, w) + M5 (3¢,2,w) + M (2,7, w)
16

forall 32,z € [o,p] and v, w € [g,d].

Proof. (i) Itis immediately true by Definition 4.
(i) We simply consider that

h(3,w)8(34,7) + (3, 7)3(32,w) = (ch(3,0)) (¢7'8(22,7) ) + (eh(34,7)) ('8 (4 w)),
h(s2,w)g(2,7) + h(z,7)8 (5, w) = (0h(4,0)) (07 '8(z,7) ) + (oh(z,7)) (078 (2, w))
B4, )8 (2,7) + bz )24, 7) = (7)) (07 18(2,7)) + (@h(z. 1) (0 84 7)),
h(2,7)8(2,) + h(z, w)g(34,7) = (0h(,7)) (07 gz w)) + (oh(zw)) (784 7))
W3, w)3(z,w) + h(z,w)g(,w) = (ch(3,w)) (c7'8(z w) ) + (eh(z,w)) (¢, ) )

and

h(z,7)3(z,w) + h(z,w)g(2,7) = (0h(z,7)) (07" g(z,w) ) + (eh(z,w)) (07 g(z,7))-

(iii) Since F, F are co-ordinated (g, h)-convex, we have
F (& +(1 =8z ny+ (1 —nw) < EPF (55,7) + 31 —n)*F (5,w)
+(1 =7 (z,9) + (1 =821 —n)*F (z,w)
+8 (1= )My (55,7, w) +§n(1 = &) (1 — ) Ma(, 2,7, w) (14)
+En* (1= &)Ms(%,2,7) +&n(1 = &)(1 — ) Ma(5, 2,7, w)
+E(1 =) (1 —1)*Ms(3¢,z,w) +1(1 = §)*(1 — 1) Ms(z, 7, w),
and
F(Ex +(1 =8z ny+ (1 —nw) < En’F (55,7) + (1 — 1)’ (%,w)
+(1 =8 ?F (z,7) + (1= 8)*(1 = )*F (z,w)
+82 (1 =) M1 (32,7, w) + (1= §) (1 — ) Ma(5,2,7,w) (15)
+8n* (1= &) Ma(%,2,7) +&n(1 = &) (1 — ) Ma(3, 2,7, w)
+8(1=8) (1 —1)*Ms (55,2, w) +1(1 = §)*(1 — 1) Ms(z, 7, w),
forall ¢, € [0,1], »,z € [o,p] and v, w € [g,d]. Adding (14) and (15), we obtain
(F+F)(@&x+ 1=z ny+ A —nw) <Ep*(F +F) (6 7) + 81 —n)*(F +F)(,w)
+ A= (F+F)(z7)+ 0 =8*A=n)*(F +F)(zw)
+28% (1 = )My (52,7, w) + 287 (1 — &) (1 — ) M2 (52,2, 7, w)
+ 26772(1 - ‘:)M?)(%/ Z, ’7) + 2(:77(1 - é’)(l - W)M4(%/ Z, Y, w)

+28(1 = 8)(1 = 1) Ms (52,2, w) + 27(1 = §)*(1 = 1) Mg (2,7, w),
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which means that f + F is co-ordinated (2g, h)-convex and co-ordinated (g, 2h)-convex.

(iv) Let F be co-ordinated (g, /1)-convex. In this case, multiplying (14) by o > 0 yields

(@) (G + (1 =)z + (L =n)w) < &p*(ah ) (57) + (1 —n)*(cF) (32,w)

+ (1= (e )(z7) + (1= —n)(cF )(zw)
+ (1= n)oM; (36,7, w) + En(1 = &) (1 — )oMy (52, 2,7, w)
+ &7 (1= 8)oMs(5,2,7) + En(1 — &) (1 — 7)o My(32,2, v, w)

+¢(1=8) (1 —m)?oMs(3¢,z,w) +1(1 = §)*(1 =)o Ms(z,7,w),

which shows that o/ is co-ordinated (g, 1)-convex and co-ordinated (g, ch)-convex.

(v) Let F > 0 be co-ordinated (g, h)-convex, where ¢ > 0 and & < 0. Then, for all
¢&,nel01],sxze€lo,pand v,w € [g,d], we have

F(Ex+ 1=z ny+ (1 —nw) <7 (559) + 81 —1)2F (Ge,w)+ (1= 8%7°F (27)
+ (=821 =) (zw) + &1 — )M (5,7, w)
+En(1=8) (1 =) Ma(35,2,7,w) +§n*(1 = §)Ms(,2,7)
+8n(1=8) (1 = )My (35,2, 7,w) + &(1 = §) (1 = )*Ms (5, 2,w)
+1(1=§)*(1 = 17)Ms(z,7,w)

<Gnt (o) + S =mF Grw) + (A =0nf (z9)+ A =5 A —n)f (zw),

which shows that /- is co-ordinated convex. This holds similarly in the case of ¢ < 0 and

h>0.

(vi) If F is co-ordinated (g, /)-convex and F are co-ordinated (g, h)-convex, we may write

F (&

where

+(1 =z + 1 —n)w) < EnPF (%,7) + (1 —n)2F (5,w)

+(1 =822 F (z,7) + (1 =) (1 = n)*F (z,w) + &y (1 — )My (52,7, w)

+8n(1 = &) (1 = n)Ma(,2,7,w) + &n*(1 = §)Ms(5,2,7) (16)
+En(1=8) (1 = n)Ma(5,2,7,w) + (1 = &) (1 = 1)*Ms (5,2, w)

+1(1=)*(1 — ) Me(z,7,w),

+(1 =8z ny + (1 —n)w) < EyPF (5,7) + (1= 1)°F (3, w)

+(1=8)7°F (z,9) + (1= §)*(1 = )*F (z,w) + & (1 — )My (52,7, w)

+8n(1 =&)X —n)Ms(5,2,7,w) +&n*(1 — §) Mo (5,2,7) (17)
+n(1 =) (1 = n)Mio(3,2,7,w) +§(1 = &) (1 = 7)*Mu1 (3,2, w)

+17(1 = &)*(1 = ) Maa(z, 7, w),

M; (5, 7,w) = h(s,w)g(3,7) + h(3,7)8(3,w),
Mg (5,2,7,w) = h(s,w)8(z,7) + h(z,7)g (>, w),

Mo (,2,7) = h(>,7)8(z,7) + h(z,7)8(>,7),
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Mio(¢,2,7,w) = h(3¢,7)8(z,w) + h(z,w)g(5,7),
M1 (5¢,z,w) = h(s,w)g(z,w) + h(z, w)g(s,w),

and
Mi(z,7,w) = h(z,7)g(z,w) + h(z,w)g(z,7),

forall ¢,n € [0,1], 55,z € [o,p] and 7, w € [g,d]. Adding (16) and (17), we obtain that
F +F is co-ordinated (g, h + h)-convex.

(vii) The proof is similar to that of (vi).
(viii) Taking § = = % in (14), the desired inequality is obtained.
O

Proposition 2. Let [ : A — R be a co-ordinated convex function. Then, | is co-ordinated
(F,1gxR)-convex.

Proof. Let ¢, i € [0,1], 5,z € [0, p] and 7, w € [g,d]. By the co-ordinated convexity of f,
we write

F G+ (1=0)zny+ (1-n)w)
<k (o) + 8 =n)F (3e,0) + (1 =)k (z,7) + (1= 8) (1= n)F (z,w)
=0°F (o, 1) + (A= n)?F (rw) + (1=80°F (2,7) + (1= 8)*(1 = 1)*F (z,w)
+ (=) (F (57) + F (55,w)) +En(1= &) (1 =) (F (2,7) + F (3,w))
+EPA=)(F (27) +F (67) +&n(1 =8 (A = n)(F (z,w) +F (5,7))
+EA =)A= (F (zw) + F (5w) + (1 =8> = n)(F (z,w0) + F (2,7))
=CPF (5, 7) + (A=) F Gew) + (1= F (z,7) + (1= 8)*(1 = n)*F (z,w)
+87(1 =) (Irxr (55, W)F (52,7) + 1rxr (55, 1) F (35,w))
+8n1(1=8)(1 = 1) (Irxr (35, w)F (2,7) + Irxr (2, 7)F (3, w))
+ 577 (1=8) (Arur (4 VF (2,7) + 1rxr (2, MF (55,7))
+¢n(1=2)(1 = n)(Arxr (36, 7)F (z,w) + Irxr (2, W)F (52,7))
+E(1 =) (1= (Irxr (5 W)F (2,w) + 1pxr(z, @) F (35,w))
+17(1=8)2(1 = 1) (rxr (2, 1)F (2,0) + 1rxr(2,0)F (2,7)),
which proves that f is co-ordinated (f, 1g g )-convex. [J

Proposition 3. Let g,h : A — R be two co-ordinated convex functions. Then, I = gh is
co-ordinated (g, h)-convex.

Proof. Let ¢, € [0,1], 5,z € [0, p] and 7y, w € [g,d]. Since g, h : /A — R are two functions
with the co-ordinated convexity property, we have

F(Gx+(1=8)zny+ (1-n)w)
=g(@x+ (1 =)z ny+ A —n)wh(Gx+ (1-¢)z,ny+ (1 —n)w)
< [Eng(oe,v) +¢(1 —1)g(2,w) + (1 = &)ng(z,v) + (1 = &) (1 —17)g(z,w)]
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x [Gnh(se,v) + 81— )h(e,w) + (1= &)nh(z,v) + (1= ¢)(1 = n)h(z, w)]

=807F (o) + (1= n)F (ew) + (1=8)n*F (z,7) + (1 =) (1= n)*F (z,w)
+ (1 — )M (56,7, w) + (1= §) (1= 1) Ma (5,2, 7,w) + &7 (1 = §)Ms(5,2,7)
+8n(1=8)(1 = )My (5,2, 7,w) +&(1 = §) (1 = 1)*Ms (52, 2, w)
+17(1=8)2(1 = 1)Ms(z,7,w).

This gurantees that / is co-ordinated (g, )-convex. [

Example 1. Let f : [0,1]% — R be a function as
FGeay) =nye ™7
Consider the functions g, h : [0,1] x [0,1] — R defined by
§(se,7) =2,

and
h(se,v) =e 7.

Since g, h are non-negative co-ordinated convex functions, by Proposition 3, F = ghisa
co-ordinated (g, h)-convex function.

3. Hermite-Hadamard-Type Inequalities

Now, we here derive some new Hermite-Hadamard-type inequalities for co-ordinated
(g, h)-convex functions. We also show that our results can be reduced to previous work.

Theorem 8. Let ' : A — R be a function with the co-ordinated (g, h)-convexity on A. If
F € LY(A) and g,h € L%(A), then the following Hermite~Hadamard-type inequalities are
formulated as

d
ar (52, 5) — g S 8 Ge g +d— 1) + 8o +p - 57)
+g(c+p—s,¢c+d—y)]dyds

s(p(,(d Qﬂf F(2,7) dy dsx (18)
< HF(U’Q) +F (o, d)+F(o¢)+F(pd)+ K(W;,d)JrP(p,g/d)+2M(0,p/9)+0(mprd)
+ (mp,g,d)zN C22) } )
where
K(o,¢,d) = h(o,d)g(o,¢) + h(o,¢)g(v,d),
L(o,p,6,d) = h(o,d)g(p,c) + h(p,c)g(o, d),
M(a,p,6) = h(o,6)8(p. ) + hp,¢)8(e, ),
N(c,p,6,d) =h(o,¢)g(p,d) +h(p,d)g(c,c),
O(o,p,d) = h(o,d)g(p,d) + h(p,d)g(c,d),

and

P(p,c,d) = h(p,6)g(p,d) + h(p,d)g(p, c)-
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Proof. Let

u(§) =%+ (1-¢)p, ua(g) =(1-¢)o+gp,
v1(7) =nc+ 1 —n)d, va2(n)=1—-n)g+nd,

for &, n € [0,1].
By the co-ordinated (g, h)-convexity of F on [, p] x [g,d], we have

16F(%,€T) _ 16F(Hl(5)'§u2(§) Ul(’?)JZFUZ(Vi))
( ¢),01(1)) + F (u1(8),02(17)) + F (u2(8),01(17)) + F (u2(8), v2(17))

1(
(19)
My (u1(8),01(n),02(n)) + Ma(u1(8), u2(8), 01(n),02(17)) + Ma(u1(8), u2(¢), v1 (1))
My (u1(6), u2(8),01(1),02(17)) + Ms(u1(§), u2(8), 02(17)) + Me(u2(Z), 01(17), v2(17)).
Integrating both sides of (19) over [0, 1] x [0, 1] with respect to ¢ and 7, we obtain
161 (Tp,%) < o Jo F(ua(@),0100)) + F (12(8), 02() + F (2(8), 01.(1))
+F (42(8),02(17)) + My (u1(8), v1(17), 02(7)) + Ma(1(8), u2(8), v1(n), 02(17)) 20)
+Ms(u1(8), u2(8), 01(n)) + Ma(ur(8), u2(8), v1(17),v2(17))
+Ms(u1(8), u2(8),02(n)) + Mo (u2(5), 01(n),v2(17)) dy dg.
We consider
/ / (u1(8),v1(17)) dyy dg = / / (Go+ 1 —=28)p, g+ (1 —1n)d) dy dg
= Geaag | [ T
1 1
= [ [ F @), 0al)) dy e
= [ [ 1 (@)1 e
1 41
= [ [ F @), 020) i .
Moreover, we have
/ /M1 u1(¢),v1(n),v2(1n)) dn dg = / / (u1(8),v2(n))g(u1(S),v1(n)) dy dg
[ hn(@), 210 (@), o2 iy
—/ / o+ =0)p, (L =n)s+nd)g(Ge+ (1=E)p,ng + (1 —n)d) dy dg

+/0 /O h(Go+ (1 —=8)p, g+ (1 —n)d)g(Go+ (1= &)p, (1 —n)g +nd) dy dg

= (pg)z(dg)/:/:h(%rv)g(%,ﬁd—y) dy dse.

Similarly, we get



Mathematics 2022, 10, 3469

11 of 24

/01 /01 M (u1(8), u2(¢),v1(1),v2(n)) dn dé = (p(T)ZH /p /gdh(%,'y)g(a—f—p — s, c+d—7)dydz,

[ Mstn @@, ande = 2 [ [ HGamglo s s ki) v
[ M@ 2@ ooty i e = s [ [ Hmate o d ) dy
[ Mst @@ oty dyde = s [ [hGamigto s p ) iy,
and
/01 /01 Ms (u2(8), 01(17), 02(17)) dyy d& = (p_U)z(d_g)/: /gdh(%,'y)g(%,g+d_7) doy doe

Thus, (20) becomes

4F(U;p,g§d) < (p_a)l(d_g) /:/ng(%w) dy dse

1 pord
Y omaa=g b | e mlstagtd—m)

+glo+p—s7)+glc+p—c+d—7)] dyds

Therefore, the first inequality of (18) is proven.
Since F is co-ordinated (g, 1)-convex on |7, p| X [¢,d], we have

F(Go+(1—-2¢)pns+ (1—n)d)

< EnPF(0,¢) + (A —=n)?F (0,d) + (1= 8)*F (p,6) + (1= 8)*(1 —n)*F (p,d)
+82(1—n)Mi(o,6,d) + (1 — &) (1 —n)Ma(o,p,6,d) + §n*(1 — §)Ms(o, o, 6)
+8n(1=¢)(1 —n)Ma(,p,6,d) +&(1 =) (1 —1)*Ms (0, p,d) +1(1 = &)*(1 — 1) Me(p, 6, d)

=& (0,6) + (1 —n)?F (0,d) + (1= 8)*7F (0,6) + (1= 8)*(1 —n)*F (p,d)
+8*(1—n)K(o,6,d) +&n(1 = &) (1 —n)L(e,p,6,d) +En*(1 — §)M(c, 0,6)
+&n(1—=8)(1 = n)N(e,0,6,d) +&(1— &) (1 —1n)*O(c,0,d) +1(1 = §)*(1 =) P(p,¢,d),

FEo+(1—=¢)p, (1—1n)¢+nd)
< &nPF (o, d) + (1 —n)?F (0,6) + (1= 8)n7F (0,d) + (1 —8)*(1 = 1)%F (p,6)
+3n(1—n)Mi(e,d,¢) +En(1 =) (1 —n)Ma(e,p,d,6) +&n*(1 — &) Ms(0, p,d)
+En(1=8) (1 —n)Ma(o,0,d,6) + (1= &) (1 —1)*Ms(0,p,6) +1(1 —&)*(1 — 1) Me(p, d, 6)
=30 (0,d) + 31 =) (0,6) + (1 =87 (o,d) + (1= 8)*(1 = 1)*F (o,6)
+&n(1 = n)K(o,6,d) +&n(1 =) (1 —n)N(c,0,6,d) +n*(1 - §)O(e, p,4)
+en(1 =) (1 =n)L(e,p,6,d) + (1 =) (1 —n)*M(0,p,6) +1(1 = &)*(1 —1n)P(p,6,4),

(21)

(22)
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F(Q=¢)o+Zp,ng+ (1—1)d)
< &nPF(0,6) + 8 =n)F (o,d) + (1= &)*n*F (0,6) + (1 —§)*(1 = n)*F (0,4d)

+3n(1—n)Mi(p, 6 d) +&n(1 = &) (1 —n)Ma(p,0,6,d) + (1 — &) Ms(p,0,6)

+8n(1 =) (1 = n)Ma(p,0,6,d) + (1= &) (1 —1)*Ms(p,0,d) +1(1 = ¢)*(1 — 1) Me(0, 6, d) (23)
=30 (0,6) + & (1 =m)2F (0, d) + (1 =&)*nF (0,6) + (1= §)*(1 = )*F (0,4d)

+&2n(1—n)P(p,6,d) +&n(1 = &) (1 —n)N(e,p,6,d) +En*(1 = §)M(o,p,6)

+n(1 =) (1 —n)L(e,p,6,d) + (1 —§) (1 —1)*0(0,p,d) +1(1—=§)*(1 —)K(e, ¢, d),

and

F(1—=¢)o+2p, (1 —n)g+nd)
< &nPF (o, d) + (1 =n)2F (0,6) + (1 =8)*n?F (o, d) + (1= 8)*(1 —1)*F (0,6)

+8n(1 =)Mo, d,6) +En(1—&) (1 —n)Ma(p, 0, d, ¢) + & (1 — &) Ms(p, 0, d)

+en(1 =) (1 = n)Ma(p,0,d,¢) + (1 =) (1 —1)*Ms(p,0,6) + (1 —&)*(1 — 1) Ms(0,d, c) (24)
=&7F (0,d) + (1 —1)*F (0,6) + (1= &)*n*F (o,d) + (1= §)*(1 = n)*F (0,¢)

+8(1—n)P(p,6,d) +&n(1 = &) (1 —n)L(e,p,6,d) +En*(1 = §)O(o, p,d)

+En(1=8) (1 =n)N(e,p,6,d) +&(1 =) (1 —n)*M(e,p,6) +1(1—§)*(1 - )K(o,¢,4d).

Combining (21)—(24), we get

FGo+(1=¢)png+ (1—n)d)+F(So+ (1—=E)p, (1—n)g+nd)
+F (1 =8o+¢p,ng+ (1 —n)d)+F((1—¢)o+Sp, (1 —n)c+nd)
< (1-28+28%)(1 =2y +2n7)[F (0,6) + F (o, d) + F (p,6) + F (p,d)]
+25(1 = 1)(1 = 2¢ +28%)[K(0, ¢, d) + P(p, ¢, d)]
+26(1 = ¢)(1 -2 +21*)[M(c, p, ) + O(c, p, d)]
+4¢n(1—¢)(1 — 1) [K(e, 6, d) + P(p, ¢, d)].

Integrating both sides of (25) over [0, 1] x [0, 1] with respect to ¢ and 7, we obtain

(25)

4 prd 1,1
m/, /g F ) d’Vd”:/O /0 F(Go+(1—¢)p, g+ (1—n)d) dy dg
+/ / Fo+(1=3)p,(1=n)g+yd) dy dg
+//F((1—5)0+6p,17g+(1—17)d)dng

+// (T=8)o+¢p, (1 —n)g +nd) dy dg

< [F(og) +F (o d)+F(p,6)+F(pd)]
x/1/1(1—25+2§2)(1—2 +2y?) dy dE
] n+21%) dy

K6 )+ Plo,ca)] [ [ an0- )0 -26+22) iy dg
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1 r1
+ [M(0,0,6) +0(@p,d)] [ [ 26(1=8)(1 29+ 2% diy d

1 ,1
+K@,6d) + P, d)] [ [ 4zn( -1 —y) dyaz

@\Hk

1 (0,6) + 1 (0,d) + £ (p,6) + 1 (p.d)] + 2 [K(0,6,d) + Plp, )

1
M(a,p,6) +0(0,p,d)] + 5 [K(v,¢,d) + Pp,6,d)].
Multiplying the above inequality by %, the second inequality of (18) is derived. O

Remark 3. If we consider h(s,7y) = F (5,7y) and g(5¢,y) = 1, then the inequalities (18) reduces
to the inequalities

o+p ¢g+d 1 o rd Fo,¢)+F(o,d)+F (o) +F (p,d)
F( 2 7 2 )S(p—a)(d—g /(;/QF(%/'Y)d’yd%S : '

This inequality is presented in Theorem 2.

4. Ostrowski-Type Inequalities

In this position, we derive some new Ostrowski-type inequalities for (g, 1)-convex
functions. To establish the inequalities of the current section, we receive help from a lemma.

Lemma 1 ([22]). Let f : A — R be a twice-partial differentiable function on A°. If
L(A), then

oy -

F(%,’)’) +Wfpdeuv)dvdqu

(p (7 d g fO fO agaz €%+(1_€)0r777+(1_77)€) d77 dé’

_ (e—0)?(d—7)? U)ZE z))z fo fo & 8@'3 —=—F (Gx+ (1 =8o,ny+ (1 —n)d)dyds (26)
—% Jo Jo &n aga F (&4 (1= 8pny + (1=1n)g) dy dg
+8 EZ W) faan aga F &+ (=8, ny+ (1—n)d) dy dg,

forall (5¢,7) € A, where A is defined in (7).

Pr
a¢ on

Theorem 9. Under the assumptions of Lemma 1, if is co-ordinated (g, h)-convex on /\, then

d
‘F(%’ 7+ (P—U)l(d—f;) ff fg F(u,0) dvdu — A‘ = 144(p—(17)(d—g)
) ) aZ 82 82 2

+3K(s2,7,¢) + L(5,0,7,¢) +3M(s,0,7) + N(5,0,7,¢) + O(3,0,6) + P(0,7,6)]

(27)

, T @ 2 2 2
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+3K(5,v,d) + L(5,0,7,d) +3M(3,0,7v) + N(3¢,0,7,d) + O(s¢,0,d) + P(c,7,d)]

(| 92 ke 9 2
o =52 (1 =€) 9| 555, F G )| 43| 555, F (46)| 43555, F ()| + | 575, F (0:0)
+3K(54,7,6) + L(5,0,7,6) +3M(5,0,7) + N(5,0,7,6) + O(3,p,6) + P(p,7,6)]

[ 9?2 P P k2
o= ) (d =09 555, F G| 43| 575, F (o d)| +3| 525 F o) + |55, F (0,d)

+ 3K (5, 7,d) + L(5,0,7,¢) + 3M(3¢,p,7) + N(>,p,7,d) + O(>,p,d) + P(p, v,d)]},
where A is defined as in (7), and K, L, M, N, O, P are defined as in Theorem 8.

Proof. The conclusion of Lemma 1 yields

r (%/’7)+mf(ffng(u,v) dodu— A
2 2
< R I I e |53t (Ee (1= 0+ (1)) di d¢
e—0)2(d—7)? 0?
T o Jo o | gyt Gt (A= Qamy+ (1 n)d)\ dry dg (28)
2 2
ez b el (1 [y aganF(C%Jr(1—C)pfm+(1—f7)g)‘dndé‘
aZ
U [ | (€ (L= o+ (1= o))y .
By the co-ordinated (g, h)-convexity of Kl , we obtain
g a1
11 0?
Il agaﬂF(C%Jr(1—6)0,177+(1—17)9)‘dndé
< Jy fo & [52172 ag—aw, >\ +(1—y)? ag—amg)]
2
+&n (1= )Mi1(3,7,6) +&n(1 = &)(1 — ) Ma(5, 0, %g)
+E(1 = §)Ms (56,0,7) + E1(1 = §) (1 = 1) Ma (5,0,7,¢) @)
+8(1=8) (1= 1)*Ms(3,0,6) +1(1 = ©)*(1 = 1)Me(0,7,6)] d d¢
82 82
= 1|3z ag’ ’+48‘a§a F ’+48‘a§a a ’7>’+ﬁ’WF(”’Q)
+%K(%/'Yf€) 14114L(%/a ’)’rg) + RM(%IO'/'Y)

+1g N2, 0,7,¢) + 1500, 0,6) + 17 P(0,7,6).
Similarly, we have

2

f()l fOl (:77 ‘BC 317

2

<L
- 68@8

<m>\+418

2

UF(%'d)’ + &

o
a¢ oy

F(Grx+(1=E)o,ny+(1- U)d)‘ dn dg

2

F(U,’r)’ .

o
a¢ oy

2

F (o,

)
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—l—%K(%, v,d) + ﬁL(%,(T, v,d) + %M(%, a,7)
+1}L—4N(%,U,'y,d) + 1440(% o,d) + 144P(U v,d),

2

d
TR on st @t (= oy + (1)) dy
2 82
3oy sgat )|+
+5K (%,'r,g)JrﬁL(%p,%gH%M(%’pw)

2

K 1 2

d
— Lﬁ WF(Pr Q)‘ (31)

(%ﬂ)’ﬂlg

+ 15N CG0,7,6) + 1550054,0,6) + 152 P(0, 1, 6),

and

82
Jo o &n ’WF(§%+ (1=3pe,ny+ (11— W)d)‘ dn dg
2

2
A 1
5 aﬂF(p,v)‘ + 1

92 2
wF(PI d) ‘ (32)

1
aéaqF(”’w‘ﬂs 3z o7
+%K(% ’Y/d)+144 ( /P/')// )+ﬁM(%,p,’)/)

1
= 16

F(%,d)’—‘-[fs

+ﬁN(%,p, 7,d) + ﬁo(%,p,d) 144 P(p,v,d).
Substituting the inequalities (29)—(32) in the inequality (28), we obtain

1 P i !
‘F(%,’Y)-Fm[; /g F(M,U) dUdu—A’ < 144(()*0')(6179.)

2 2 2 2

P) ) )
X {(%—(7)2(’)/—(;)2 [9’86 aﬂF(%ﬂ)’ +3‘WF(%IG)’ +3‘Wf(a,v)‘ + ’WF(U/Q)‘

+ 3K(3,7,6) + L(3,0,7,6) + 3M(3,0,7) + N(s,0,7,6) + O(5,0,¢) + P(7,7,¢)]

0?2 92 92 92
L N204 a2
+ (3e—0)*(d—1y) MaganF(%xy)’+3‘a€anF(%,d)‘+3’a§anF(U,'y)’+‘a§anF(a,d)’
+ 3K(s,7v,d) + L(s¢,0,7,d) + 3M(5¢,0,7) + N(3¢,0,v,d) + O(s¢,0,d) + P(0,7,d)]

, AR 92 2 92
o= 2020 = P55 G| 3|53 ()| +3| g5 0|+ | 55 (0.9)

+ 3K(3,7,6) + L(3,p0,7,¢) +3M(s2,0,7) + N(3,0,7,¢6) + O(5,0,6) + P(p,7.,¢)]

, T @ 2 92 pe
o= 202 =2 9| 25 Gn)| 3|55 G| 43325 o)+ |5 (0.

The proof is completed. O

2

2
Remark 4. Set h(sx,y) = 'BE?BUF(%' v)

0
a¢ o1
(5¢,7) € A. In that case, the inequality (28) reduces to the inequality (6).

, 8(s¢,7) = 1 and

F(%,'y)' < M for all

2

F
a¢ dn

q
Theorem 10. Under the assumptions of Lemma 1, if

is co-ordinated (g, h)-convex on A

for%+% =1landp,q > 1, then
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1/q
(o—0)(d— 9)(P+1)2/”( )
q

‘F (%,'y)—i-ﬁfpf;fuv)dvdu—A’

q 2 q

+4’8§ anF(U,'y)

92 2 q 92
x{(z—a)%—gV[4\%8/(%,7) o3l (49) 4 se5 (0,0

+2K(52,7,6) + L(54,0,7,6) + 2M(52,0,7) + N(5,0,7,¢) +20(s2,0,¢) +2P(c,7,¢)]"1

+4‘

92 q 2 q q

d
+4‘a§ aﬂF((f,'y) F(o,d)

q 2 92
4‘aga;7”%’d) 3z o7
+2K(s5¢,v,d) + L(3,0,7,d) + 2M(3¢,0,7) + N(3¢,0,7,d) + 20(,0,d) + 2P(0, y,d)]l/q (33)

+4‘

q

I 92 q 92 q 92 q 92
4‘8@7“”’7) +4a€anF(%,g) +4 aganF(p,v) +4 5 o

+2K(5,7,6) + L(54,0,7,¢) +2M(5,0,7) + N(5,0,7,6) +20(5,0,¢) +2P(p,7,¢)]"/?

F(p,)

+(p—#)*(1—¢)

q

+ 2K (5, 7,d) + L(2,p,7,6) +2M(2,p,7) + N, p, 7, ) + zouf,p,d) +2p(p, wmw},

+(p— ) (d —7)?

i ‘ 82 q 82 q 82 q 82

where A is defined as in (7) and K, L, M, N, O, P are defined as in Theorem 8.

Proof. By the Holder inequality for double integrals and co-ordinated (g, /1)-convexity of
’ az F q

W , with the help of Lemma 1, we have

2

o Jo &n ’agaﬂF(é‘%ﬂL (1= ny+(1- n)g)‘ dy dg
(fol fol GrP diy d§> (fo fo

b (0 e

IN

q /4
F(Gre+(1=¢)ony+(1—n)g)| dy dé‘)

ag a -

2 q

b
a¢ an
2

+€‘2(1 —n)? F(5,6)

aga(>

q q
+(1-¢)>*(1—-n)

aZ

d

+§277(1 - W)Ml(%/ Y, Q) + 677(1 - g)(l - ﬂ)MZ(%r g, Q) + 6772(1 - g)MS(%rU'r 7)
+8n(1 =) (1= n)Ma(5,0,7,6) +&(1 = )(1 = 1)*Ms(5¢,0,¢) + 11(1 = £)*(1 = 1) Mg (0, 7, ¢) diy dg)

q 2 q 2 q 2 q
_ 1 1
()| 9

1/q

+}

+%

+3 F(o,7)

82

sy’ 46) 3 o7 azay (¢
+15K(%,1,6) + 56 L (55,0, 7,6) + 5§ M(55,0,7)

1/9
+ %N (0,7,6) + $50(4,0,6) + P, 7,6)) -

Similarly, we obtain



Mathematics 2022, 10, 3469 17 of 24

82
T |t (@ (1= (= )| dn e
92 q 92 q 92
¢ o 9Z o 9E o
q
(o, d)] + AK(Ge, v, d) + £ L0, 0,7,d) + 5 M(3,0,7)

q

F(5,d)

+3 F(o,y)

+%

S (p_i_})z/p (% F(%Ir)/)
82

g a1
1/q

+:N(2,0,7,d) + 50(,0,d) + & P(0,7, d)) )

(35)

+4|

82
Jo o @ |ggapt @t (L= Opayy+ (1= n)c)| dy g

< G (é)agazaf(%’”)‘q + 5‘3@?2;7

92 o )q
acoy W7

0? 9
+%’WF(’)’Q)’ +15K(5%,7,6) + 55 L0 0,7,6) + 15M(5,0,7)

s+ (36)

1 1 1 Va
+3eN(>0,7,6) + 1500 0,6) + ﬁP(p,%g)) ,
and

aZ
Jo o &1 |ggyt (@t (L= Qpayy + (1= )| dy d

02 q 9?2 q 92 q
< 1 1 11_9 119
< o (Blaz g G| +85gay G + bz (0
82
a¢ Jn
+%N(%,p, v,d)+ %O(%,p,d) + %P(p, v, d))

If we substitute the inequalities (35)—(37) in the inequality (28), we obtain

(37)

q
+| 525 Fp.d)| + K(7,d) + L (20,7,6) + s M(p,7)

1/q

d 1/
’F(%,7)+@_(T;M/(Tp/g F(u,0) dodu— A| < (p—U)(d—lg)(p+1)2/P(316) 7

q q q 2 q

9z oy

2
a¢ an

62
a¢ an

aZ
a¢ an

F(>7) F(%6) F(o,7) F(o,6)

+4’

x {w-o—)zw—gﬁ H +4|

+4‘

+ 2K(52,7,6) + L(3,0,7,6) +2M(5,0,7) + N(5,0,7,¢) +20(5,0,¢) + 2P(c,7,¢)]"/?

q q q 2 q

a¢ an

2
a¢ on

2
a¢ on

2
a¢ on

F(5,d) F(o,d)

+4’

F(o,7)

+4‘

+(%—0)2(d—7)2H Foem| +4

+ 2K (3¢, 7,d) + L(5¢,0,7,d) + 2M(3¢,0,7) + N(5¢,0,7,d) 4+ 20(5¢,0,d) + 2P(c, 7, d)] /1

q 2 q 2 q
+4‘WF(PIQ)

o¢ oy

q 2

o¢ on

2
a¢ an

F(p,7)

F(57) F ()

+4‘

+4’

F(p— xR —¢)? H

+ 2K(5,7,6) + L(3,0,7,¢) +2M(54,0,7) + N(5,0,7,6) +20(5,0,¢) +2P(p,7,¢)]"/*

q 2 q q 92 q
szt o)

a¢ on

2
o¢ on

[ (5,d)

F (e, 7)

+4‘

+4

82
(o )2(d— ) [4\WF<%,7>

4 2K (st 7, ) + L9, 7,6) + 2M(,0,7) + N(,,7,) + 20(35,0,) + 2P (o, 7,)] /7.
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The proof is ended. O

+3K(3¢,7,d) + L(36,0,7,6) +3M(3,0,7) + N(5,0,7,d) +

aZ
& ‘ 3¢ o

< (B fenanag)”

1—
<(1)"

+(1—-2)%?

+&%(1

+én(1-9)(1

- (s

+4#K(3¢,7,6) +

1

82
acoy’

O(s4,p,d) + Plp,7,d)) "},

where A is defined as in (7) and K, L, M, N, O, P are defined as in Theorem 8.

92 q 92
. = = <
Remark 5. Set h(sz,7) 3 a}yF(%,'y)‘ ,8(s,v) = 1land ‘ag aqF(%,’y)‘ < M for all
(5¢,7v) € A. Then, the inequality (33) reduces to the inequality (8).
ZF q
Theorem 11. Under the assumptions of Lemma 1, if 3 a1 is co-ordinated (g, h)-convex on A
forg >1, then
P 1 1/q
G+ g S ) do du = 4] < g ()
) ) 92 q 92 q 92 q 2 q
§ e 2= P o] gt G| +3]585:F (0)| 43|52 7 (0| + |55 7 (@0
+3K(5,7,6) + L(,0,7,6) +3M(3,0,7) + N(34,0,7,6) + O(,0,) + P(¢,7,6)]/?

) ) 92 q 2 q 2 q 92 q
+(x—0)2(d—7)*|9 5 anF(x,v) +3‘a§a F(5,d) +3’WF(0,7) + ’WF(U,d)
+3K(3¢,7,d) + L(3¢,0,7,d) + 3M(5¢,0,7) + N(3¢,0,7,d) + O(3¢,0,d) + P(c,v,d)]*" (38)

) ) 92 q 92 q 92 q 92 q
+@—%)W—€)9§E%FOﬁﬂ +355EF04® +3aiEF@W)‘FaiEF@£)
+3K(55,7,6) + L(,0,7,6) + 3M(5,p,7) + N(3%,0,7,¢) +O(5,0,6) + P(0,7,¢)]"/

) ) [ 92 q 92 q 2 q 92 q
+(p— )" (d—7)"|9 wf(%ﬁ) +3 WF(%/d) +3 WF(P/V) + wF(Pzd)

Proof. By vitue of the power mean inequality in relation to double integrals and by the

co-ordinated (g, 1)-convexity of

(fO fO ‘aga (§%+(1_§)U/'77+(1_’7)g)
"8 B @7

q
(@, ﬂ441—@%1—m
—)M1(3¢,7,6) + En(1 = &)(1 — 7)Ma(5¢,0,7,6) + En*(1

— )M (3,0,7,6) +5(1 = §)(1 = )*Ms (3¢, 0,¢) + (1 - £)*(1

62

6|9z oy b

oF oy

,)

ik

F(3,7)

810¢ on

82

F@%+a—cwmv+m—nxﬂwd¢

+§2(1

F(5,6)

141141‘(}f g, ,)//g) + 4i8M(%/0'/’)/)

+1aN(x,0,7,6) + 1440(% o,¢)+ 144P(¢7 'y,g)>

—1)?

2| &,
oF an

1
T

2

d¢ dn

a¢ 9y

q

, with the help of Lemma 1, we have

aZ
o¢ oy
(0,6)

q

2

F(s,6)

F(o,7)

q

1
+ 143

—§)Ms(,0,7)

- W)MG(U/ Y, Q)] d’? dg)l/q

2

B
a¢ an

q 1/q
dn dé)

F(o¢)

q

(39)
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Iy Jo

I Jo

Jo Jo

In a similar way, one can obtain

82
& 1WF<¢%+ 1 Qonr+ —rz)d)] dy d¢

< (i)l_l/q<% q
)+

—i—j—SK(%,'y,

92 q 92 q

q 2
WF(U,’Y)

1 117

144L(%, a,v,4)+ 41—8M(%,0, )

F(5,d)| + %

(40)

1/q
+ 1N (4,0, 7,d) + 150(%,0,d) + g P(o,7,d))

a2
e ’agaf@‘“ (1= Q-+ (=)
82 02

1-1/q
< (1 -
+%K(%, 7,g) + 144L(%,p, v,6) + %M(%,p,'y)

q q 82 q

aZ

+ a8 o

+18 +141T4 Flp,6)

(41)

1/q
+ 53 NGo o, 71,6) + 10065 0,6) + P07, 6 )) ,
and

82
&n ‘ag aﬂF(C%Jr 1=Oony+(1- n)d)’ dn dg
aZ 2

1-1/q q
< (1 7 -
< (1) (16 azay! 47 9z a1
+25K(Ge v, d) + 1L (50,7, 6) + 55M (5,0, 7)

q 2 q

ag an

2

F o, ) (12)

1/q
+ 52N (4 p,7,d) + 75002 0,d) + 7 Plp,1,d))

By substituting the inequalities (39)—(42) in the inequality (28), we obtain

e+ d Q) // (w,0) dodu— A| < 4 )(316)1/q

2 q q q

X {(%— 0)*(v—¢)? [9‘%88[(%,7)

2

) 2
+3‘a§ BUF(%’G)

a¢ on

q ‘82

+ 5 anF(mg)

+3‘

F(o,7)

+ 3K(5,7,6) + L(3,0,7,6) +3M(5,0,7) + N(5,0,7,¢) + O(35,0,¢) + P(c,7,¢)]"/

q 2 q q

a¢ an

2
a¢ an

F(3,4d)

q 82
F(e,7) \

+ 5 aqF(U’d)

+3

+3

82
+ (s —0)*(d—7)? HWF(%V)

+ 3K(3¢,7,d) + L(3¢,0,7,d) +3M(3,0,7) + N(s¢,0,7,d) + O(,0,d) + P(c,, d)]l/q

2 q q q
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+(p— )% (v —¢)? 9‘ 5 6),7F(%,"r)
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2
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q 82
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=
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+ 3K (st 7,) + L9, 7,6) + 3M(,0,7) + N, 7,) + O, p, ) + Plp, 7,)] /7.

The proof is completed. O

2 q 02
Remark 6. Set h(s,y) = ‘ ‘

sl )| ) = Land |

F(%,'y)‘ < M for all
(5¢,77) € A. In that case, the inequality (38) reduces to (9).

5. Examples

In the section of examples, we give some examples to demonstrate and confirm the
consistency of our main findings.

Example 2. Let g, h, F : [0,1] x [0,1] — R be given by g(s¢,y) = sy, h(s¢,7) = e * Y and
F (5¢,7) = sy e 7. By Example 1, F is co-ordinated (g, h)-convex. Applying Theorem 8, the
first inequality of (18) is

0.038126.... :iz(;zH) (i) _ <e12)
:4p<;;> _/01 /Ole*”*”[%“—7>+(1—%)7+(1—%)(1_7)] oy ds

1 ,1 4 4
s/ / wye ¥ Tdydsx=— —=+1=0069823....
0 Jo e e

Additionally, the second inequality of (18) is

1 r1 1
0.069823...:/ / ey € dy de < 5 [F(0,0)+ £ (0,1)+ £ (1,0)+ £ (1,1)
0 Jo

K(0,0,1) + P(1,0,1) + M(0,1,0) + O(0,1,1)  L(0,1,0,1) + N(0,1,0,1)
+ + }
2 4
171 1 1
= 9L2+e+4] = 0.083690....
It is clear that
0.038126... < 0.069823... < 0.083690....

This confirms the correctness of the result established in Theorem 8.
Example 3. Let g,h, F : [0,1] x [0,1] — R be formulated by g(sc,v) = (1 —3)(1— 1),
h(s,v) =e * Vand F (3¢,7) = sy e * 7 (see Figure 1). Then, F is partially differentiable on

(0,1) x (0,1), and its partial derivative is integrable and co-ordinated (g, h)-convex on [0,1] x
[0,1]. By utilizing Theorem 9, we have

’%’y e T 4 (:2 —:4—1) + (™) (i —1> + (ye™7) (2 —1>'

1 /1 1 1
= ‘%fy e T+ / / uve "7 Udvdu— / uye "7 du— / woe ¥ ’du
0 Jo 0 0

< 14%{%272 Q1 —3)(1—7)e " T+3(1—sx)e “+3(1—7)e T+1

+31—)1—vy)e " +31—3)e T+ (1—7y)e "+ (1—x)e "

+31—7) e "4+31—»)1—7)e "+e T+ (1—»)(1—1)
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te (=) te  + (1)) +21 =11 - ) (1 —7) e * T+3(1—7)e”
+31—s)1—y)e 1+ (1—9) e 1431 —9) e T +3(1—3)(1—7)e
+1l-m)(1-7el+(1-17) eﬂ + (1= 5?91 =) (1= 7) eV +3(1 — ) e~
+31—s)1—7) e +31—x)e T+ (1-3)e " 1 +3(1—3)(1—7)e !
+(1=5)(1=7) e+ (1= s)(1—7) e + (1) 7]

+ (1= 321 =291 =) (1= 7) e T +3(1 =) 1 —q) e 4 (1 7) e

+3(1— 5)(1—9) e—v—l} }

0.08
I The surface of left hand side
I The surface of right hand side
10.07
0.1 5
10.06
0.08 40.05

0.06

0.04
0.04 0.03
0.02 0.02
1
04 0.01
0

0.2

0.4

0.6

0.8 ;0

Figure 1. The image description for Theorem 9.

Example 4. Let g,h, F : [0,1] x [0,1] — R be defined by g(5,7) = (1 — 5)%(1 — 7)?,

h(s,v) = e 2*"2Y and [ (3,7) = sy e *~7 (see Figure 2). Then, [ is partially differentiable
2 2

3z on is co-ordinated (g, h)-convex on

on (0,1) x (0,1), its partial derivative is integrable and ‘

[0, 1]2. Via Theorem 10 with p = q = 2, we have

'm e T+ (;42 e +1) + (e <2 1) + (ye™) (2 1)‘

e

1 1 1 1
= ‘%'y e Y +/ / uve * Y dodu— / uye 7 du— / wve ¥V do
0o Jo 0 0

1
< E{%zr)/z [4(1 — %)2(]_ _ ,),)2 e—2%—2"/ +4(1 _ %)2 e—2% +4(1 o 7)2 e_z,y 4
+2(1- %)2(1 - ’Y)z e 2 +2(1— %)2 e 2772y | (1— 7)2 e 2% 4 (1- %)2 o2
F2(1—9)2e 272 4 2(1— 2)2(1— 7)2 e 2T + e 227 4 (1 — 30)2(1 — )2
1/2
+ 2077 4 2(1— 5)? + 2727 +2(1 — 7)2} + 221 —7)? {4(1 R — )R e R L 41—y e Y

+2(1 =21 =92 e 224 (1-9)2e 22421 —9)2 e 22 4 (1 - 2)*(1—9)%e
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+2(1—2)2(1 =) e 2 +2(1—9)? efz} V2 + (1 = 30)%9? {4(1 — %) (1—9)? e P72 141 — x)? e ¥

+2(1=3)?(1—9) e +2(1—5)2 e 22 4 (1—3)? e 21724 2(1 - 3)*(1—q)> e 2772
1/2
+(1=32(1=7)2e 2421 — 221 — 1) e 2 +2(1 — x)? e—ﬂ

(1= 52— )[40 = 5221 )2 P2 £ 2(1 =521 =9 e P g (1 )2 e

+2(1 = 3)2(1 — 7)? e—ZV—Z] 1/2}.

0.12
I The surface of left hand side

[ The surface of right hand side

0.1

0.1 =\

0.08 - |

0.06 =\

0.04 —

0.02 —

—_

0.2 0.5

04 06 g 10

Figure 2. The image description for Theorem 10.

Example 5. Consider the functions g, h, I : [0,1]2 — R formulated as g(5¢,7v) = (1 — »)(1 —

Y), h(s¢,7v) =e > Vand F (3¢,y) = sy e =7 (see Figure 3). Then, F is partially differentiable
2 2

on (0,1) x (0,1), its partial derivative is integrable and ﬁ is co-ordinated (g, h)-convex on

[0, 1]%. The utilization of Theorem 11 with q = 2 gives

‘%7 e T + <§2 — g +1) + (e (% —1) + (ye™) <§ —1)‘

1 1 1 1
= ’%’y e ¥ Y —|—/ / uve " ?dudu— / uye "V du— / wve ¥ do
0 Jo 0 0

< 21—4{%272 [9(1 = 5)2(1 = 7)? €272 £3(1 = 5 > +:3(1 = 7)2 e 2 41
+3(1—2)2(1—9)2e 2 +31—2)2e P+ (1-7)2e 2+ (1—x)2e
+3(1 =) e P £ 3(1—2)2(1—9) 2 e 2T +e 2727 4 (1 - 2)%(1—7)?
+ e 4 (1= 5P+ e + (1)) -y 9(1 =52 (1=7)? e 21 £ 3(1 - )2 e
£ 31— 21— e P 2k (1R e P 2431 ) e B 31— 21— e D

j|l/2

H1=2)1-7e 2+ (1-7)e?| + (1) [9(1 =3 (1= 7)? e ¥ 4 3(1 - 5)? e
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+3(1—2)%(1—7)? e 2 +3(1—5)2 e 2 27+ (1—32)? e 27 243(1—2)%(1—7)*e 212

+ (1= 521 =72 e 24 (1= 22(1 =72 e 24 (1 2)2 e

1/2

(1= 2P (L= 2[00 = (L )2 €2 4 3(1 = 502 (1 =2 e P2 (1 )2 e 2

+3(1 — 5)2(1 — 7)? e‘”ﬂ 1/2}.

] I The surface of left hand side
10.12 | The surface of right hand side
0.14
10.1
0.12
017 40.08
0.08
0.06
0.06
0.04 0.04
0.02
1 0.02
0 =
0

0.2
0.4
06 08 | o

Figure 3. The image description for Theorem 11.

6. Conclusions

We gave a definition of newly defined co-ordinated (g, i)-convexity, which is a gener-
alization of co-ordinated convexity. We also proved some of its significant properties. We
established some new Hermite-Hadamard- and Ostrowski-type inequalities in relation to
such co-ordinated (g, h)-convex functions. We established that the inequalities derived in
this paper generalize the results given in earlier works. Lastly, we gave some examples
to demonstrate and show the correctness of the main results. In the next works, one can
extend similar theorems to other types of generalized convexity.
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