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In this work, two generalized quantum integral identities are proved by using some parameters. By utilizing these equalities, we
present several parameterized quantum inequalities for convex mappings. These quantum inequalities generalize many of the
important inequalities that exist in the literature, such as quantum trapezoid inequalities, quantum Simpson’s inequalities, and
quantum Newton’s inequalities. We also give some new midpoint-type inequalities as special cases. The results in this work
naturally generalize the results for the Riemann integral.

1. Introduction one hundred years earlier, so it is also known as Kepler’s

rule. Simpson’s rule includes the three-point Newton-Cotes
Thomas Simpson has developed crucial methods for the  quadrature rule, so estimation based on the three-step
numerical integration and estimation of definite integrals ~ quadratic kernel is sometimes called Newton-type results.
considered as Simpson’s rule during 1710-1761. Neverthe-

less, a similar approximation was used by J. Kepler almost (1) Simpson’s quadrature formula (Simpson’s 1/3 rule):

JKZPI(x)dx z%[%‘(q)+49(¥)+9(xz)} (1)

Ky

(2) Simpson’s second formula or Newton-Cotes quad-
rature formula (Simpson’s 3/8 rule):

J " F (x)dx = % [97(;c1) N 39(@) + 39«‘(L2K2> + %(xz)]. (2)
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There are a large number of estimations related to these
quadrature rules in the literature; one of them is the fol-
lowing estimation known as Simpson’s inequality.
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Theorem 1. Suppose that F: [k, k,] — R is a four-time
contmuously dzﬁerentzable mapping on (k,,k,), and let

I% [9(K1) er F (x,) s 2g<’<1 erxz)] -

In recent years, many authors have focused on Simpson’s
type inequality in various categories of mappings. Specifi-
cally, some mathematicians have worked on the results of
Simpson’s and Newton’s type in obtaining a convex map
because convexity theory is an effective and powerful way to
solve a large number of problems from different branches of
pure and applied mathematics. For example, Dragomir et al.
[1] presented the new Simpson’s inequalities and their ap-
plications in quadrature formulas for numerical integration.
In addition, some inequalities of Simpson’s type of s-convex
functions were determined by Alomari et al. in [2]. Sub-
sequently, Sarikaya et al. noted the variance of Simpson’s
type inequality based on convexity in [3]. For the further
studies of this area, one can consult [4-6].

On the contrary, many well-known integral inequalities
have been studied in the setup of g-calculus using the
concept of classical convexity [7-28].

2. Preliminaries of g-Calculus and
Some Inequalities

In this section, we first present some known definitions and
related inequalities in g-calculus. Set the following notation (see
[29]):

1—q
[”]q— 1

Jackson [30] defined the g-integral of a given function #
from 0 to x, as follows:

Ky (8]
J g(x)dqx =(1-9q)x, Z q'F (x,9"), where0<q<1,
0

(5)

provided that the sum converges absolutely. Moreover, he
defined the g-integral of a given function over the interval
[x,,%,] as follows:

J Fdp = [ Fd- [T F @i ©

Definition 1 (see [31]). We consider the mapping
F: [k, k] — R. Then, the g, -derivative of F at
x € [k, k,] is defined by the following expression:

|F 4)II = sup |F @ (x)<co. Then, one has the
inequality x€ (k%)

" (4) 4
) L] F (x)dx SM”‘? "Oo (i, — 1) (3)

F(x) - F(gx + (1 - q)x;)
D 7 (x) = s x#x. (7)
o (1-g)(x-x) :
If x = x;, we define , D, F (k;) = lim,__,, D% (x) if

it exists and it is finite.

Definition 2 (see [32]). We consider the mapping
F: [K,k,] — R. Then, the ¢g*-derivative of F at
x € [k, %,] is defined by
_ F(gx+ (1 -qk,) - F (x)
(1-q)(xk, - x) )
If x = k,, we define * D, F (x,) = lim,__,,
if it exists and it is finite.

“D,F (x) xX#x,.  (8)

"ZDq?(x)
Definition 3 (see [31]). We consider the mapping

F: [k, k] — R. Then, the g, -definite integral on [«;, ;]
is defined by

J F (%) dgx = (1 - ) (x —Kl)Zq"Ff (g% +(1-q")m)
1
=(r, — %) J F (1= 1)x; + 116,)d, .
0
(9)
In [11, 21], the authors proved quantum Hermi-

te-Hadamard-type inequalities and their estimations by
using the notions of the g, -derivative and g, -integral.

On the contrary, in [32], Bermudo et al. gave the fol-
lowing definition and obtained the related Hermi-
te-Hadamard-type inequalities:

Definition 4 (see [32]). We consider the mapping
F: [k, k,] — R. Then, the g*2-definite integral on [, k,]
is defined by

|7 reda=a-ae

_"1)2‘1

=(x, —%;) jo F (tx, + (1 = D)y)dy 7

(g% +(1-q")x,)

(10)

Theorem 2 (see [32]). Let F: [k;,x,] — R be a convex
function on [k,k,] and 0<q<]1. Then, q*-Hermi-
te-Hadamard inequalities are given as follows:
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F/T(KlJrqKz)S 1 JZg(x)xquxsg(xl)+qg(;{2).
K, — K, (2

2], ‘ 1,

(11)

In [33], Budak proved the left and right bounds of in-
equality (11).

The present paper aims to generalize the results proved
in [13, 33, 34]. The key benefit of our paper is that it includes
multiple inequalities at the same time, such as Simpson’s
inequalities, Newton’s inequalities, midpoint inequalities,
and trapezoidal inequities.

Ky =Ky Ji

12
=(ky — Kl)[JO (qr - ﬁ)KZDqu(TK1 +(1-1)K,)d,7 + Juz (qr - (x)KZDqS‘T(TK1 +(1-1)k,)d

where g € (0,1).

“D,F (tx; + (1 - 1)k,) =

F (qrr; + (1 = qo)ky) = F (16, + (1 = 1))

3. Crucial Identities

We deal with the three identities which are necessary to
obtain our main results in this section.
Let us start with the following useful lemma.

Lemma 1. If #: [k}, k,] CR — R is a g-differentiable
function on (k,x,) such that 2D F is continuous and in-
tegrable on [k, k,], then we have the following identity:

K, + K,

[ F0m - [ () (1 - 0F (1) + (a- pF( B 2]

2

(12)
1

q">

Proof. By Definition 2, we see that

After applying the fundamental properties of quantum
integrals, we deduce that

- (6, - K7 | ()

1/2 1
| @r-prp,7 (m + (- )y + |
0 1/

) (q7 - )" D, F (1, + (1 - 1)x,)d, T

1/2 1
= J (a— ﬁ)KZqu%T(TKl +(1- T)Kz)dq‘l' + J (g7 - oc)KZqu’/T(TK1 +(1- T)Kz)dq‘l'
0 0

V2 F (g, + (1 — q0)Ky) = F (15, + (1 = T)K;,)

~@-p) |

0 (1=q) (k= 1))7

dg7 (14)

VF (qrey + (1 = qr)iy) — F (1, + (1 = 1))
d
+qj (1-q)(x; = %) !

q

d T

—"‘jl F (qrey + (1 = qr)Ky) = F (166, + (1 = D))
0 (1-q) (1 —x))7

From Definition 4, we conclude that

qT
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J”zg(qml +(1—qn)Ky) — F (1, + (1 - T)Kz)d .
0 (1-q)(x; —x))7 !
_ ! OZO:S‘T £K+ 1-1 )« —if}? q—nx+ l—q—n;c (15)
-k |20\ 2 2 )7) &7\ 2" 2 )7
e fe-o()
Ky — K 2 2 ’
J1&”(q1;c1+(1—q1)x2)—37(m1+(1—T)K2)dT: 1 (7 () - F (x)] (16)
0 (1-q)(x, — ;)7 oK ? e
and

jl F (qrey + (1 —gq)iy) — F (1, + (1 — T)Kz)d .,

0 (1-q)(x, — x;)T

q

1 = n 1 1 o n n n
= Y q'F(d e +(1-9""),) - Y 4'F (q K1+(1_‘1)K2)]
Ky =K1 [0 n=0
1 —1 - n n n < N o n n
_ ! —zq9<qx1+(1—q>x2)—zw(qx1+<1—q)xz>} a7)
Ky =K1 14 .0 n=0

Mg

X
N
|
Ky
AN

0

L+ n

K

Ky — K _‘1("2 _Kl) J.Kl

We can obtain the required identity (12) by putting the
computed integrals (15)-(17) in (14). O

Remark 1. If we assume f3 = (1/6) and « = (5/6) in Lemma
1, then we obtain Lemma 2 of [13].

[2]q K, — K

9(K1)+qg(K2) 1 szg(x)szx:q(
q
1

Ky

which is proved by Budak in Lemma 1 of [33].

1/2

o AR O RS )

Ky = Ky)
2],

qr D, F (tie; + (1 = 1)1y )d, 7 + J

FF (=) - L) - S (- q")x»]

n=0

F (x) szqx—l?(;cl) )
q

Remark 2. In Lemma 1, by taking the limit g — 17, we
have Lemma 2.1 of [34] for m = 1.

Remark 3. In Lemma 1, if we choose f = a = (g/ [Z]q), then
we obtain the following identity:

1
| (1-21,0) D, (x, + (1 - D), (18)

Corollary 1. In Lemma 1, if we choose 3 = 0 and o = 1, then
we obtain the following new identity:

1
o (qr - 1)"2Dq?/7(ﬂc1 +(1=1)iy)d,7 |.

(19)
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Lemma 2. If #: [k,k,] CR — R is a g-differentiable
function on (x,x,) such that *D_ % is continuous and in-
tegrable on [k, x,], then we have the following identity:

Ky =Ky Jiy

1/3
= (x, — Kl)[JO (gr-PB) KZDqP/T(Txl +(1-1)K,)d,7 + J1/3 (qr - oc)"qugT(ﬁc1 +(1 - 1)K,)d,T

1
+ J-g (gr-7v) "Zqu%‘T(nc1 +(1- T)Kz)dq‘l'

3

where g € (0,1).

1
+ J- (qr - )/)KZDqQT(TK1 +(1- T)Kz)dq‘r
2/3

1/2
= JO (a=P)*D,F (5, + (1 = 1)k, )d,7 + JO

K, + 2K,

! J F ()4 - [ 67 () + (a - pF(

2K + K,

>+(y—0c)9< >+(1—y)9(1¢1)

3

213
(20)

Proof. After applying the fundamental properties of
quantum integrals, we deduce that

2/3

1/3
| @r-prpF -+ |

\ (q7 - @)D, F (11, + (1 = 1)K,)d, T

2/3 (21)

(y =)D, F (5, + (1 = 1)k, )d, 7

1
N J (q7 = y)°D,F (1, + (1 = 1)i,)d, 7.
0

If the same steps in the proof of Lemma 1 are applied for
the rest of this proof, we can obtain the desired identity
(20). O

Remark 4. By assuming f=1/8, a« =1/2, and y =7/8 in
Lemma 2, we obtain Lemma 3 of [13].

K, + 2K,

Ky =Ky Jxy

1/3

= (x, - Kl)[JO (r1=PF' (1, + (1 = 1)x)d7 + J

2/32

1/3

Now, we calculate the integrals in the following lemma
which will be used in our next section.

Remark 5. 1f we take B = a =y = q/[2], in Lemma 2, then
we recapture identity (18).

Corollary 2. If we take the limit g — 1~ in Lemma 2, then
we obtain the following new identity:

rz F (x)dx - [[397(1(2) . ﬁ)?(T) . a)g(z"gﬁ) (- y)sv(xl)]

(1-a)F (16, + (1 - 1)x,)d7 + J'l/ (1=PF' (16, + (1 - Dy )d7|.
213

(22)

Lemma 3. The subsequent quantum integrals are true:



[1]

8 +q B
) 2a
421, 2 q>2p
B 4
~ > Sz)
2 apy, 1 P
1
512=J |qT—oc|qu
1/2
a 3q
27421, 1<%
3 80c2+5q 3« <<l
] 42, 20 T
3g «
) 2:
a2l, 2 1>«
1/3
513=J g7 - Bld, T
28 q B
rren Y >3)
2, oy, Ty
B4
o > S3)
37902), 1=
2/3
8= |1 lgr — ald,T
3
(¥4 3a
373p, 1T
| 1847 +59 3a
= o12] - a, 7Sq§3¢x,
q
q 04
- 3)
3021, 3 1=
1
515=J g7 - yld,7
/3
(Y_ 9
3 012 <V
|18y’ +13q 5y
B 92, 37 AT
q Y q>3_7’
[ 9[2], 3 2’
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(23)

(24)

(25)

(26)

(27)
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1/2
5, J tlqr - Bid,T
0
B
[21 [31 3, a,; U
42] 83 q<2f.
1/2
52=J (1-1)lgr - /3|dT
0
8ﬁ +ﬁ+q___ q 2p°
apl, 2 8B, 1,6l
E
2 ]q’
1
53:J1/21|q‘r (X|dT
3 79 <a
421, 8031, =%
_ 2a° 5a N 9 0 <<
" @1,B1, a2, 8@, T
7q 3a
831, 4121, 9> 20,

'g_.’>(oc+q)Jr 79
2 4[2], 8[3])

8o’ + 5-5a 3a 9q 20°

a2, 2 8[3]

3(a+q) a 7q

4[2], 2 8[3]q’

2p° q B
21,03, 27, o, 1P
P o__a , q<3p,

. 2,081

7
(28)
q>2p, (29)
<2p,

(30)

g<a,
(31)

a<qg<la,

q>2a,

(32)
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1/3
JO (1-)lqr - Bid,r
E“13_55
2 3
188°+B+q B q 2P g2, (33)
9[2], 32703, [2],03],
B_B+a_ 4
- ) SZ,
3790021, 2703, q9=2p
2/3
J T|qT—0(|qu
1/3
« 7q <3_(x
3021, 2703, <>
208 e L 3a_ s (34)
21,31, 9l 3(31, 2 1%7%
79 o
- , q>3a,
[ 27[3], 3[2],
2/3
| a-olar-aidye
1/3
E“14_57
a gta 7q 3«
3302, 27031, =7
(35)
18a° + 59 + 5« q 20’ 3«
—a- - , —<g<3a,
9[2], 33, (21,0381, 2
gta « 7q
- > 3 8]
3021, 3 2703], 1>°%
1
J TlqT - yld,T
2/3
( 5y 19g
—_—) < bl
oR1, 2703, <Y
2" 13y 359 o3 (36)
21,01, o, 27pl, YT
199 5y 3y
[ 27[3], 921, 15
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1

10 /3(1 - 1)lgr — yld,T

Il
[1] —
S}

15 E“9

(y _5(q+y) 199
—_ + y
3 9[2], 27[3],

q

18y° + 13g + 13y 5y

9[2], 3

5(+y) v 19q

9], 3 27[3]q’

Proof. Case I: let g>2p.
By the definition of the g-integral, we have

1/2
3, = jo rlqr - Bld, 7

Blq 1/2
= ,[o (B - qr)d,T + Jﬁ/q 7(qT - ﬂ)dqr

(38)
Blq 1/2
2 I (B - qr)d, T+ I r(gr - p)d,T
0 0
I B
21,131, 831, 4[],
Case IL: let g<2p.
From the definition of the g-integral, we get
12
B = JO 7lqT - Bld,T
12
— | “rp-and,e (39)
__B q
4[2], 8[3]
1

Ky — K

KZD

< (K- Kl)[(“l +8;)

where B,-E, are given in (28)-(30), respectively.

K1)|

9
qa<y
(37)
3
276l, 2,0, 2
3y
q >7.

This gives the proof of equality (28). In a similar way, we
can prove the others. O

4. Simpson’s Type Inequalities for
Quantum Integrals

An extension of quantum Simpson’s inequalities for
quantum differentiable convex functions using the quantum
integrals is given in this section.

Theorem 3. We assume that the given conditions of Lemma
1 hold. If the mapping |">D,F| is convex on [y, ,], then the
following Simpson’s type inequality holds:

J: F (x)d,x —[ﬁg(xz) +(1-a)F (k) + (a - ﬁ)g("l + Kz)”

(40)

KZDqg(Kz)'}

g, +58,)

Proof. By Lemma 1 and the convexity of |[“D,%|, we
conclude that
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2

1

lgT - 06||K2Dq9(‘[1€1 +(1- T)Kz)ldqr]

(41)

“D,F (1)|

)| D, F K2)|]

10
"2 « K| + K
— J F (x)d,x - [/3’97(1(2) +(1-a)F (k) +(a —/3):%“(#)”
2 1 7K
12
< (%, - Kl)[,[o lqr = I D, F (tx; + (1 = D)k,)Id, 7 + Jm
12 1
< (%, - K1)[ Kqug(Kl)'{Jo 7lgr - Bld 7 + Jm TlqT - ocldq‘r} +
12 1
. “ (1-Dlqr - Bld, T+ J (1-1)lgr - ocldqu
0 12
:(KZ_KI)[(EI +E3) KZDq K1)| (B, +Ey)
which is the desired conclusion. O

Remark 6. By taking the limit ¢ — 1~ in Theorem 3, we

have Theorem 2.1 of [34] for s=m = 1.
|g(K1)+q‘c/T(K2)_ 1 szg(x)sz x
| 2], Ky — Ky Ju 1
2
o o q (3], +3g
< (x, - K1)|: ‘D, F (M)'%
qlt<lq

which is established by Budak in Theorem 3 of [33].

\g(w)— ! ng(x)xqux
2 Ky — Ky Ji

< (k- Kl)[

Remark 8. In Theorem 3, if we assume f3 = 1/6 and « = 5/6,
then Theorem 3 reduces to Theorem 4 of [13].

1

Ky — Ky

< (1 - Kl)[ 0 (1/p1)<51

sz F(x) szqx - [ﬁg(;cz) +(1-a)F (1)) +

“D.F
q

(Kl)(Pl + 5,

where By, E,,, and E,-E, are given in (23), (24), and
(28)-(30), respectively.

(@-pF("

(”Pl) _
Kqu‘G;(Kz)rjl) + E‘12(1/}71)<53

Remark 7. 1f we assume = a = q/[2], in Theorem 3, then
we obtain the following trapezoidal type inequality:

(42)

B} (1+34" +29°)
D 2)|—

1,121,

Corollary 3. In Theorem 3, if we choose =0 and a =1,
then we obtain the following midpoint-type inequality:

24" +29-1

4121, 13, (49

"D, F ()| +

L, “zpqg(xz)”.

Theorem 4. We assume that the given conditions of Lemma
1 hold. If the mapping |>D,F |, p; > 1, is convex on [k;, &, ],
then the following Simpson’s type inequality holds:

K + Ky

2l

“D,F ()" +E,

Proof. From Lemma 1 and the power mean inequality, we

obtain
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K, i K, J: F(x) Kqux - [/397(162) +(1-a)F (k) + (a _ﬁ)g<%>”

1/2 1=-(Up) 7 c12
< (x, _K1)|:(JO qu—ﬁldqf) (JO g7 - B
1 1-(p1) s 1
+<J1/2 lar - a|qu) (L/z lq7 = o

By applying the convexity of 2D, %', we obtain

. (v/py)
“D,F (tr; + (1 - T)K2)| 1dq‘r> (45)

P (Upl)
"D, F (tx; + (1 - T)K2)| dqr) :|

J: F (x) szqx - [ﬁgz(’fz) +(1-a)F () + (0(_,[3)9(%)”

< (ky - ;) KJ:Z g7 [Sldqr>l_(l/pl) ><<

1 1=(Up1) (1
+<J Iqr—aldqr> ><<|”2Dq9(;<1)| 1 J 7lgr - ald,T +
12 12

Ky — Ky

. b (12 (17p1)
quFi(Kl)| J 7lgr - Bld, T +
0

. P 1/2
"D, (i) j (1-7)lqr - fid, =
0

. o (! (vpy)
ZDqu(Kz)| L/z(l —T)IqT—aquT> ]

A (1p) ~
nrl) =0,

“p,7 ()| +&,

D, 7 ()| ) (l/pl)],

(46)

and the proof is completed. O  Remark 10. If we assume f8 = a = g/[2], in Theorem 4, then
we obtain the following trapezoidal type inequality:

Remark 9. If we take the limit g — 1~ in Theorem 4, then

we have Theorem 2.3 of [34] for s=m = 1.

- J ’ F (x) szqx

|97(K1) +qF (x,) 1
| [Z]q K, — Ky Jx

<

— /1
q(k, ~ %) <q(2+q+q3)>1 v (47)

2], [21;

2 3
K r4 [3] +3q K r4 1+3q +2q
x| 2D, F ()| a(03l, + 3q) ; )+ D, (1) a(1+3q +2q) . )
(31,121 31, (21
which is established by Budak in Theorem 4 of [33]. Remark 11. If we assume f3 = 1/6 and « = 5/6 in Theorem 4,

then Theorem 4 reduces to Theorem 6 of [13].
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Corollary 4. In Theorem 4, if we choose =0 and «a =1,
then we obtain the following midpoint-type inequality:

e ()

Ky =Ky Jig

q 1-(1/p,)
< (Kz—’ﬁ)(m> (
q
1-(1/p))
(a)
4[2]q

5} p_4q
D% (x,)| S0,

(17p))
i, P q )
+ 2Dy F 2)' W) (48)

56131, - 7q[2]

4 pom a1 3q  613],-7ql2], (Vp1)
8[2]q[3]q + DqJ(KZ)' (5_4[2](1_ 8[2]q[3]q .

“D,F (K1)|

Theorem 5. Assume that the given conditions of Lemma 1
hold. If the mapping I“ZDqF/Tlpl, Py > 1, is convex on [k, x,],
then the following Simpson’s type inequality holds:

Kzixl J" F (x)"d,x - [/3 (1) + (1 = ) F (k) + (o = ﬁ)g<¥>”

Ky

< =ln "D, F(k 'P1 (29 +1)|*D, F (x |p1 (/2) i 3D, F (k1) 'pl (2g-1) KZDqg(K2)|P1 (17p1)
steoelB\ e, T, M ST 2 ’

(49)

where pi' +r' =1 and Proof. From Lemma 1 and the Hélder inequality, we have

[1]

1/2
o= lar-prd,n
! (50)

[1]

1
= J lqr — o d,T.
12

KZiKI J:g(x) szqx [[39(;(2)+(1 -~ 0)F (1) + (a - ﬁ)J(Kl +K2>”

2
o[- ()
0

. . K p .
By using the convexity of [*D,%|"', we obtain

, (1/py) 1 1r,
"D F (tx; + (1 - T)K2)| 1dq‘r) +<L/2 lg — o dqr) (51)

P (1/P1)
xqu?('ml +(1 —T)K2)| qu> }
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Ky — K

12 1/ry
< (KZ_K1)|:<.[O |qT—ﬂ|”qu) (
1 1/ry
+<J |q‘r—oc|r‘dqr> <
1/2

J:z F (x) szqx _[1397(;{2) +(1-a)F (k) + (a —/3)97<
KZDqg(KI)V)l J rd, T+

1
P
”Zqu%”(;cl)| ‘ Juz d, T+

13

Ky + K,
2

)

=) g(xz)'pl J (1-7)d T)l/pl

1 1/py
“D,F (k)| L/z(l—r)dqr> }

(52)

1 i\ VP
o (PP F ()" q+1|=D,F ()|
= (1, — 1) | B! +
412], 4[2],
1 N\ VP
o (3FDF ()| L (2a- D, 7 (i,)|”
oY 4[2], 4[2], ’
and the proof is completed. O 5. Newton’s Type Inequalities for

Remark 12. 1f we take the limit g — 17 in Theorem 5, then
Theorem 5 becomes Theorem 2.2 of [34] for s =m = 1.

Remark 13. 1f we assume § = 1/6 and a = 5/6 in Theorem 5,
then Theorem 5 becomes Theorem 5 of [13].

(x) "d,x - [[39(;{2) /3)9("1

1 J’K2g
Ky Jx

<

KZD

K1)|

(1, = Kl)[(E‘S +8;+ &g

where E5-E,, are given in (31)-(36), respectively.

Proof. If we consider Lemma 2 and apply the same method
that is used in the proof of Theorem 3, then we can obtain the
desired inequality (53). O

J:Fi(x)dx [/)’J' (i) + (o - ﬂ)dv(

Ky — Ky

D, F ()| + (2

< (% - Kl)[(~5 +8; +E

where

B¢+ Bg +Eyg)

Quantum Integrals

In this section, a new extension of quantum Newton’s in-
equalities for quantum differentiable convex functions is
given.

Theorem 6. We assume that the given conditions of Lemma
2 hold. If the mapping |>D,F| is convex on [k, k,], then the
following Newton’s type inequality holds:

+ 2K2) fy- a)g(@) +(1- )/)9(161)”
(53)

xquf’/T(Kz)l],

Corollary 5. If we take the limitq — 1~ in Theorem 6, then
we obtain the following Newton’s type inequality:

+ 2k,

)+ (- a)f(%)m—w%(m)”

(54)

+ 5 +E)[*D,F ()|
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B

8: = J 7|t - Bldr
li
3

18’

[T

. 1/3
Eg = Jo 1-7)|r-pldr

_ 18 +p+1 28 p

18 81 3’

(55)

=«
18 9 3

[1]

1
o = J 7|t — yldr
2/3

y 13y 35

+
3 18 8U

1
B! = J (1-1)l7 - yldr
2/3

18y +13+13y 5y 35 vy

18 3 81 3°

Remark 14. If we take f=1/8, « =1/2, and y=7/8 in  Theorem 7. We assume that the given conditions of Lemma

Theorem 6, then Theorem 6 reduces to Theorem 7 of [13]. 2 hold. If the mapping |*D,F |, p, 21, is convex on [k;, &, ],
then the following Newton’s type inequality holds:

Remark 15. 1f we assume = a =y = q/[2],, in Theorem 6,

then we recapture inequality (42).

1

Ky — Ky

Jl F(x) 2dgx - [/39(’%) /3)9‘*(’(1 . 2K2> +(y- vcﬂ“(@) +(1- y)?('ﬁ)]l
6 Kquf?(Kz)Fl )1/171 + 514(1/&)((57

Ky P P Up,
qu(xz)j) ]

”2Dq97(;<1)|1" +E

“D,F ()| + &y

< (e, - K1)|:—'13(1/p1)<55

%D, (i) )1/“)

_1-(1/p,) <H

15 S9 Kqu*G/:(Kl)Fl +8y

(56)

where B5-E,, and E;-E,5 are given in (31)-(36) and  Proof. If we apply the steps used in the proof of Theorem 4 and
(25)-(27), respectively. taking into account Lemma 2, we can obtain the required in-
equality (56). O
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Corollary 6. If we take the limitq — 1~ in Theorem 7, then
we obtain the following Newton’s type inequality:

K + 2K,

! J F (0)dx -[B7 () + (a - pF(L572) + (- oc)%‘(zxgﬁ) F(1- y)f’f‘(zcl)H

Ky =Ky Jxy

1-(1/py) [ (==
< (KZ_KI)[HH( P)(ds

%D, ()| + &

« PP a-(Up) [ ok
ZDqg(K2)| ) +1'I12( ‘D)<(:7

=D, ()| + 55

K P 1/P1
0,7 ()| ) )

1-(1/p) (o
+115 S

=D, 7 ()] + 8o

%, P Up,
Dqg(xz)j) ]

(57)

where EZ-E7, are defined in Corollary 5 and Remark 16. If we take f=1/8, o =1/2, and y=7/8 in
Theorem 7, then Theorem 7 reduces to Theorem 9 of [13].

1/3
I, = Jo |7 - pldr

Remark 17. 1f we assume = a = y = q/[2],, in Theorem 7,
o 1 B then we recapture inequality (47).
9], 3

23 Theorem 8. We assume that the given conditions of Lemma
I, = J It — aldr 2 hold. If the mapping |> D, F|P', p, > 1, is convex on [ky, k,],
173 (58) then the following Newton’s type inequality holds:
18a” +5
= —_ a)
18

1
I, = J |7 —yl|dr
2/3

187 +13 5y
18 3

sz F(x)"d,x< - [ﬁf’i(xz) +(a -/3)97(%2"2) Fy- a)g<@> +(1- y)g(xl)”

Ky =Ky Jigy

% Py p iy VP © )2
(5, - ) |21 qug(K1)| . (3g+2) ZDqg(Kz)' g ‘ ZDqg(K1)| L1
2 1/1+-18 9[2]q 9[2]q 19 3[2]

p PN Py
2D, F ()| > }

o, 9[2],

p piy VP
:D,F (15,)|
(59)

3[2]

q q

=20

Sl <-':’|Kqug(K1)'p1 (3g-2)

where p' + 1" =1 and
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[m

13
.
8= | lgr-Blidg
0

1

2/3
19 J lqr — al"d,T, (60)
1/3

1

1
20 = J lgr - yI"d,T.
23

Proof. If we apply the steps used in the proof of Theorem 5
and taking into account Lemma 2, we can obtain the re-
quired inequality (59). O

Remark 18. If we take f=1/8, a=1/2, and y=7/8 in
Theorem 8, then Theorem 8 becomes Theorem 8 of [13].

6. Conclusions

In this work, using quantum integrals, we developed a new
extension of quantum trapezoid, quantum Simpson’s, and
quantum Newton’s type estimations for quantum differ-
entiable convex functions. It is also shown that the results
presented here are generalizations of the findings presented
in [13, 33, 34]. In the special cases of newly developed
findings, we also obtained several new Simpson’s type,
Newton’s type, midpoint-type, and trapezoidal type in-
equalities. It is an interesting and innovative problem that
future researchers may investigate in order to achieve similar
inequalities for convex and coordinated convex functions via
different quantum integrals.
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