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Abstract. In this paper, we introduce new generalizations for the well
konwn (k,s,h)-Riemann-Liouville, (k,s)-Hadamard and (k,s,h)-Hadamard
fractional integral operators. We prove some of their properties. Then,
using our proposed approaches, we establish some applications on in-
equalities.
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1. Introduction

In 1993 [17] Samko, Kilbas and Marichev have introduced the fractional
integration with respect to another function g it given by:

Jo (1) = — ) / (g (0) — g (1) Vg (1) £ () d.

T (o)
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Then, in 2011, [11] Katugampola has presented the following general-

t1 tn—1
/ #dty / t5dts.. / £ dt.,

1-n T
SI:(ln))/ (@t — et e f (1) dt, noe NT.

ization:

For a > 0, s € —{—1}, the fractional integral was given by

(s+ 1)1_0‘

@) = T

/x (:Us—I—l _ ts-i—l)a—l tsf (t) dt.

In [14], Mubeen and Habibullah have introduced the following k—Riemann-
Liouville fractional integral:

1 * o
k:]gé (.I) = kw/ (CL‘ — t)zil tsf (t) dt, a > O,QU > a,

k
where k> 0 and T (o) = [T €™ Furldu, a > 0.

Very recently, Sarikaya et al. [19] have elaborated another approach for
the (k, s) —Riemann-Liouville fractional integration. The related defini-
tion is given by:

(s+ 1)1_%

WS ) =

/ (@ — ) E 7 e (1) dit.

Many researchers have been concerned with the fractional integral theory
with its applications. For more details, we refer to [4, 5, 6, 7, 8, 11, 18,
19, 21, 23].

Our purpose in this paper is to present new generalizations for the above
cited approaches by introducing new integral operators related to the
fractional integration theory. Then, we prove some of their properties
of semi group and commutativity properties. Some applications for the
introduced operators are also discussed.
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2. (k,s,h) Riemann-Liouville, (k,s)-Hadamard
and (k, s, h)-Hadamard Integral Operators

In this section, we begin by recalling the fractional integration definitions
in the sense of Riemann-Liouville and those of Hadamard. Then, we
introduce new concepts that generalize the previous definitions. Some
properties of the introduced approaches are also discussed. From the
papers [14,17,19], we present:

Definition 2.1. The Hadamard fractional integral of order o €% of a
function f(t), for all0 < a <t < oo, is defined as

Ig(f(t)):ﬁfat (logf)afl@dﬂ az20,0<a<7<t, (1)

provided the integral exists, where I (o)) = fooo e "u Ldu.

Definition 2.2. The k— Riemann—Liouville fractional integral of order
a >0, for a continuous function f on [a,b] is defined as

RO = g [ - ) &)

uk
where k > 0, Ty (o) = fooo e Futdu, o > 0.

Definition 2.3. The (k,h) —Riemann—Liouville fractional integral of
order a > 0, for a continuous function f on |a,b], with respect to another
measurable, increasing, positive and monotone function h on (a,b] and
h(t) having a continuous derivative h' (t) on (a,b), is defined by

T O) = [ GO -REEH @ @ @)

Definition 2.4. The (k, s)— Riemann—Liouville fractional integral of or-
der o > 0, for a continuous function f on |a,b] is defined as

=% t a_
e 0) = St [ @ e @
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where k >0, s € R\ {—-1}.
Now, we introduce the (k, s, h)—Riemann-Liouville fractional integration
as follows:

Definition 2.5. Let f € L'la,b] and h be a measurable, increasing,
positive, monotone function with h € C1([a,b]). The (k,s, h)— Riemann—
Liouville fractional integral with respect to h, is defined by

(s+ 1)1_%

Wen () = i i

A O A TGRS
)
where o > 0, k>0, s € R\ {—1}.

We introduce also the following definition related to the (k, h) —Hadamard
integration:

Definition 2.6. Let f € L'la,b] and h be a measurable, increasing,
positive, monotone function with h € C*([a,b]). The (k,h) —Hadamard
fractional integral with respect to h is defined by:

a1 oy
fEn (F(0) = i Jo (108 78) " 5B (dr a >0, (©)

where 0 <a<t<bk>O0.

In a more general case, we introduce also the (k, s, h)—Hadamard frac-
tional integration as follows:

Definition 2.7. Let f € L'la,b] and h be a measurable, increasing,
positive, monotone function with h € C*([a,b]). The (k, s, h)—Hadamard
fractional integral with respect to h is defined by:

(s+1)'°%

e 0) = St [ Gos h0 — g h(n)
W (

-1

(7)

2

x log® h (T)

where 0 <a<t<b, a>0, k>0, seR\{-1}.

Now, we are able to prove the following properties.
Thanks to Definition 5, we prove:
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Theorem 2.8. The (k, s, h)-Riemann-Liouville integral operator ;. J,
f(t) exists for any t € [a,b] and 5J%, f(t) € L'[a,b], a > 0.

Proof. Let T : [a,b] X [a,b] — R, where

Ltr) = [0 -n @) @ @)
(B (1) — B ()T RS (1) (1), a<T <t <b
= (8)
0 , a<<t<T<hb

Since 77 is measurable on [a, b] X [a, b, then we have

ab </ab (hF(t) — Bt (T))%*l RE ()R (1) f (1) d7> dt‘

[iron( )

i [ - @) ol

t (B (1) — B () E T RS (7) B (7) dr

N

k S S

7a|5+1|(h“(b —hrt(a /|f )| dt
k s+1 s+1 %

als 1| (R°F(b) = h*T (a)) 1Nl Lapa,p) < oo

Thus, the function 77 is integrable over [a,b] X [a,b] by Tonelli Theo-
rem. Hence, by Fubini theorem, we deduce that

b
[ rienswa
is in the space Ll([a, b]). Therefore, SJah f(t) exists for any ¢ € [a,b]. O
Using Definitions 5 and 6, we prove the following result:

Proposition 2.9. We have:

lim | ianf = rlanl- (9)

§—r—
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Proof. For any ¢ € [a,b], we can write:

lim 32 (f (1)

1-2 N
~ im S“ / (R () = B (1) E RS () W () £ (7) dr

h5+1 herl -1
- simﬁ kfk < s+ 1 g >> he ()b (1) f (7)dr
_ 1 W) = h (N
- i@ ), H( e LT

- (i) e

Hence, the proposition is proved. [
With the same arguments as before, we can confirm that
Theorem 2.10 The I ¢, f(t) exists for any t € [a,b].

Now, we give the semi group properties of the (k, s, h)—Riemann—Liouville
fractional integral with respect to h as follows:

Theorem 2.11. Let f be continuous on |a,b], k > 0, s € R\ {-1},
and let h (x) be an increasing and positive monotone function on |a,b],
having a contunuous derivative h' (x) on (a,b). Then,

wen (W @) = s @) = 2l (e (@),
(10)
foralla, >0, 0<a<t<b.

Proof. By definition, we have
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e (12, (F 1)
= CE S [ et -t o) e o (o) 21l ar
=% rt a_
= (Sk;klza) / (1 (8) — b () E T RS (1) () (11)

- /m e )| [[ 007 0 -1 ) 8 ) )

]
B4

x (B (1) = BT (r) dT:| dr.

Using the change of variable

R (1) — Rt (1)

hst1 (t) — hstl (7.) ’ (12)

xTr =

B (h+1 (t) — hs*1 (r))#—l 1 aly 8.

— ] /0 (1—a)r tartde (13)
Lk () — he ()

- s + 1 (aaﬁ) :

Therefore, by (11), (13) and k—beta function, we have
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wen (10 (F 1) (14)

+8

_ (‘9+1) ! S _KS aTw_l S r /T' ) dr
= mm/aww )T () () £ () d

= R’ (F®).
The proof of Theorem 2.11 is completed. [

In the following result, we shall prove that the (k, s, h)—Hadamard in-
tegral operator is well defined. We have:

Theorem 2.12. The {1 &), f(t) exists for any t € [a,b].

Proof. Let us consider the application T3 : [a,b] X [a,b] — R, such that

Ty(t,7) = {(log”l h(t) —log*t 1 (r) * " log® h () };; (T)J .

(log*" b (t) — log*™ h (7’))%_1 log® h (1) f;:((:)), a<T<t<b

0, a<t<T<Lb
We have T3 is measurable on [a, b] X [a,b]. Hence, we can write

h' (1)

’ (/b (log* L b () — log*" 1 (7)) log® h (1) oY d7> dt’

< /|f < (log®* " h (1) — 1og8+1h(7))5‘110g8h(7)f;:((:; d7>dt
< e / (tog™" h (£) — log**" h () ¥ £ (1) dt (16)
< k(logsﬂhf)s_jig’sﬂ %/ )

o bl h® g h @)t

als+1]
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Consequently, T3 is integrable over [a, b] X [a,b] and

b
[ s
a
is an integrable on [a,b]. That is {1 ¢, f(t) exists for any ¢ € [a,b]. O

Theorem 2.13. Let g be an increasing, positive, monotone function

with g € C*([a,b]). If h(t) =Ing (t) over [a,b], then
ch?,hf: kfg,gf, and ZJc?,hf: Zlggf.

Proof. By Definition 3, we have

1 t a_q .,
IO = s [ O =RE)E ) ()
~ o [ me® - L @y ar
= wlg f(t).

On the other hand, we observe that

1_% t a_
Wanf ) = (Sk;:za) / (AL () — Rt () T R () Y (7) dr

1-% t o (r
(Sk‘;:zoz) / (In*tg(t) —In*t g (T))F_l In® g (1) J )dT

= tlagf ().
The proof is completed. [

Corollary 2.14. Let k >0, a > 0 and s € R\ {—1}. Then, we have

- ot . ,
tag (1) = (Sngklza) / (log™*! g () —log™* g (7)) © logsg(r)i( ) ir
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Now we present to the reader the semi group and the commutativity
properties for the (k, s, h)— Hadamard integral operator:

Theorem 2.15. Let f be continuous on [a,b], k >0, s € R\ {—1},and
let g (x) be an increasing and positive monotone function on [a,b] , having
a contunuous derivative g’ (x) on (a,b). Then, we have

ey (1100 (F 1) = 11657 (F () = 30y (12, (F (1)), (18)
where o, >0, 0 <a<t<b.

Proof. We have

tay (2, (F ()
-2 et a ! (r
= (Sk—;:za) / (log*™ g () —log®™ g (7)) * 1logsg(7')£;((7_)) ifg,g [f ()] dr
(DR : a1, o g(7)
= kam)/a (log** g (t) —log" " g (r))* " log® g (1) e (19)
(s+D'F 7 g ()i ot o 9 1)
X W/a (log +1g(7’) — log +1g(r)) log® g (r) o) f(r)dr|dr
IRCES ) S Sl LN ()
= PR E L, 10 G0
X [ / (log™" g (t) ~ log™*' ¢ (7)) * ' log™ g () gg, (( TT))
x (log* ! g (1) —log®t' g (7“))%_1 dr| dr
Thanks to the change of variable
o log™ g (r) —log™ g (r) (20)

it yields that
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¢ s+1 s+1 %_1 s+1 s+1 %_1 s g (T)
/(10g g(t)—log" g (m))"  (log* g () —log" g (r))* log g(T)g dr

sHL (g 1oostl -1y ,
_ (log® g (t) —log" " g (r)) / (1= ) ot
8+1 0
(21)
B (log™ g(t) ~log™ g (r)) " '
= s+1 Bk (aaﬁ)'
Therefore, by (19),(21) and by the k—Beta function, we obtain
te, (12, (5 ) (22)
a+p
s+ 1)-E / . o e g ()
= — log® t) — log® r)) * Tlogfg(r r)dr
Ty (a1 7) a(g g(t)—log" g (r)) gg()g@f()

= el ().
Theorem 2.15 is thus proved. [

3. Applications

Theorem 3.1. Let f and g be two synchronous functions on [0,00) and
let h be an increasing and positive monotone function on [a,b], having
a contunuous derivative h' (u) on (a,b). Then for 0 < a <t < co and
a > 0, the following inequality holds:

1
Han [(F9) (D] 2 s7o—77 klan [F O] 2125 19 (0] (23)
kIa,h (1)
Proof. Consider
LB (tu) = m (log®" h (t) —log™*' h (u))%_1 log® h (u) };L/(('ZZ))’S # -1
SFO(Ly) = % (log** A () — log* A (v)) "~ log® B (v) };l ((:)),5 £ -1
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The functions f and g are synchronous on [0, +00), so for all u,v > 0,
we have

(f (w) = f(v)) (g (u) =g (v)) 20,
imply that

fw)g(u)+fv)gv) = f(u)g)+f(v)g(u). (24)

Multipling both sides of (24) by 7 F* (t,u) x{ Fy* (t,v),u,v € (a,t), and
double integrating the resulting identity with respect to u and v from a
to t, we obtain

Han ((F9) Ol 12 (1) = g, [ (O] 7155 19 ()]

Theorem 3.1 is thus proved. [
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