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1 | INTRODUCTION

Thomas Simpson has evolved essential techniques for the numerical integration and estimation of definite integrals taken
into consideration as Simpson's rule during (1710-1761). Nevertheless, a comparable approximation became utilized by J.
Kepler nearly earlier than 10 decades, so it's also called Kepler's rule. Simpson's rule consists of the 3-point Newton-Cotes
quadrature rule, so estimation primarily based totally on 3-step quadratic kernel is every so often known as Newton-type
results.

1) Simpson's quadrature formula (Simpson's 1/3 rule)

/K Feodem 2 o) + 47 (B2 ) + P ()

2) Simpson's second formula or Newton—Cotes quadrature formula (Simpson's 3/8 rule).

/ FOodx ~ % [F(K1)+ 3F <2K1—3+’<2> +3F <%2"2> + F(Kz)] .

1

There are a huge variety of estimations associated with those quadrature rules inside the literature: certainly considered
one among them is the subsequent estimation called Simpson's inequality:
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Theorem 1. Suppose that F : [k1,k2] — R is a four times continuously differentiable mapping on (x1, k) , and let
[F9w = sup |F®(x)| < 0. Then, one has the inequality

xe€(ky.k,)

<l
2880

1 | F(k1) + F(k2) K1+ K2 1 K2
3 [f+zr( . )] - /K F()dx

(4)| oo(KZ - K1)4~

In recent years, many writers have focused on Simpson's type inequality in various categories of mappings. Specifically,
some mathematicians have worked on the results of Simpson's and Newton's type in obtaining a convex map, because
convexity theory is an effective and powerful way to solve a large number of problems from different branches of pure
and applied mathematics. For example, Dragomir et al' presented the new Simpson's inequalities and their applications
in quadrature formulas for numerical integration. In addition, some inequalities of Simpson's type of s-convex functions
were determined by Alomari et al.> Subsequently, Sarikaya et al. note the variance of Simpson's type inequality based on
convexity in Sarikaya et al.®> For the further studies of this area, one can consult previous works.*-

On the other hand, several works in the field of g-analysis, beginning with Euler, have been implemented in order to
master the mathematics that underpins quantum computing. The term g-calculus creates a link between mathematics
and physics. It's used in combinatorics, number theory, basic hypergeometric functions, orthogonal polynomials, and
other fields, as well as relativity theory, mechanics, and quantum theory.” In quantum information theory, it has many
applications.!®!! Euler used the g-parameter in Newton's work on infinite series that's why he is thought to be inventor
of this important branch of mathematics. The concept of g-calculus that is known to be calculus without limits was given
by Jackson!>!2 first time in a proper way. The notions about the g-fractional integral and g-Riemann-Liouville fractional
integral were given by Al-Salam'# in 1996. Since the research increase gradually in this field, therefore, Tariboon and
Ntouyas'” gave the idea about the . Dg-difference operator and g, -integral. The notions about the *>Dg-difference operator
and ¢*> -integral were given by Bermudo et al'® very recently in 2020. Sadjang'’ generalized the concept of g-calculus
by introducing the concepts of (p, q)-calculus. In 2020, Soontharanon and Sitthiwirattham'® introduced the concepts of
fractional (p, g)-calculus. The (p, q)-variant of . D, -difference operator and g, -integral was introduced by Tung and Gov.*°
Recently, in 2021, Chu et al. introduced the notions of 2D, 4 derivative and (p, g)*?-integral in Chu et al.?

Many integral inequalities for many sorts of functions have indeed been investigated employing quantum as well as
post-quantum integrals. For example, the H-H inequalities and their right-left estimates for convex and coordinated con-
vex functions via ,, Dy, Dy-derivatives and g, , g*>-integrals were given by different authors in oter studies.?’~* Noor
et al®? used the pre-invexity to prove H-H inequalities in the setup of g-calculus. Some parameterized g-integral inequal-
ities for generalized quasi-convex functions were established by Nwaeze and Tameru.3®* Khan et al. used the notions
of Green functions to establish some new inequalities of H-H type in their work.3* Budak et al.,>> Ali et al,*®*” and
Vivas-Cortez et al*® proved some new boundries for Simpson's and Newton's type inequalities for convex and coordinated
convex functions in the setting of g-calculus. One can consult other studies®**? for g-Ostrowski's inequalities for convex
and coordinated convex functions.

Inspired by the ongoing studies, we prove some new parameterized Simpson's and Newton's type inequalities for
g-differentiable convex functions in the setting of g-calculus. In the special cases of newly established parameterized
inequalities, we also obtain some midpoint and trapezoidal type inequalities for g-differentiable convex functions.

The following is how this paper is organized: Section 2 provides a brief explanation of the concepts of g-calculus as
well as some related works in this field. In Section 3, we prove two important quantum integral equalities. Sections 4
and 5 prove some new Simpson's and Newton's type inequalities for differentiable convex functions in g calculus. The
relationship between the results presented here and comparable results in the literature is also considered. Section 6
presents some findings as well as future research directions.

2 | PRELIMINARIES OF Q-CALCULUS AND SOME INEQUALITIES

In this section, we first present some known definitions and related inequalities in g-calculus. Set the following notation
(see Kac and Cheung®):

1—qg"
[nly = 1_2 =1+q+q¢*+..+¢", g€ (0,1).
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Jackson!? defined the g-Jackson integral of a given function F from 0 to «, as follows:

K2

/T’(x) dgx =(1-9q) KZZq"P (k2q"), where 0<g<1 (2.1)
0 n=0

provided that the sum converges absolutely. Moreover, he defined the g-Jackson integral of a given function over the
interval [k, k> ] as follows:

/F(x) dgx =/F(x) dgx —/P(x) dgx.
K1 0 0

Definition 1 (Tariboon and Ntouyas's). The g,, -derivative of mapping F : [k1, k2] — R is defined as

F)-F@x+0Q-q K1)
1-9x-x1)

o DgF () = , X # K. (2.2)

If x = k1, we define , Dy (k1) = limy_,, «, DgF (%) if it exists and it is finite.

Definition 2 (Bermudo et al.'®). The g*2-derivative of mapping F : [k, k2] — R is defined as

Flgx+A-qk)-F X
1-q (k2 —x)

2D, F (x) = X # K

If x = k3, we define 2D F (k) = lim,_,,, 2D F (x) if it exists and it is finite.

Definition 3 (Tariboon and Ntouyas!®). The qx,-definite integral of 7 : [x1, k2] = R on [k, k] is defined as

Ky 1

/F(x) kdgX = (1= q) (k2 — K1) Zq”? (¢"2+ (1-q") k1) = (k2 — Kl)/r((l — 1)K + 7Ky) dgt.
n=0 0

Ky

Alp et al® proved the following g, -Hermite-Hadamard inequalities for convex functions in the setting of quantum
calculus:

Theorem 2. If F : [x1, k] — R is a convex differentiable function on [k, k2] and 0 < q < 1. Then we have

K

F<QK1+K2> < 1 /F(x) dgx < qP(K1)+?(K2). (2.3)
[2]4 K2 — K1 [2]4

K

In Alp et al®® and Noor et al,’® the authors established some bounds for the left and right hand sides of the
inequality (2.3).

On the other hand, in their work,!® Bermudo et al. gave the following definition and obtained the related
Hermite-Hadamard type inequalities:
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Definition 4 (Bermudo et al.’¢). The g*2-definite integral of F : [k1, k2] — R on [k, k] is defined as

Ky 1

/F(x) “dgx = (1-q) (k2 — k1) Zq”? ("c1+(1-q") k2) = (k2 — Kl)/F(TKl +(1 - 1)Kz) dgt.
n=0 0

Ky

Theorem 3 (Bermudo et al.’%). If F : [x1, k2] — R is a convex differentiable function on [k, k,] and 0 < q < 1. Then,
g-Hermite-Hadamard inequalities are given as follows:

K

e <K1 + qK2> < 1 /F(x) szqx < w (2.4)
[2]4 K2 — K1 (2]q

Ky

From Theorems 2 and 3, one can obtain the following inequalities:

Corollary 1 (Bermudo et al.'%). For any convex function F : [k1, k2] — R and 0 < q < 1, we have

K2 K2

K1 + K K1 + gk 1
F(q[lz—]q2> +F< 1[2];1 2> - /T’(x) ey dox +/F(x) “dgx b < F (k1) + F () (2.5)
and
Ltk 1 / o F () + F (2)
F( . )5 T /F(x) g +/F(x) dgx < = (2.6)

Budak?> proved the left and right bounds of the inequality (2.4).

3 | CRUCIAL IDENTITIES
In this section, we prove three different identities to obtain the main results of this paper.
Let's start with the following useful Lemma.

Lemma 1. If 7 : [x,k2] C R — R is a g, -differentiable function on (ki, k;) such that , D,F is continuous and
integrable on [k, k], then we have the following identity:

AP )+ A= F )+ u = 7 (S52) - e [, dox

2 K72 — K1
2 1 (3.1
= (k3 — K1) l/ (qr — A) DgF (k2 + (1 — 1) k1) dg7 + / (qr — y)KquF (tia+ (A —71)K1) dy7
0 3
whereq € (0,1).
Proof. From Definition 1, we have
F 1- -F 1-
DyF ek + (1= T)ky) = (tro+ (1 — 1) K1) (Qrra + (1 —q7) Kl)' (32)

A-q@k2—k)7
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Using the fundamental properties of quantum integrals and from equality (3.2), we obtain that

1 1
/ (r = 4) DgF (2 + (1 = 1) k1) dg7 + / (qr — y)xquF (tiy + (1 =1)K1) dgt

/(/4 A)KIDF(TK2+(1—T)K1)qu+/ (qr — 1), DF(TK2+(1—T)K1)dT

- (- i)/ P(TK2+(1—T)K1)—P(qTKz+(1—qr)rq)qu (3.3)
A-q (k2 —Kk)7
+q/ P+ -9rx)-F@ro+d-g0K)
0 (1-q) (k2 — k1)
~ /1F(TK2+(1—T)K‘1)—7:'(QTK2+(1—qT)Kl)
"o - g 00— K07

q

dgz.

From Definition 3, we have the following relations:

/% F (txz + (1 = 7) k1) = F(qricy + (1 — q7) k1)
dqr
0

A1-@k—k)7

e B (e (-5)e)- B (5

=[P (2) -F ).

Ky — K1 2

(1 _ q"“) ,q)] (3.4)
2

dyr = [F (k) = F (x1)]

/1 F(tka+ (1 —1)Kk1) — F (qra + (1 — q7) K1) 1
3.5)
0 A-q)(2—x1)T Ky — K1

and

/1 F(tky+ (1 = 1)Kk1) — F(qriy + (1 — q7) K‘l)d
0 ) 1 -q) (k2 — K1)

1 - a
= p an}‘ (q”m + (1 — qn) Kl) _ nz_;)an (qn+1K2 + (1 _ qn+l) Kl)]

qT

| n=0
-1 Zq"? (¢"k2+ (1-q") k1) ——Zq”? "2+ (1-¢q" )Kl)] (3.6)
k2 — K1 | n=0 n 1

-1 Zq“? ("2 + (1—q") k1) — —Zq”}‘ 9"+ (1-q") k1) +é?(rc2)]

ka—K1 | n=0 n 0

= 1 lF(Kz)—;/ F (x) Kldqx].
K2 —K1 | g q (k3 — k1) K

By substituting the computed integrals (3.4)-(3.6) in (3.3), we obtain the required identity (3.1), and the proof is
completed. O

Remark 1. In Lemma 1, if we choose 1 = % and y = 2 , then we obtain the following,*3 Lemma 3

Remark 2. In Lemma 1, if we choose A = y = % then we obtain the following,#+ Lemma 3.1
q
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Corollary 2. In Lemma 1, if we choose 4 = 0 and u = 1, then we obtain the following new identity:

K2
F<K1+K2>_ 1 / F(x)Kldqx
2 Ky — K1 K

1 1
= (k; — K1) l/ qz, DgF (ticy + (1 = 1) k1) dg7 + / (qr = 1), DgF (zx2 + (1 — 1) k1) dqu .
0 3

Remark 3. In Lemma 1, if we take the limit g — 1~, then we have the following,*> Lemma 21 for pp = 1

Lemma 2. If 7 : [x1,k2] € R — R is a g, -differentiable function on (k1, x,) such that , DyF is continuous and
integrable on [k, k2], then we have the following identity:

AF(K1)+(ﬂ—A>F<2K1+’Q> +(v—ﬂ)F<K1+2K2> +<1—v)F(r<2)—;/ﬁﬂxmdqx
3 3 Ky — K1 K,
= (k2 — K1) l/3 (gt — A) DgF (k2 + (1 — 1) k1) dg7 + [3 (gt — p) o DgF (tx2 + (1 — 1) K1) dgT (3.7)
0 3
1
+/2 (qr —v) KquF(TK2+(1—T)K1)qu]

whereq € (0,1).

Proof. From the fundamental properties of quantum integrals, we have
/ (r — 4) DgF (k2 + (1 — 1) k1) dg7 + / (qr — 1) o DgF (tx2 + (1 = 1) K1) dgT
0 1
) 3
+ ﬁ (qr — V) o DgF (tka + (1 = 7) k1) dgt
3

= /3 (=) ,DgF (2 + (1 — 1) k1) dg7 + '/3 (v— M)KquF (trr+ (1 —71) K1) dyt
0 0
1
+ / (qr — V) o DgF (tka + (1 = 7) k1) dgt.
0

If the same steps in the proof of Lemma 1 are applied for the rest of this proof, we can obtain the desired
identity (3.7). O

Remark 4. If we take A = %, u= %, andv = % in Lemma 2, then we obtain the following.* Lemma2

Remark 5. If we take A = y = v = -, in Lemma 2, then we obtain the following,* Lemma3.1

21,

Corollary 3. Ifwe take the limitq — 1~ in Lemma 2, then we obtain the following new identity:

AF(K1)+(M—,1)P<2’“+K2>+(V—M)P<"1+2’Q>+(1—v)r(,<2)— 1 /ZF(x)dx
3 3 Ky — K1 K
= (k3 — K1) l/g(T—/I)F'(TK2+(1—T)K1)dT+/5(T—M)F'(TK2+(1—7:)K1)dT

0 1

1
+ﬁ (r—v)?'(rlc2+(1—r)1<1)dr]
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For brevity, let us prove another lemma that will be used frequently in the main results.

Lemma 3. The following quantum integrals holds for A, u, v > 0:

81%+q A
: a2, > 4 > 24,
Q1 =/ lgz — Al dg7 = h
0 q
e <
2 a2),’ q=24
a_ 30
2 Ty q<Hu,
! 8u+59 3
— _ —J T4 2K
912—[ lqgr — pl dg7 = i, > < q<2u,
2
3¢ _#
42, 27 q>2u
242 q A
3 21, + 921, 3’ q> 34
Q3 = / lgr — Aldg7 =
0 A_ 4
3 92),’ q=34,
.
£_ 4 3u
3 3[2]q, q < 2 B
2
3 184%+5q 3u
Qg A g7 — ul dg7 = 4 o2], 3 SAS3m
3
4 _ kK
TR 3u,
«
v_ 54
3912, q<v.
! 18v2+13q¢ 5 3
\4 \4 \4
Q1s=ﬁ lgr — vl dgr = § o, 3’ vsgss,
3
59 _ v 3v
9[2]q 3, q > 2 )
243 q A
= 4+ 2 — L g> 2],
2 [21,031, ~ 8[31,  4L2l, g
le/ T|qT—/1|qu=
0 44
_ , < 24,
421, 8[3], 1=
84+itg A _ g _ 22
% 42], 2 83, [2],3]
Q2=/ 1-7)[qr — Aldgr = Q11 — ) =
0 A_ Mg, 9
2 421, 83’

(3.8)

(3.9)

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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3u 7q
— aral ? < s
a1, s, N
1
2u3 S5u 9q
= - =4 A D, <g<2
Qs /1 T|q7 — p| dg7 = 1 21,5, a2, + e H=q=2p, (3.15)
7q 3u
o2l A ? > 2 )
831, 42, a> 2k
U 3utq) 7q
T — r— < U,
27 e, osB, E
1
812 +5q+5u 3u 9q 2u3
Q4=/ I -1)|gr — puldgr = Q13 — 3 = 1 T, 2 e M <q <2, (3.16)
2
3wt _p 79
Az, 2 8B q> 2u,
243 q A
- ——,q> 34,
H ENERMETER TR
Qs =/ T|qr — Aldgt = (3.17)
0 A q
o > < 323
o1, 2713, 9=
184%24+A+q A q 23
—_— - = == , q> 24,
3 o2, 3 23, ey g
Qs =/ A-7)|qr — Aldgr = Q13 — Qs = ) (3.18)
0 A _ g q
3 92, 2731, q=<24,
u___7q 3u
32, 2731, <5
_ [ _) 2 w4 g3
Q; = [ T1qr = puldet = Giay o Y 2 SIS (3.19)
9 _ K 3
27131, 3l21,° 9> K
Wo_ gt 79 3u
332, + 27(31,° q< 27
2
3 1842 +5q+5u q 243 3u
Qs=/ AI-7)lqr —pldgr =Quu=Qr =9 — 55— “H~ 357 “GoL 2 <q <3y, (3.20)
1 q q q'=lq
3
Kl R
32, 3 273, q> 3u,
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[ s, _19q
921,  2713],° q<v.
1
_ _ _ )2 _ 13, 359 <g< ¥
Qo —A tlgr —vldet =3 g Tony, Tan, VS9S (3.21)
19q 5v 3v
23], 9121, >3-
v _ 5(q+v) 19q
3 9[2], 27(31,° qg<v
1
_ _ _ ) 182413¢+13v _ 5v _ 35¢ 28 3v
Qo = L 1-7) |qT - Vl qu = Q5 — Qg =4 921, 3 27031, [2]‘1[3]‘7, v<g= 5 (322)
3
5(q+v) _v_ 19q > 3_v
9[2], 3 27(31,° q :
Proof. Casel:Letq > 2A.
By the definition g-integral, we have
1
2
Q :/ T|qr — Al dg7
0
: :
= / r(i—qr)dqr+/ T(A—qr)dyt
0 1
4 1
2
= 2/q T(A—qr)dq1+/ T(A—qr)dyt
0 0
7 N B
(214031, 8I31, 421,
Case I: Let g <24.
From definition quantum integral, we get
1
o /E| Ald /E (A= qrydgr = —2— - 4
= T|qT — T= T(A—qo)ayt = —— — ——.
s o AR TP TR
This gives the proof of the equality (3.13). The others can be calculated in similar way. O

4 | SIMPSON'S TYPE INEQUALITIES FOR QUANTUM INTEGRALS

In this section, we prove a new generalization of quantum Simpson's inequalities for quantum differentiable convex
functions via quantum integrals.

Theorem 4. We assume that the given conditions of Lemma 1 hold. If the mapping |K1DqF| is convex on [k, k2], then
the following Simpson's type inequality holds:

AP0+ A= F )+ - o (2 ) - L [T e

4.1)
< (k2 = K1) [(Q1 + Q3) |, DgF (12)] + (2 + Qa) |, Dy F (1)

where Q;-Q, are given in (3.13)-(3.16), respectively.
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Proof. Taking the modulus in Lemma 1 and using the convexity of |, D,F|, we obtain

2 Ky — K1

AP0+ A= F e+ = P (B2 - L [T e

1 1
< (ky — k1) l/ lgr — 4| |K1DqF(TK2+(1—T)K1)|dq1+/ lgr — ul |K1DqF(TK2+(1—T)K1)|qu
0 P

3 1
< (k2 = K1) l|K1qu<Kz>|{/ clar = ildgr+ [ r|qr—mdqr}
0 1
% 1
+|K1qu'(1<1)| / (l—r)|qr—/1|dqr+/ (1-7)|gr — puldgt
0 B

= (k2 = k1) [(Q1 + Q) [, DgF (k2)| + (2 + Q) |« DgF (1)
which completes the proof. O

Remark 6. If we take the limit g — 1~ in Theorem 4, then we have the following,*> Theorem21 for ¢ — = 1

Remark 7. If we assume A = y = % in Theorem 4, then we obtain the following.** Theorem 4.1
q

Corollary 4. In Theorem 4, if we choose A = 0 and u = 1, then we obtain the following midpoint type inequality:

= 2¢° +29-1
A Y T e
2 Ky — K1 K

4[2]4[314

|, DgF (k)| + |, DgF (k1)|| -

3
< (k2 — K1) [m

Corollary 5. Ifwe assume A = é and u = 2 in Theorem 4, then we obtain the following inequality:

é[F(K1)+73(K2)+F<K1+K2>] -1 /Kzr(x) e dgx

2 Ky — K1

< (k2 = k) [(Q] +Q3) [ DgF ()] + (@5 + Q) |+ DgF ()]

where
2 q 1 1
— - , - <qg<1,
3 216.[21,03], @ 83, 24.2," 3 q
¥
Ql=/1qr——dq‘r= ) . )
0 - <1
2421,  83],° 0<gq=< 3’
7 9 1 _ 9 2 1
% 1 722, 42, 12 8], 216[2],[3]," 3 <gq<l,
QZ:/ 1-7)|gr —=|dyt =
0 6 1 1 q q 0 1
S EeT T : <g<3,
12 24[2], 4121,  8[3], 3
L 79 3
1 2402,  8I3],° 0<g< 6’
Q;:/ T|qT — =|dgT =
1 250 25 9 5
. A 24 2 <«
: ey, 2, sp, 6 =4S L
S5 15 3¢ 7q 5
1 12 24021, 421,  8B3l,° 0<g< 6’
Q) = . 1-7)|gr — =|dygt =
1 50 5S¢ 25 15 99 250 5 <1
: 216.[2], © 4[2], 242, 12 8[3],  216.[2],[3]," 6 =49
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which is given by Tung et al.*> Theerem 1 the coefficients of |, DgF (k2)| and |« DgF (k1)| in this inequality are more modified

than the inequality of Tung et al.

Theorem 5. We assume that the given conditions of Lemma 1 hold. If the mapping | DyF | P1, p;>1 is convex on [k1, k2],

then the following Simpson'’s type inequality holds:

AP0+ A= F e+ = P (B2 ) - L [T e

2 Ky — K1

1-L il
< (k2 — K1) [QH Q] DgF (k)" + Q2 | DgF (11)| P1) 2

1-+ L
+ Q" (Q3 ] DgF (k)| P + Q4 |K1qu(’f1)|p1)”]
where Q;;, Qi and Q;-Q are given in (3.8), (3.9), and (3.13)-(3.16), respectively.

Proof. Taking the modulus in Lemma 1 and using the power mean inequality, we have

AP G+ A= P+ =07 (2 ) - L [T d

1 1-+ 1
2 pP1 2 pn
< (k3 — K1) </ IqT—AquT> </ lgz — Al |K1DqP(TK2+(1—T)K1)|p1dq7.'>
0 0
1 1_;%1 1 I
+ (/ |qr—y|dqr> </ |qT—;4||K1DqF(TK2+(1—T)K1)|p1dq‘l,'>

p1
By using the convexity of |, DgF|?1, we have

AP G+ A= F )+ = 07 (B2 ) - L [T ds

2 Ky — K1
1 1-L
2 pP1
[
0

3 3 o
X<|K1DqF(K2)|p1/O 7:|q7:—/1|dq7:+|,(1Dq7"(1<1)|p1/0 (1—T)|qr—/1|dqr>

1-L

1 P1
+ / |gz — pl dqt

1 1 P
X <|K1DqF(Kz)|P1/ quf—uldqr+IKquF(Kl)IPI/ (l—r)lqr—uldqf)

1

-1 1
= Q)" (@1 [, DgF (k)| P + Qs |, DgF (k)| P1) 71

-1 1
+Q, " (], DgF ()| P + Q4 |K1DqP(K1)|pl)pl]

and the proof is completed.

(4.2)
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Remark 8. If we take the limitg — 1~ in Theorem 5, then we have the following,*> Theorem23 for g =y =

Remark 9. If we assume A = y = Zi in Theorem 5, then we obtain the following.** Theorem 4.2
q

(2]

Corollary 6. Ifwe assume A = é and u = g in Theorem 5, then we obtain the following inequality:

[F(K1)+P(K2)+F<K1;K2>] - K‘ziKl /KKZP(x) e dgx

1
6

-+ 1
< (k2 1) [@1 (1 [ DgF (k)| P + O | DgF ()] P

-1 i
+0, " (€5 [« DT (k)| P + QilanF(Kl)lpl)”]

where Q7 — Q; are given in Corollary 5 and

(2 ¢ _ 11
3 1 36[2], 42], 127 3 <g<l,
0, = qr — = qu=<
0 6 1_ 4 0<g<t
| 12 421,° =3’
(5 _ 34 5
1 12 42],° 0<g< 6
®2=/ qr — =|dgt =3
1 50 5q 15 5
= 424 2 2
: | 36121, 421, 12 6 sg<l

which is given by Tung et al;* Therem3 the values of ®;, ©; and the coefficients of |, DgF (K2)|p "and |, DgF (k)| Pr in
this inequality are more modified than the inequality of Tunc et al.

Corollary 7. In Theorem 5, if we choose A = 0 and u = 1, then we obtain the following midpoint type inequality:

1-L 2\ m
K1+ K2 1 K2 q P1 1 q 1—q ([3]q +9 ) !
F < : > - /K1 F (X) x,dgx| < (k2 — k1) (@> <|K1DqP(K2)|P s3I, + |, DgF (k1)| P S21.050,

2-q\ " . 61313 = 79121, o (1 3q 631y = 7ql2lg\ \
+<4[2]q> <|K1DqF(K2)| sl P " (3 e T T, '

Theorem 6. We assume that the given conditions of Lemma 1 hold. If the mapping |,(1 DqF| P, p; > 1isconvexon [k1, k2],
then the following Simpson'’s type inequality holds:

2 Ky — K1

AP0+ A= F )+ = 0 (B2 ) - L [T e
e, D (k)| +(2q+1)|K1DqF(m>|P1>$ o (DT " Qa1 | DT Gen| P\
a2, atzl, AT at2l,

1
< (k2 — K1) Q{%(

4.3)
wherep;! + 17! =1and

1 1
Ql6=/ lgzr — Al "dy7, Ql7=/ lgz — u| "dy.
0 1
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Proof. Taking the modulus in Lemma 1 and using the Holder inequality, we have

AP G+ A= F )+ = 07 (B2 ) - L [T d

1 WA "
< (k2 — K1) (/ lgz — Mrlqu) </ |, DgF (tx2 + (1 — 1) K1)|p1dq7>
0 0

1 % 1 P
+</ |qr—y|rldq1> (/ |K1DqF(TK'2+(1—T)K1)|p1dq‘l'>

Applying the convexity of |, DgF |1, we have

AP0+ A= F )+ = P (52 ) - L [T, e

2 K2 — K1

1

: " : : z
< (k2 — K1) </ lgz — A] " qu> <|K1qu (k)| P / 7dg7 + | DgF (k)| / 1-7) qu>
0 0 0

S
r

1
1 1 1 1 1
+ </ lgr — ul rldq1> <|K1qu'(l<2)|p1 / rdyt + |,(1Dq7" (K1)|P1 / 1-7) dq1>

1

| DF ()| P (29 +1) [, DF (k)| P >,,1
412, 4[2],

= (k2 — K1) 9;<

+ Qﬁ 3|, DgF (k2)| 71 N (2q = 1) |, DgF (k)| P\ 7 |
17 4[2]q 4[2]q

and the proof is finished. O

Remark 10. If we take the limit g — 1~ in Theorem 6, then Theorem 6 becomes the following,“iTheorem 22 fors =
m=1

Corollary 8. Ifwe assume A = % and u = g in Theorem 6, then we obtain the following inequality:

2 Ky — K1

‘% [P(K1)+P(K2)+P<K1 +K2)] — /KZF(x) oo

|K1DqF(K2)|P1 N 2g+1) |K1DqF(K1)|p1 > -

=temr) @;( anl, a2l

o (DT " gD DeF G|\
! 4121, 421,

where

"dgT.

®3=/2
0

-2
=%

-1
=%

1
r]qu’ Oy =/
2
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5 | NEWTON'S TYPE INEQUALITIES FOR QUANTUM INTEGRALS

Some new generalized versions of quantum Newton's inequalities for quantum differentiable convex functions are offered
in this section.

Theorem 7. We assume that the given conditions of Lemma 2 hold. If the mapping |, DyF | is convex on k1, k3], then
the following Newton's type inequality holds:

2 %2
u) + A=) F (1) — — / F (%) ., dgx
3 K2 — K1 Jg

1

2K + K2>

/IF(K1)+(/4—/I)T'< +(v—,u)T'<

(5.1)
< (k2 — K1) [(Qs + Q7 + Qo) |, DgF (k2)| + (Q6 + Qs + Qu0) |, DgF (k1)

where Qs—-Q;9 are given in (3.17)-(3.22), respectively.

Proof. If we consider Lemma 2 and apply the same method that used in the proof of Theorem 4, then we can obtain
the desired inequality (5.1). O

Remark 11. If we assume 4 = y = v = - in Theorem 7, then we obtain the following.** Theorem 4.1

21,

Corollary 9. Ifwe take the limit q — 1~ in Theorem 7, then we obtain the following Newton's type inequality:

3 3
< (02 = 1) [ (@5 + Q5 + Q) [ DgF (102)| + (@5 + Q5 + Q) |, DgF (1)

ﬂf’(lq)+(,u—i)7-’(m>+(v—y)F<L2K2>+(l—v)7-’(K2)—ﬁ/,ﬁf’(x)dx‘
2— K1 Sy,

where )
3 3
Q’;:/ T|T—/1|dr=/1—+i—i,
0 3781 18
3 2 3
Qz=/3(1—1)|1—2|d1=M—§—’1—,
o 18 81 3
2 3
3 U 5 1
Q*= — d:——_+_
7 [TIQT uldz TR
3
3 184% + 5+ 5u 1 W
Q*= 1— - d=' - I }
g/l(f)lfulf 13 K573
3
1 3
Q;:/TlT—V|dT=V——&+§,
2 3 18 81
1 2 3
9T0=/ A-t)jr—v|dr= B2 H13+13v  Sv_ 35 v
2 18 3 81 3

3

Remark 12. If we take A = %, U= %, andv = % in Theorem 7, then we obtain the following inequality:

% [P(K1)+3r <@> +3F <%2K2> +r(;c2)] _ 1t / F () ,dgx

Ky — K1

< (k2 — K1) [(@s + O7 + Og) |, Dy F (i2)| + (®6 + Og + B1) |, Dy F (k1]

;
@52/ T
0

where

1 g _ 1 3
256.12],13], 2731,  72[2], 8 <g<l

qr—% dgt =

1 q 3
— 4 < 2
7212,  2713],° 0<gs 8’
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~r 4,1 4, ¢ _r_ ¢ __ 1 1
z 32[2], 7202, 92, 24 27[3],  256[2],[3]," 4 g<1,
B = 1-7)|gr — <|dg7 =
0 1__1 _ g g <1
24 7221, 92, + 27(3],° 0<gs 4’

1L _ 7 3
2 1 621,  27131,° 0<g<3
@7:/51'@'-5 dgt =
! L5 44 3ogo,
421,131,  18[2], = 3[3],° 4
1_4a _ 1 . 7 3
f 6 3[2], 6[2], + 27(31,° 0<g< 4’
®g=/ 1-7)|gr — =|dyt = ) ; ; ) . ,
1 q g
E —t =t = - - - —, - <(q<1,
} 22, 9121, 1812, 2 3[3l,  4[21431,7 5 T q
3 1% z
1 72[2], 27131’ 0<g< 8’
@9 = / T|qT — = dq‘[ =
2 343 91 35 7
- i<
: 256[2],[3],  72[21, = 27(3]," 8 — q<1
Z_5¢ __7 4 199 z
1 24 921, 7221, 271317 0<g< 8’
Op=[ (A-7)|g7—|dg7 =

49 13q 91 35 35 343 Tca<1
2], 92, | 7202, 24 2713, 256[2],[3], 8 =4q

which is given by Erden et al.,* Theerem 1 byt in our inequality, the coefficients of |, DgF (k)| and |, DgF (x1)| are in
modified form.

Theorem 8. We assume that the given conditions of Lemma 2 hold. If the mapping |, D,F |p !

, p1=1is convexon [k1, k2],
then the following Newton's type inequality holds:

AF (k) + (= D F <M> Fw—WF (LZKZ) A=) F (k) — —2 /Kzr(x>  dgx
3 3 K2 =K1 Jg

1

-+ kS
< (k2 — K1) [913 " (Qs|x, DgF (k)| + Q6 |, DgF (c1)| P1) 7

(5.2)
1-+ 1
+9,, " ({97 |4 DgF (k)| + Qs DF (0] 7))

1

1-L 1
+Q. " (Qo |, DgF ()| P + Qo |K1qu(’(1)|pl)“]

where Qs-Q;9 and Q;3-Q;5 are given in (3.17)-(3.22) and (3.10)-(3.12), respectively.

Proof. If we apply the steps used in the proof of Theorem 5 and taking into account Lemma 2, we can obtain the
required inequality (5.2). O
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Corollary 10. Ifwe take the limitq — 1~ in Theorem 8, then we obtain the following Newton's type inequality:

1 / Fx) dx'
— K1 K1

/17’(1(1)+(/4—/1)F<w> +(v—y)r<%2"2> FL=V)F (k) —
-1 kS
s o - [911 " (Q5 |« DgF (k)| P + Qg |, DT (k)| P )
1-L Py~
+0," <(9? |, DgF (x2)| P + Q| DgF (k)| ) 1 )

-+ 1
+0," (Q; |K1qu (’(2)|p1 + QiolKqur (Kl)lpl)pl]

where Q:-Q} are defined in Corollary 9 and

1

3 1 A
0 = —Mdr=A+—-Z%,
11 /0 |z |dz 9[2]q 3

2
3 1842 +5
@12=/ |z —pldr = —— —p,
1 18

3

1 2
®13=/ It —y|dr = BV +13 SV
2 18 3
3

Remark 13. If we take 4 = %, u= %, andv = g in Theorem 8, then we obtain the following inequality:

K2
1 F k) 4 3F kit K2 ) L ap (K262 P o) - 1 / F (0 v dgx
8 3 3 Ky — K !

K1

1-L RS
< (k2 — kK1) [914 (@5, DgF (k)| + Op |, DgF (k)| P1)
1-L S

+0,5" ((©7 ] DyF (k)] P + O |, DyF ()| ) 7 )

1- 1
+0,¢ " (09 |, DT (k2)| P + O |, DgF (k1) P1) 1 ]

where ©s-0; are given in Remark 12 and

1 q _ 1 3
3 1 202], 92, 24’8 <g<l,
914 =/ qt — g dq’[ = . s
0 __49 ES
24 912],” 0<q$8’
1__g9 3
2 6 321, 0<g< 4’
915=/ qrt — = qu= . s L s
1 q
Loy 103 o
: m, Ty, T2 as4s L
7 _ 51 7
1 24 921’ 0<g< 8’
L =/2 97~ g| 47 = 49 13 35 7
2 q
By Ba 33T <
} a2y, 9z, 24’ 8 = g<1

which is given by Erden et al.,* Theorem 4 byt the values of ©,4-05 and the coefficients of |, DgF (K2)|p Y |, Do (k1)| P

are in more modified form.
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Remark 14. Iff weassume A =py=v = % in Theorem 8, then we obtain the following.* Theorem 4.2
q

Theorem 9. We assume that the given conditions of Lemma 2 hold. If the mapping |,(1 DqF| P, p; > 1isconvexon [k1, k2],
then the following Newton's type inequality holds:

Arm0+w—mr<ﬁiiﬂ>+w—mr<ﬂiﬁg>+a—0FMﬁ— L /”Punﬂﬁ
3 3 K2 = K1 Jy,

1

|, DgF (i2)| P1 , Ga+2) |e, Dy F (ic1)| P >pl
o2l 9[2]4

s@@-m>ag( (5.3)

1 - 1 D1 o
+QZ |K1Dq7:‘(’(2)|p1 " q|rcll)q7:‘(’(1)|p1 n +QZ 5|K1DqF(K2)| + (3q_2)|K1DqF(’Cl)|p1 &
AT 32, 20 o2l o2],

wherepi! + 17! = 1and
1 2 1
3 3
Qg =/ lgr — Al "dg7, Q19 =/ lg7 — | "dy, Q20:/2 lgz — v|"dg7.
0 5 H

Proof. 1f we apply the steps used in the proof of Theorem 6 and taking into account Lemma 2, we can obtain the
required inequality (5.3). O

Remark 15. If we take A = % u= % andv = % in Theorem 9, then we obtain the following inequality:

[F(K1)+3F<w>+37“<%2K2>+7?(K2)]— 1 / F () v, dgx
Ky — K

K1

oo | =

| DgF ()| P (3q +2) |, DgF (k)| P ) o

< (KZ - Kl) ®1l7< 9[2]q 9[2]q

+®% |"1DqF (’Q)'p1 + q |K1DqF (Kl)|p1 o)
18 321, 3121,

v ok (DT Gl | B3a=2)] DT (k] \
19
92l 912,

where

1

CIT—g ndgt

1 2
= = 1
3 3
@17 = / rlqu, @18 = [ rlqu’ ®19 = ﬁ
0 = 2
3 3

which is given by Erden et al.,* Theorem 2 byt the values of ®1,-0,9 are in more modified form.

L1 S
E 73

6 | CONCLUSIONS

We conclude our work by mentioning that here, we gave the extension of quantum Simpson's and quantum Newton's
inequalities for quantum differentiable convex functions under certain parameters in the setting of quantum calculus. It
is important to mention that our results transformed into some new and known results by considering the limit g — 1~
and by different variations of the involved parameters in our main results. We strongly believe that it is an interesting and
new problem for the upcoming researchers who can obtain similar inequalities for other kinds of convexity and quantum
integrals.
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