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Abstract

In this paper, we establish a companion of Ostrowski type inequalities for mappings of bounded variation and the quadrature
formula is also provided.
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1. Introduction

Let f :[a,b] — R be a differentiable mapping on (a, b) whose derivative f’ : (a, b) — R is bounded on (a, b),
ie. || f’ ||Oo = SUP,c(a.p | /(1| < 0. Then, we have the inequality

[ 1 (=) /
‘f(X)—m/a f(odt| < Z+ﬁ b —a) | f'] (L.1)

forall x € [a, b] [1]. The constant % is the best possible. This inequality is well known in the literature as the Ostrowski
inequality.
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Definition 1. Let P : a = xo < x; < --- < X, = b be any partition of [a, b] and let A f(x;) = f(xit1) — f(xi).
Then f(x) is said to be of bounded variation if the sum

D 1A
i=1

is bounded for all such partitions. Let f be of bounded variation on [a, b], and ) (P) denotes the sum ) +_, | A f(x;)]
corresponding to the partition P of [a, b]. The number

b
V() =sup | > (P): P e Pia, D),
is called the total variation of f on [a, b]. Here P([a, b]) denote the family of partitions of [a, b].
In [2], Dragomir proved the following Ostrowski type inequalities for functions of bounded variation:

Theorem 1. Let f : [a, b] — R be a mapping of bounded variation on [a, b). Then

b
/ Jf@dr — (b —a) f(x)

1 a+b b
< [5 (b—a)+ |x — TH \a/(f) (1.2)

holds for all x € [a, b]. The constant % is the best possible.
Dragomir gave the following trapezoid inequality in [3]:

Theorem 2. Let f : [a, b] — R be a mapping of bounded variation on [a, b]. Then we have the inequality

b
f@)+ fb) b 1
o= | fwdi| <k -a)\/(). (13)
a a
The constant % is the best possible.
We introduce the notation I, : a = xg < x; < --- < x, = b for adivision of the interval [a, b] with h; = x;41 —x;

and v(h) = max{h; :i =0,1,...,n — 1}. Then we have

b
/ f@ydt = Ar(f, L) + Rr(f, 1) (1.4)
where
UL fO) + fxi)
Ar(f, 1) = ; f*hi (1.5)

and the remainder term satisfies
b
1
|Rr(f. I)| < Ev(h)\a/(f). (1.6)

In [4], Dragomir proved the following companion Ostrowski type inequalities related functions of bounded
variation:
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Theorem 3. Assume that the function f : [a,b] — R is of bounded variation on [a, b]. Then we have the
inequalities:

1 1 b
S U@+ fa+b=ol= = [ fw
1 x—a)\/(f)+(Lb—x>a+\b/x<f)+<x—a) \ ()
b a+b—x
1 X — 3a+b
[Z ‘ } V.,

[2(2:2)”(?:;)1;

= ¥ (1.7)
X B a+b—x b BT B ' 1 1
[l [ g ot
a+ 2 a+b—x
S | max \/(f) \/ ). \/ f)
a+b—x

for any x € [a ﬂ] where \/ (f) denotes the total variation of f on [c, d]. The constant < 1S the best possible in

the first branch of second inequality in (1.7).

For recent results concerning the above Ostrowski’s inequality and other related results see [1-26].

In this work, we obtain a new companion of Ostrowski type integral inequalities for functions of bounded variation.
Then we give some applications for our results.

2. Main results

Now, we give a new companion of Ostrowski type integral inequalities for functions of bounded variation:

Theorem 4. Let f : [a, b] = R be a mapping of bounded variation on [a, b]. Then, we have the inequality

b- [f(x>+f(a+b—x)+f( +x)+f(“+2b )} /f(t)dt

3a+b a-+b X —a
( 5 —x>, 5 }\a/m 2.1)

4
where x € [a, #] and \/f(f) denotes the total variation of f on [c,d].

Smax{x—

Proof. Consider the kernel P(x, t) defined by Qayyum et al. in [7]

t IS atx
—a, X,
2
3a+b <a+x i|
- > t e , X
4 2
b
P(x,t) = t—a;— , te(x,a+b—x]

2
2b —
t—b, te[“—x,b]

a+3b ( a+2b—xi|
- , tela+b—x, ———

2
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Integrating by parts, we get

b b— a—+x a+2b—x b
/ Px,t)df(t) = — [f(x)+f(a+b—x)+f< )-ﬁ-f(T)} —/ fde.  (2.2)

It is well known that if g, f : [a, b] — R are such that g is continuous on [a, b] and f is of bounded variation on
[a, b], thenf g(1)df (t) exists and

b
/ gndf (1)) < Sup lg(@)] \/(f) (2.3)

tela,b

On the other hand, by using (2.3), we get

b
/ P(x. 0df (1)

a
atx

x a+b—x
< / T —a)df ()| + (t a+b>df(t) + / (r at >df(t)
a % X
a+b—x b
+ / ’ (r— a+3b)df(t) + (t —b)df ()
a+b—x 4 #
< sup It—ala\7(f)+ aup |1~ 212 Vit sp |- = H\b/X(f)
B t€[a, "H] [a+" x] aJer te[x,a+b—x]
a+22b X
3b
+ swp LB (e s =6\ ()
te[u-rb—x.%] atb—x [“+2b x b] at2hx
x—a% 3a+b| 1 a—l—b athox
:T\/(f)—l—max{x— 2 ,§< )}\/(f)+< ) \/ )

be
{ 3a+b 1<a+b )} —a \
+ maxj|x — s
4 2 a+b—x a+2b—x
2
b
3a+b a+b x—a
§max{x— 1 ,< 5 —x), }\‘/(f).

This completes the proof. [

Remark 1. If we choose x = a in Theorem 4, the inequality (2.1) reduces the inequality (1.3).

a+h

Corollary 1. Under the assumption of Theorem 4 with x = , then we have the following inequality

‘b4 |:2f<a+b>+f<3a:b>+f<a+3b)] / o] <

The constant JT is the best possible.

1
il a)\a/(f). (2.4)

Proof. For proof of the sharpness of the constant, assume that (2.4) holds with a constant A > 0, that is,

‘b4 |:2f<a+b>+f<3a:—b)+f<a+3b)} / o

<A —a) \/(f) 2.5)
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If we choose f : [a, b] — R with

a+b 3a+b a+3b
27 4 7 4

1, ﬂxe{
fx) =

b 3a+b a+3b
0, ﬁxehﬁ”{a+ ato at }

2 0 4 4

then f is of bounded variation on [a, b], and

b b
2f<a+b>+f<3a:—b>+f<a‘;3b>24, / F(dt =0, and \/(f) = 4

.. . 1
giving in (2.5), 1 < 4A, thus A > i O

3a +b

Corollary 2. Under the assumption of Theorem 4 with x = , then we get the inequality

) () () ()

b
b-a)\/(f). 2.6)

=

o | —

The constant % is the best possible.

Proof. For proof of the sharpness of the constant, assume that (3.4) holds with a constant B > 0, that is,

b—a 3a+b a+3b Ta+b a—+7b
‘4[f<4)+f(4)+f<8>+f< )]ff(”””
b

< B -a)\/(f). 2.7

If we choose f : [a, b] — R with

3a+b a+3b Ta+b a+17b
4 7 4 ° 8 7 8

1, ifxe{
fx) =

3a+b a+3b Ta+b a+7b
0, ﬁxemm/{a+ atob larb at }

4 7 4 7 8 7 8

then f is of bounded variation on [a, b], and

3a+b a+ 3b Ta +b a+7b
() (55) e () () =

b b
/‘fawtzo,md\ﬂf)z&

giving in (2.7), 1 < 8B, thus B > O

1
g

Corollary 3. Let f be defined as in Theorem 4, and, additionally, if f(x) = f (a + b — x), then we have

'—[2f()+f< +x)+f<“+2b_x)} /f(r)dz

3a +b a-+b X —a
( > —x>, > }\u/m. (2.8)

X —

§max{

4
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Corollary 4. Ifwe choose x = a in Corollary 3, then we have the inequality

IO / fodi| < 36— a \/(f)

The constant % is the best possible.

The sharpness of the constant can be proved similarly Corollaries 1 and 2, so it is omitted.

Corollary 5. Under the assumption of Theorem 4, suppose that f € C' [a, b]. Then we have

b-a [f(x)+f<a+b—x>+f< +x>+f<“+2” )] /f(t)dt

3a+b b
< max { [x — at , at —x), a Hf’”
4 2 !
forall x € [a, #] Here as subsequently ||.||, is the L{-norm

b
1£], = / Findr,

Corollary 6. Under the assumption of Theorem 4, let f : [a, b] — R be a Lipschitzian with the constant L > 0.
Then

b—a a-+x a+2b
‘T[f(x)+f(a+b—x)+f< 5 >+f< >] /f(f)dl

3 b b —
a + ’ a—+ — ’x a b—a)L
4 2 2

§max{x

forall x € [a, #] .

3. Application to quadrature formula

We now introduce the intermediate points & € |x;, = “’“] (i=0,1,...,n—1)in the division I,, : @ = xog <
X <---<x,=b.Leth; :=x;4; —x; and v(h) = max {h; : i =0, 1,...,n— 1} and define the sum
I ¢ X +& Xi +2xi41 — &
A &) =3 Dl [f<s,~>+f<xi+xi+l s,)+f( >+f(+>] 3.1)
i=0

Then the following theorem holds:

Theorem S. Let f be as Theorem 4. Then

b
/ f@dt = A(f, 1, §) + R(f, 1, &) (3.2)

where A(f, 1,, §) is defined as above and the remainder term R(f, I,,, &) satisfies

Xi + Xiq1 & —x; b
( > —a>, > ”\u/m. (3.3)

Proof. Applying Theorem 4 to the interval [xi, x,-+1] (i=0,1,..

3x; + Xiq1
4

RG 18 = max |:max{

.,n — 1), we have

i +& i+ 2x41 — & il
[f(éz)+f(xz+x1+1—$l)+f(x +E)+f<w)}— - fds

2
Xi +Xiy1 ,
’ 2

3x; + Xiq1

§i——

} \/(f) (3.4)

Smax{
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foralli € {0,1,...,n — 1}. Summing the inequality (3.4) over i from O to n — 1 and using the generalized triangle

inequality, we have
3x; + Xy X + Xiq
3 2 - El

4

} \/(f)

IR(f, 1, §)| < Zmax{ £
i=0

3x;i + Xiy Xi + Xit1 =Y

i i+ i i+

< {Orlnaxn y |:max{ & — 1 ) < 5 —Si) ”Z(;\x/(f)
_ 3x; + xig1 Xi + Xit — X

T ey |:max{ 5 = 4 ' ( 2 &) ” \/(f)

which completes the proof. [
Remark 2. If we choose & = x; in Theorem 5, we get (1.4) with (1.5) and (1.6).

Xi+X;
’T’“ in Theorem 5, then we have

Corollary 7. Ifwe choose & =

b
/ fdt = A(f, I,) + R(f. I,)

where

A(f I) = Zh |:2f (M) +f<3xl z-xi-H) +f(X1 +23x,+1>j|

and the remainder term R(f, I,,) satisfies

1 b
IRCf, 1) < v(h) \a/(f)-

Corollary 8. If we choose & =

3x;+x; .
=2 in Theorem 5, then we have

b
f f0dt = A(f, L) + R(f, I,)

where

1 . . 3x; + Xiq1 Xi + 3xi41 Txi + Xit1 Xi + Txip1
A(f””)"4;”’[f< 2 )*f( 2 >+f< 3 )”( 3 ﬂ

and the remainder term R(f, I,,) satisfies
1 b
R(f, Il = gv) \/(f).
a
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