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BOURBAKI COMPLETENESS IN QUASI METRIC SPACES
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Abstract. The main purpose of this paper is to define a new type of boundedness in a quasi metric space. We introduce some
new notions of completeness by clustering sequences belonging to the classes larger than the classes of Cauchy sequences in
some sense. We also obtain some interesting results related to the compactness.
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1. INTRODUCTION

A metric is a distance function on a non-empty set and a metric space can be regarded as a structure
on which functional analysis is developed. By modifying the definition of a metric, a new notion of a
non-symmetric distance function is proposed in 1930’s. Since the requirement of the symmetry property
is omitted in this new definition, the classical theorems for metric spaces are no longer clear and some
of them are not true for the resulting space which is called as a quasi metric space (also known as an
asymmetric metric space). For example, compactness and sequentially compactness do not coincide in
contrary to the metric case. Also, since a quasi metric generates three different topologies, many non-
equivalent notions of completeness occur on such a space. The focus of this paper is on completeness,
compactness and precompactness which are most used in functional analysis.

The concept of a quasi metric space introduced by Wilson [1] and many authors have studied ex-
tensively to improve the theory of quasi metric spaces. For some of them, we refer to the papers by
Albert [2], Bodjanova [3], Doitchinov [4], Kelly [5], Künzi [6, 7, 8, 9], Reilly, Subrahmanyam and
Vamanamurthy [10], Reilly and Vamanamurthy [11], Romaguera [12], Romaguera and Gutierrez [13],
Stoltenberg [14] and the references therein. Quasi metrics are not only a subject of intensive research
in the mathematical branches but also in some other branches of sciences such as computer science,
material science, biology etc; see [15, 16, 17].
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In the theory of metric spaces, some classes of bounded sets are important such as the class of sets
with finite diameter, the class of totally bounded sets (or equivalently precompact sets) and the class
of Bourbaki bounded sets which are called as finitely chainable in [18]. The last type of boundedness
appeared to characterize metric spaces on which every uniformly continuous function is bounded. As
it is a known fact that totally boundedness of a set can be characterized by Cauchy sequences (see
[19]). Garrido and Merono [20] characterized Bourbaki boundedness in terms of new sequences named
as Bourbaki Cauchy and cofinally Bourbaki Cauchy. For more results related to these new concepts,
one can see [21, 22]. By using these new general Cauchy sequences, the authors defined new types of
completeness for metric spaces called as Bourbaki complete and cofinally Bourbaki complete. Since
Bourbaki completeness or cofinally Bourbaki completeness is a property stronger than completeness but
weaker than compactness, these new type complete spaces are important.

In a quasi metric space, the totally boundedness of a set implies that the set is also precompact. But
there are precompact sets which are not totally bounded in a quasi metric space (see Example 3.1 in [13]).
Also, we encounter with a new notion called as outside precompactness in a quasi metric space which is
weaker than the precompactness. One of our main purposes is to define (outside) Bourbaki boundedness
in a quasi metric space and examine the relations with (outside) precompactness and usual boundedness.
Moreover, after defining Bourbaki Cauchy and cofinally Bourbaki Cauchy sequences in a quasi metric
space, we investigate whether one can characterize Bourbaki boundedness in terms of those sequences.
By clustering them, we define different types of completeness. Also, we give some results related to
compactness, sequentially compactness and uniformly locally compactness in quasi metric spaces.

2. PRELIMINARIES

We begin this section with the definition of a quasi metric space. In the sequel, we present some basic
concepts and results related to the general theory of quasi metric spaces.

A quasi metric ρ is a distance function satisfying the following conditions on a non-empty set X :

(1) ρ(x,y)≥ 0 for all x,y ∈ X ,
(2) ρ(x,x) = 0 for all x ∈ X ,
(3) ρ(x,y) = ρ(y,x) = 0⇒ x = y,
(4) ρ(x,y)≤ ρ(x,z)+ρ(z,y) for all x,y,z ∈ X .

That is, it is possible ρ(x,y) 6= ρ(y,x) for some x,y ∈ X . (X ,ρ) is said to be a quasi metric space. If the
function ρ satisfies the conditions (1), (2) and (4) only, it is called as a quasi pseudometric (semimetric).
Then, (X ,ρ) is said to be a quasi pseudometric space.

The function ρ̄ defined by ρ̄(x,y) = ρ(y,x) for all x,y ∈ X is also a quasi (pseudo)metric on X and
called as the conjugate quasi (pseudo)metric of ρ . Also, the mapping ρs(x,y) = max{ρ(x,y), ρ̄(x,y)} is
a (pseudo)metric on X . The inequalities ρ(x,y)≤ ρs(x,y) and ρ̄(x,y)≤ ρs(x,y) hold for these mappings.

For a quasi metric space (X ,ρ), the family of ρ-open balls Bρ(x,ε) = {y ∈ X : ρ(x,y)< ε} generates
a topology τρ on X . Similarly, one obtains two different topologies τρ̄ and τρs generated on X by the
families of ρ̄-open balls and ρs-open balls, respectively. Note that the topology τρ is T0 but it is neither
T1 nor T2 unlike a topology generated by a usual metric. This topology is T1 if and only if ρ(x,y)> 0 for
distinct x,y ∈ X (see [23] for more results).
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A sequence (xn) in a quasi metric space (X ,ρ) is said to be left (right) ρ-convergent to a point x ∈ X
if ρ(x,xn)→ 0 (ρ(xn,x)→ 0) as n→ ∞ ([1]). Throughout the paper, we briefly write ”ρ-convergence”
which means left ρ-convergence of a sequence in a quasi metric space (X ,ρ).

Firstly, Kelly [5] defined Cauchy sequences in a quasi metric space to prove Baire category theorem.
He observed that a convergent sequence need not be Cauchy and he could not use this Cauchy definition
to obtain a completion for a quasi metric space. Later, Reilly, Subrahmanyam and Vamanamurthy [10]
defined some different types of Cauchy sequences to overcome these problems which generalize Kelly’s
definition.

A sequence (xn) in a quasi metric space (X ,ρ) is said to be:

(1) ρs-Cauchy if, for every ε > 0, there exists n0 ∈ N such that ρ(xn,xm)< ε for all n,m≥ n0.
(2) left (right) K-Cauchy if, for every ε > 0, there exists n0 ∈N such that ρ(xm,xn)< ε (ρ(xn,xm)<

ε) for all n≥ m≥ n0.
(3) weakly left (right) K-Cauchy if, for every ε > 0, there exists n0 ∈ N such that ρ(xn0 ,xn) < ε

(ρ(xn,xn0)< ε) for all n≥ n0.
(4) left (right )ρ-Cauchy if, for every ε > 0, there exist x ∈ X and n0 ∈ N such that ρ(x,xn) < ε

(ρ(xn,x)< ε) for all n≥ n0.

For the relations and converse examples related to these Cauchy sequences, we refer to [10]. Note
that left (right) ρ-convergence of a sequence in a quasi metric space implies only that the sequence is left
(right) ρ-Cauchy. Also, it was proved in [3, 11] that if a left K-Cauchy sequence has a left ρ-convergent
subsequence, then the sequence itself is left ρ-convergent to the same point. But, this is not the case for
weakly left K-Cauchy and left ρ-Cauchy sequences (see Example 4.1 in [13]).

By using left (right) ρ-convergence or convergence with respect to the metric ρs of each of these seven
type Cauchy sequence, many sequential completeness notions were defined for quasi metric spaces.
A quasi metric space is called left ρ-complete ((weakly) left K-complete or ρs-complete) if every
left ρ-Cauchy ((weakly) left K-Cauchy or ρs-Cauchy) sequence is left ρ-convergent. It is clear that
left ρ-completeness implies weakly left K-completeness, weakly left K-completeness implies left K-
completeness and left K-completeness implies ρs-completeness. On the other hand, it was proved in
[12] that the notions of weakly left K-completeness and left K-completeness are equivalent.

In [24], the authors defined the reversibility λ of a general metric space (X ,d) as

λ = sup
x,y∈X

x 6=y

d(x,y)
d(y,x)

.

By using this notion, they observed that left K-Cauchy and right K-Cauchy sequences coincide in a T1

quasi metric space with finite reversibility. Also, they proved that corresponding completeness notions
are equivalent.

By ρ-boundedness of a set A in a quasi metric space (X ,ρ), we mean that there exist x ∈ X and r > 0
such that A ⊂ Bρ(x,r). Observe that this definition is not equivalent to the definition of boundedness of
a set in a metric space. In a metric space, a set is bounded with respect to the given metric if the set
has a finite diameter. Consider the quasi metric ρ on the set of all real numbers R defined by ρ(x,y) =
max{y− x,0}. Then, the set A = (−∞,0) is ρ-bounded since we have A⊂ Bρ(0,1) = (−∞,1). Suppose
that there exists a real number M > 0 such that ρ(x,y) < M for all x,y ∈ A. Choose x = −(M + 2),
y = −1 in A. Then, we have ρ(x,y) = M + 1 ≮ M which is a contradiction. Hence, it follows that
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diam(A) = sup{ρ(x,y) : x,y ∈ A} is not finite. In fact, diam(A) is the diameter of A with respect to the
metric ρs. We conclude that if a subset in a quasi metric space (X ,ρ) is bounded with respect to the
metric ρs, then it is ρ-bounded from the fact that Bρs(x,r) ⊂ Bρ(x,r) for all x ∈ X and r > 0. One can
see from the above example that the converse statement is not true.

A subset Y in a quasi metric space (X ,ρ) is said to be (outside) precompact if, for every ε > 0, there
exists a finite subset F of Y (X) such that Y ⊂

⋃
z∈F Bρ(z,ε). Unless otherwise stated, by (sequentially)

compactness of a set in a quasi metric space, we mean that it is (sequentially) compact with respect to
the topology generated by the given quasi metric.

A real valued nonnegative function p on X is called as an asymmetric norm if it satisfies the following
axioms:

(1) p(x) = p(−x) = 0 if and only if x = 0,
(2) p(αx) = α p(x),
(3) p(x+ y)≤ p(x)+ p(y),

for all x,y ∈ X and α > 0. Similarly, conjugate asymmetric norm p̄ on X is defined by p̄(x) = p(−x) and
also ps(x) = max{p(x), p̄(x)} becomes a norm on X .

By the analogue way that a norm generates a metric, an asymmetric norm p on a vector space X
generates a quasi metric through the equality ρp(x,y) = p(y− x) for all x,y ∈ X . Hence, the basic
concepts defined for quasi metric spaces can be given similarly for asymmetric metric spaces. One can
consult to the papers [25, 26, 27, 28] related to the theory of asymmetric normed spaces. Also, we point
out that this theory has been improved by applying many problems in theoretical computer science and
approximation theory (see for instance [29] and [30, 31], respectively).

3. MAIN RESULTS

We say that a point y in a quasi metric space (X ,ρ) can be joined to the point x with an ε-chain of
length m if there are points a1,a2, ...,am−1 in X satisfying ρ(x,a1) < ε , ρ(a1,a2) < ε ,...,ρ(am−1,y) < ε

and we denote the set of all such points y in X by Bm
ρ (x,ε). The ε-enlargement of a subset A in X is given

by
Aε =

⋃
{Bρ(x,ε) : x ∈ A}

and the mth ε-enlargement of the ρ-open ball Bρ(x,ε) is defined as

Bm
ρ (x,ε) = (Bm−1

ρ (x,ε))ε =
⋃
{Bρ(y,ε) : y ∈ Bm−1

ρ (x,ε)}

for m≥ 2.

Definition 3.1. A subset Y in a quasi metric space (X ,ρ) is said to be ρ-Bourbaki bounded if for every
ε > 0 there exist m ∈ N and a finite subset F of Y such that

Y ⊂
⋃
{Bm

ρ (x,ε) : x ∈ F}.

In this definition, if F is a finite subset of X , then Y is called as outside ρ-Bourbaki bounded.

In a metric space (X ,d), this two concepts are equivalent since we have Bm
d (x,ε) ⊂ B2m

d (z,ε), where
z ∈ Bm

d (x,ε). However, this inclusion is not valid for quasi metric spaces. For example, let X = [0,1] and

ρ(x,y) =

{
y− x, if x≤ y,

1, if x > y.
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Then, it is obvious that Bρ(0, 1
2) = [0, 1

2) is not contained in B2
ρ(

1
4 ,

1
2) = [1

4 ,1]. We have the following
Lemma for quasi metric spaces.

Lemma 3.2. The inclusion
Bm

ρ (x,ε)⊂ B2m
ρ (z,ε)

holds for every z ∈ Bm
ρ̄
(x,ε).

Proof. Let y∈Bm
ρ (x,ε). Then there exist a1,a2, ...,am−1 ∈X such that ρ(x,a1)< ε , ρ(a1,a2)< ε ,...,ρ(am−1,y)<

ε . Also, by hypothesis we have ρ̄(x,b1)< ε , ρ̄(b1,b2)< ε ,...,ρ̄(bm−1,z)< ε for some points b1,b2, ...,bm−1 ∈
X . By using these points with x, we can join y to z by means of an ε-chain of length 2m with respect to
quasi metric ρ . This implies that y ∈ B2m

ρ (z,ε). �

In an asymmetric normed space (X , p), these notions can be defined in the same way. On the contrary
to quasi metric spaces, the equality Bp(x,mr) = Bm

p (x,r) holds for every x ∈ X , m ∈ N and r > 0. It can
be shown that the inclusion Bp(x,mr) ⊂ Bm

p (x,r) is satisfied while the reverse inclusion is obvious. If
we choose y ∈ Bp(x,mr), then p(ai+1−ai) =

1
m p(y−x)< r, where ai =

m−i
m x+ i

m y for i = 0, ...,m. This
implies that y can be joined to x with an ε-chain of length m, that is, y ∈ Bm

p (x,r). Thus, the concepts of
(outside) p-Bourbaki boundedness and p-boundedness are equivalent in an asymmetric normed space.

As a consequence of the inclusion Bm
ρ (x,ε)⊂ Bρ(x,mε), we can say that every (outside) ρ-Bourbaki

bounded set in a quasi metric space is ρ-bounded. From the next example, it is observed that the converse
fails.

Example 3.3. Consider the space of all real numbers R with the quasi metric ρ̃(x,y) = min{1,ρ(x,y)},
where ρ(x,y) = max{y− x,0}. Then N is ρ̃-bounded subset of R. Indeed, for r > 1 and x ∈ R, we
have N ⊂ Bρ̃(x,r) = R. But, if we choose ε ≤ 1, since for any x ∈ R and m ∈ N, we have Bm

ρ̃
(x,ε) =

(−∞,x+mε). We cannot cover N with finitely many of these sets. Hence N is not outside ρ̃-Bourbaki
bounded and so it is also not ρ̃-Bourbaki bounded.

By definitions, it is clear that every (outside) precompact set in a quasi metric space is (outside) ρ-
Bourbaki bounded and the reverse statement is not true in general as shown in the following example.

Example 3.4. Consider the space of all bounded sequences `∞ with the quasi metric ρ(x,y)= supi∈N(yi−
xi)

+, where x = (xi),y = (yi) ∈ `∞ and (yi− xi)
+ = max{yi− xi,0} for all i ∈ N. Let xn be the se-

quence whose first n terms are equal to 1 and other infinitely many terms are equal to zero, that is,

xn = (1,1, ...,
n.
1,0,0, ...) for all n ∈N. Put Y = {xn : n ∈N} ⊂ `∞. Whereas it was proved in [25] that this

set is not precompact, Y is ρ-Bourbaki bounded since given any ε > 0. We have Y ⊂ Bm
ρ (x

1,ε), where
mε > 1.

As it is known, outside precompactness is strictly weaker than precompactness in a quasi metric
space. This is true for outside ρ-Bourbaki boundedness and ρ-Bourbaki boundedness. That is, every
ρ-Bourbaki bounded set is outside ρ-Bourbaki bounded. For the converse statement, we need an extra
condition.

Example 3.5. Let X = [0,1] and ρ be the quasi metric on X defined as

ρ(x,y) =

{
y− x, if x≤ y,

1, if x > y.
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Then the set Y = (0,1) is outside ρ-Bourbaki bounded by the fact that Y ⊂ Bm
ρ (0,ε), where m > 1/ε .

Suppose that Y is also ρ-Bourbaki bounded. Then, given any ε ≤ 1, for finitely many points x1, ...,xn

in Y , Y must be covered by the union of Bm
ρ (xi,ε) (i = 1, ...,n) for some m∈N. But in this case, the union⋃n

i=1 Bm
ρ (xi,ε) equals to the set [a,b+mε), where a = min{xi : i = 1, ...,n} and b = max{xi : i = 1, ...,n}.

This is a contradiction since the set [a,b+mε) cannot contain Y . Thus, Y is not ρ-Bourbaki bounded.

Theorem 3.6. A subset Y in a quasi metric space (X ,ρ) is ρ-Bourbaki bounded if and only if for every
ε > 0 there exist m ∈ N and {x1,x2, ...,xn} ⊂ X such that Y ⊂ ∪n

i=1Bm
ρ (xi,ε) and Y ∩Bm

ρ̄
(xi,ε) 6= /0 for

i = 1, ...n.

Proof. The necessity is obvious. Now assume that the sufficiency of the condition stated in the theorem
holds. Choose yi ∈ Y ∩Bm

ρ̄
(xi,ε) for all i = 1, ...n. Using Lemma 3.2, we obtain the following inclusion

Y ⊂
n⋃

i=1

Bm
ρ (xi,ε)⊂

n⋃
i=1

B2m
ρ (yi,ε),

which proves that Y is ρ-Bourbaki bounded. �

Bourbaki boundedness of a set with respect to the metric ρs implies that it is both ρ-Bourbaki bounded
and ρ̄-Bourbaki bounded. The following example shows that the converse statement is not true.

Example 3.7. Consider the quasi metric space (X ,ρ) in Example 3.5. Let x be an arbitrary point in X .
Given ε > 0, choose m ∈ N such that 1

m < ε . Put ai =
ix
m (i = 0, ...,m). Then, ρ(ai,ai+1) =

x
m < ε for

i = 0, ...,m−1. Hence any point x in X can be joined to zero by an ε-chain of length m. This means that
X = Bm

ρ (0,ε) and X is ρ-Bourbaki bounded. In a similar way, it can be shown that X = Bm
ρ̄
(1,ε) and then

X is ρ̄-Bourbaki bounded. However, X is not ρs-Bourbaki bounded since ρs is the discrete metric on X .

The following theorem gives the relations related to Bourbaki boundedness of a space with respect to
quasi metrics ρ , ρ̄ and metric ρs under some assumptions.

Theorem 3.8. In a T1 quasi metric space (X ,ρ), if λ = sup
x,y∈X

x 6=y

ρ(x,y)
ρ(y,x) exists, then the following statements

are equivalent

(1) X is ρ-Bourbaki bounded,
(2) X is ρ̄-Bourbaki bounded,
(3) X is ρs-Bourbaki bounded.

Proof. 1⇒ 2 If X is ρ-Bourbaki bounded, then there exist m ∈ N and a finite subset F of X such that

X =
⋃
z∈F

Bm
ρ (z,

ε

λ
).

By the hypothesis, inequality ρ̄(x,y)≤ λρ(x,y) holds for every x,y ∈ X with x 6= y. Hence,

Bm
ρ (z,

ε

λ
)⊂ Bm

ρ̄ (z,ε)

for all z ∈ F , which implies that X =
⋃

z∈F Bm
ρ̄
(z,ε). So, X is ρ̄-Bourbaki bounded.

2⇒ 3 It can be easily seen that, for a finite subset F of X and m ∈ N,

X =
⋃
z∈F

Bm
ρ̄ (z,

ε

M
) =

⋃
z∈F

Bm
ρs(z,ε)
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where M = max{1,λ}.
3⇒ 1 It is clear since the inclusion

Bm
ρs(x,ε)⊂ Bm

ρ (x,ε)

holds for all x ∈ X and m ∈ N. �

Remark 3.9. Unlike metric spaces, in quasi metric spaces there are ρ-Bourbaki bounded sets whose
subsets and also closures with respect to the topology generated by the quasi metric may not be ρ-
Bourbaki bounded.

Example 3.10. Let (X ,ρ) be the quasi metric space in Example 3.5. Then the set Y = {0}∪{1
n : n ∈N}

is ρ-Bourbaki bounded due to the fact that Y ⊂ Bm
ρ (0,ε) = [0,mε), where m > 1/ε . However, the subset

{1
n : n ∈N} of Y is not ρ-Bourbaki bounded since it cannot be covered by the union of finitely many sets

Bm
ρ (

1
n ,ε) = [1

n ,
1
n +mε).

Example 3.11. Consider R with the quasi metric ρ(x,y) = max{y− x,0}. Since, given any ε > 0, the
inclusion (−∞,1]⊂Bρ(1,ε)= (−∞,1+ε) holds, the set (−∞,1] is ρ-Bourbaki bounded. But the closure
with respect to the topology generated by ρ , τρ -Cl((−∞,1]) = R is not ρ-Bourbaki bounded. Indeed, it
cannot be covered by finitely many Bm

ρ (x,ε) = (−∞,x+mε) for any x ∈ R and m ∈ N.

Theorem 3.12. A subset Y in a quasi metric space (X ,ρ) is (outside) ρ-Bourbaki bounded if and only
if the closure of Y with respect to the topology generated by the conjugate quasi metric ρ̄ , τρ̄ -Cl(Y ) is
(outside) ρ-Bourbaki bounded.

Proof. Let Y be ρ-Bourbaki bounded subset of X . Then, given any ε > 0, we can find a finite subset
F ⊂Y and m ∈N satisfying Y ⊂

⋃
{Bm

ρ (x,ε) : x ∈ F}. If z is any point in τρ̄ -Cl(Y ), then there exist some
points y in Y such that ρ̄(z,y) < ε . By hypothesis, y belongs to Bm

ρ (x,ε) for at least one x ∈ F . Hence
we obtain an ε-chain of length m+1 from x to z. It follows that τρ̄ -Cl(Y )⊂

⋃
{Bm+1

ρ (x,ε) : x ∈ F}. So,
τρ̄ -Cl(Y ) is ρ-Bourbaki bounded.

Conversely, we suppose that τρ̄ -Cl(Y )⊂
⋃n

i=1 Bm
ρ (zi,ε), where zi ∈ τρ̄ -Cl(Y ) for i = 1, ...,n and m∈N.

Then, Bρ̄(zi,ε)∩Y 6= /0. So, we can choose yi ∈ Bm
ρ̄
(zi,ε)∩Y for i = 1, ...,n. By Lemma 3.2, the inclusion

Bm
ρ (zi,ε) ⊂ B2m

ρ (yi,ε) holds. Consequently, Y can be covered by the union of B2m
ρ (yi,ε), which means

that Y is ρ-Bourbaki bounded. �

Now, we define some type of Bourbaki Cauchy sequences in a quasi metric space.

Definition 3.13. Let (X ,ρ) be a quasi metric space. A sequence (xn) in X is said to be left (right)
ρ-Bourbaki Cauchy if, for every ε > 0, there exist n0 ∈ N, m ∈ N and x ∈ X such that xn ∈ Bm

ρ (x,ε)
(xn ∈ Bm

ρ̄
(x,ε)) for all n≥ n0. It is said to be weakly left (right) K-Bourbaki Cauchy if, for every ε > 0,

there exist n0 ∈ N and m ∈ N such that xn ∈ Bm
ρ (xn0 ,ε) (xn ∈ Bm

ρ̄
(xn0 ,ε)) for all n ≥ n0. It is said to be

ρs-Bourbaki Cauchy if, for every ε > 0, there exist n0 ∈ N, m ∈ N and x ∈ X such that xn ∈ Bm
ρs(x,ε) for

all n≥ n0.

Definition 3.14. Let (X ,ρ) be a quasi metric space. A sequence (xn) in X is said to be left (right) ρ-
cofinally Bourbaki Cauchy if, for every ε > 0, there exist m∈N, x∈X and an infinite subsetNε ofN such
that xn ∈ Bm

ρ (x,ε) (xn ∈ Bm
ρ̄
(x,ε)) for all n ∈ Nε . It is said to be weakly left (right) K-cofinally Bourbaki

Cauchy if, for every ε > 0, there exist m,n0 ∈ N and an infinite subset Nε of N such that xn ∈ Bm
ρ (xn0 ,ε)
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(xn ∈ Bm
ρ̄
(xn0 ,ε)) for all n ∈ Nε . It is said to be ρs-cofinally Bourbaki Cauchy if, for every ε > 0, there

exist m ∈ N, x ∈ X and an infinite subset Nε of N such that xn ∈ Bm
ρs(x,ε) for all n ∈ Nε .

From this definition, it is obvious that the class of right ρ-(cofinally) Bourbaki Cauchy sequences is
equivalent to the class of left ρ̄-(cofinally) Bourbaki Cauchy sequences and the class of weakly right
K-(cofinally) Bourbaki Cauchy sequences with respect to the quasi metric ρ is equivalent to the class of
weakly left K-(cofinally) Bourbaki Cauchy sequences with respect to the quasi metric ρ̄ .

In a quasi metric space, while a weakly left K-Bourbaki Cauchy sequence is left ρ-Bourbaki Cauchy,
the converse implication is not true.

Example 3.15. Let X = [0,1] and ρ be the quasi metric on X defined as

ρ(x,y) =

{
0, if x≤ y,
1, if x > y.

Given any sequence (xn) in X , we have ρ(0,xn) = 0 for all n ∈ N, which implies that the sequence (xn)

is ρ-convergent to 0. Then, every sequence in this space is left ρ-Bourbaki Cauchy.
On the other hand, the sequence ( 1

2n ) is not weakly left K-Bourbaki Cauchy since there are infinitely
many terms outside of Bm

ρ (
1
2n ,ε) = [ 1

2n ,1] for all n,m ∈ N.

In a quasi metric space, while a weakly left K-cofinally Bourbaki Cauchy sequence is left ρ-cofinally
Bourbaki Cauchy, the converse implication is not true. The following example also shows that there
exists a weakly left K-cofinally Bourbaki Cauchy (left ρ-cofinally Bourbaki Cauchy) sequence in a quasi
metric space which is not weakly left K-Bourbaki Cauchy (left ρ-Bourbaki Cauchy).

Example 3.16. Let X =R and ρ be the quasi metric on X defined in Example 3.5. It is clear that the se-
quence (xn) = (1, 1

2 ,3,
1
4 ,5,

1
6 , ...) is a left ρ-cofinally Bourbaki Cauchy sequence but it is not weakly

left K-cofinally Bourbaki Cauchy. The sequence (yn) = (0,1,0,2,0,3, ...) is not a left ρ-Bourbaki
Cauchy sequence and so it is not a weakly left K-Bourbaki Cauchy sequence. In fact, given any
m,n ∈ N and x ∈ X , there exits an even number n1 with n1 > n such that x+m < n1

2 , which means
that yn1 /∈ Bm(x,1) = [x,x+m). But, it is a weakly left K-cofinally Bourbaki Cauchy sequence and so
it is left ρ-cofinally Bourbaki Cauchy. To observe this fact, take m = n0 = 1 and Nε = {1,3,5,7, ...}.
Hence, given any ε > 0, we have yn ∈ Bρ(0,ε) = [0,ε) for all n ∈ Nε .

The following example shows that there is a left ρ-Bourbaki Cauchy sequence in a quasi metric space
which is not left ρ-Cauchy. Also, it is an example of a weakly left K-Bourbaki Cauchy sequence. From
Example 3.15, we have a left ρ-Cauchy sequence, which is not weakly left K-Bourbaki Cauchy. Hence,
we conclude that there is no relation between weakly left K-Bourbaki Cauchy sequences and left ρ-
Cauchy sequences.

Example 3.17. Let (X ,ρ) be the quasi metric space in the previous example and let (xn) be the sequence
of some enumeration of the set Q∩ [0,1]. Given any ε > 0, all terms of the sequence are contained in
Bm

ρ (0,ε) = [0,1], where m > 1/ε . This means that (xn) is a weakly left K-Bourbaki Cauchy sequence
and more generally it is a left ρ-Bourbaki Cauchy sequence. This sequence cannot be a left ρ-Cauchy
sequence since for ε = 1/2 and for any x ∈ X , there are infinitely many terms of the sequence which are
not contained in Bρ(x,1/2) = [x,x+1/2).
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If (xn) is a (cofinally) Bourbaki Cauchy sequence with respect to the metric ρs, then it is left ρ-
(cofinally) Bourbaki (weakly left K-(cofinally) Bourbaki) Cauchy and right ρ-(cofinally) Bourbaki (weakly
right K-(cofinally) Bourbaki) Cauchy, since the inclusions

Bm
ρs(x,ε)⊂ Bm

ρ (x,ε) and Bm
ρs(x,ε)⊂ Bm

ρ̄ (x,ε)

hold for every ε > 0, m ∈N and x ∈ X . Being both left ρ-(cofinally) Bourbaki (weakly left K-(cofinally)
Bourbaki) Cauchy and right ρ-(cofinally) Bourbaki (weakly right K-(cofinally) Bourbaki) Cauchy se-
quence in a quasi metric space does not imply that the sequence is (cofinally) Bourbaki Cauchy sequence
with respect to the metric ρs.

Example 3.18. Let (X ,ρ) be the quasi metric space in Example 3.5. Consider the sequence (0,1,0,1, ...)
in X . Given any ε > 0, there exists m∈N such that 1

m < ε . Then all terms of the sequence is contained in
Bm

ρ (0,ε) and Bm
ρ̄
(1,ε), which imply respectively that the sequence is weakly left K-(cofinally)Bourbaki

Cauchy and weakly right K-(cofinally)Bourbaki Cauchy. But this sequence is neither a Bourbaki Cauchy
sequence nor a cofinally Bourbaki Cauchy sequence with respect to the metric ρs which is discrete metric
on X . Indeed, mth ε-enlargement of any ρs-open ball in X consists of exactly one point for ε ≤ 1.

We have the following theorem which can be proved as Theorem 3.8.

Theorem 3.19. In a T1 quasi metric space (X ,ρ), if λ = sup
x,y∈X

x 6=y

ρ(x,y)
ρ(y,x) exists, then the following statements

are equivalent.

(1) (xn) is a left ρ-Bourbaki (weakly left K-Bourbaki) Cauchy sequence.
(2) (xn) is a right ρ-Bourbaki (weakly right K-Bourbaki) Cauchy sequence.
(3) (xn) is a ρs-Bourbaki Cauchy sequence.

In the following example, we observe that a weakly left K-(cofinally) Bourbaki Cauchy or left ρ-
(cofinally) Bourbaki Cauchy sequence does not imply that the sequence is also a weakly right K-
(cofinally) Bourbaki Cauchy or right ρ-(cofinally) Bourbaki Cauchy sequence and vice versa.

Example 3.20. Let X = (0,1) and ρ be the quasi metric on X defined as

ρ(x,y) =

{
x− y, if y≤ x,

1, if y > x.

The sequence ( 1
n+1) is weakly left K-Bourbaki Cauchy but it is not right ρ-cofinally Bourbaki Cauchy.

In fact, given any ε > 0, choose n0 ∈ N with 1
n0

< ε and m = 1. Hence, xn ∈ Bm
ρ (xn0 ,ε) = (0,xn0 ]. Also,

given any x ∈ X , m ∈ N and any infinite subset N1 of N, there exists n ∈ N1 such that 1
n+1 /∈ Bm

ρ̄
(x,1) =

[x,1).

From the definitions, the following results can be seen easily.

Corollary 3.21. Let (xn) be a sequence in (X ,ρ).

(1) If (xn) is weakly left K-Bourbaki Cauchy sequence in X, then the set {xn : n ∈ N} is ρ-Bourbaki
bounded.

(2) If (xn) is ρ-convergent to x, then the set {xn : n ∈ N} is outside ρ-Bourbaki bounded and the set
{x}∪{xn : n ∈ N} is ρ-Bourbaki bounded.
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On the other hand, in a quasi metric space, there are ρ-convergent sequences which are not ρ-Bourbaki
bounded. For example, using the quasi metric space in Example 3.5, we observe that the sequence (1

n)

is ρ-convergent to zero but the set {1
n : n ∈ N} is not ρ-Bourbaki bounded which is proved in Example

3.10.

Theorem 3.22. Let (X ,ρ) be a quasi metric space. If X is ρ-Bourbaki bounded, then every sequence in
X has a left ρ-Bourbaki Cauchy subsequence.

Proof. Suppose that X is ρ-Bourbaki bounded. Let (xn) be an arbitrary sequence in X . There exist a finite
subset F1 of X and m1 ∈ N such that X = ∪{Bm1

ρ (x,1/2) : x ∈ F1}. Then, for some x1 ∈ F1, Bm1
ρ (x1,1/2)

contains infinitely many terms of the sequence (xn). Let M1 = {n1
1 < n1

2 < ... < n1
i < ...} ⊂ N be the set

of indices of these terms and let (xn1
i
) be the subsequence of (xn). By continuing this process, we can

find a finite subset Fk of X , mk ∈ N and Mk = {nk
1 < nk

2 < ... < nk
i < ...} ⊂Mk−1 such that, for all i ∈ N,

xnk
i
∈ Bmk

ρ (xk,1/2k), where xk ∈ Fk.
Hence, we conclude that the diagonal sequence (xni

i
) is the desired left ρ-Bourbaki Cauchy subse-

quence. Indeed, given any ε > 0, there exits kε ∈ N such that 1
2kε

< ε . Thus xni
i
∈ Bmkε

ρ (xkε
,ε) for every

i > kε . �

In [6], the author gave an example of a quasi metric space which is sequentially compact but not
compact. Also, this is an example of a sequentially compact quasi metric space that is not precompact.
We also observe that this space is not ρ-Bourbaki bounded. But sequentially compactness implies that
every sequence in this space has a left ρ-Bourbaki Cauchy subsequence. Hence, we conclude that the
converse assertion in the last theorem is not true. For the converse, we need an extra condition stated in
the following theorem.

Theorem 3.23. Let (X ,ρ) be a quasi metric space. If X is countable and every sequence in X has a left
ρ-Bourbaki Cauchy subsequence, then X is ρ-Bourbaki bounded.

Proof. Let X = {xn : n ∈ N} and assume that X is not ρ-Bourbaki bounded. Then, for some ε > 0,
given any finite subset F of X and any m ∈ N, there exits y ∈ X such that y /∈ Bm

ρ (x,ε) for every x ∈ F .
Let Fn = {x1, ...,xn} ⊂ X (n ∈ N). By our assumption, we can choose yn ∈ X such that yn /∈ Bm

ρ (xk,ε)

(k = 1, ...,n). Hence, the sequence (yn) formed in this way cannot have a left ρ-Bourbaki Cauchy
subsequence which is a contradiction. �

Although the sequence in Example 3.17 is not ρ-convergent, the subsequence (1
n) of (xn) is ρ-

convergent to zero. This means that if weakly left K-(cofinally) Bourbaki Cauchy or left ρ-(cofinally)
Bourbaki Cauchy sequence has a ρ-convergent subsequence, then the sequence itself is not need to be
ρ-convergent. By virtue of this fact, we define left ρ-(cofinally) Bourbaki completeness and weakly left
K-(cofinally) Bourbaki completeness in the following way.

Definition 3.24. A quasi metric space (X ,ρ) is said to be left (right) ρ-(cofinally) Bourbaki complete if
every left (right) ρ-(cofinally) Bourbaki Cauchy sequence has a ρ-convergent subsequence. It is said to
be weakly left (right) K-(cofinally) Bourbaki complete if every weakly left (right) K-(cofinally) Bourbaki
Cauchy sequence has a ρ-convergent subsequence. It is said to be ρs-(cofinally) Bourbaki complete if
every ρs-(cofinally) Bourbaki Cauchy sequence has a ρ-convergent subsequence.
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We have the following diagram which is also true for right notions.

left ρ-cofinally Bourbaki complete =⇒ weakly left K-cofinally Bourbaki complete
⇓ ⇓

left ρ-Bourbaki complete =⇒ weakly left K-Bourbaki complete
⇓ ⇓

left ρ-complete =⇒ weakly left K-complete

The following example shows that weakly left K-(cofinally) Bourbaki completeness of a quasi metric
space does not imply that it is left ρ-(cofinally) Bourbaki complete.

Example 3.25. Let X = N and let ρ be the quasi metric on X defined as

ρ(r,s) =


0, if r = s,
1
r , if s > r, s even, r odd,
1, otherwise.

(X ,ρ) is weakly left K-(cofinally) Bourbaki complete since weakly left K-(cofinally) Bourbaki Cauchy
sequences are only trivial one. Consider the sequence {2,4,6, ...} which is left ρ-Bourbaki Cauchy but
it has no ρ-convergent subsequence. Hence, (X ,ρ) is not left ρ-(cofinally) Bourbaki complete.

Note that left ρ-(cofinally) Bourbaki completeness or weakly left K-(cofinally) Bourbaki complete-
ness of a quasi metric space does not imply that it is right ρ-(cofinally) Bourbaki complete or weakly
right K-(cofinally) Bourbaki complete and vice versa. We observe that the subspace Z in Example 3
of [10] is left ρ-(cofinally) Bourbaki complete and so it is weakly left K-(cofinally) Bourbaki complete
since the terms of a left ρ-(cofinally) Bourbaki Cauchy sequence in this space are constant after a defi-
nite term. But, since Z is not weakly right K-complete, it is neither weakly right K-(cofinally) Bourbaki
complete nor right ρ-(cofinally) Bourbaki complete.

It is obvious that if a quasi metric space is weakly left (right) K-(cofinally) Bourbaki complete, then
it is ρs-(cofinally) Bourbaki complete. But, ρs-(cofinally) Bourbaki completeness does not imply that
the space is both weakly left K-(cofinally) Bourbaki complete and weakly right K-(cofinally) Bourbaki
complete. According to the Example 4 in [10], X is not weakly left K-(cofinally) Bourbaki complete and
weakly right K-(cofinally) Bourbaki complete since X is not weakly left K-complete and weakly right
K-complete.

Theorem 3.26. Every weakly left K-Bourbaki complete quasi metric space is weakly left K-complete.

Proof. Let (X ,ρ) be a weakly left K-Bourbaki complete quasi metric space and (xn) be a left K-Cauchy
sequence in X . Then, (xn) is also a weakly left K-Bourbaki Cauchy sequence and so it has a ρ-convergent
subsequence. From Proposition 1.2.4 in [23], (xn) is ρ-convergent to the same point which implies that
X is left K-complete or equivalently it is weakly left K-complete. �

Similarly, we have the following result for completeness.

Theorem 3.27. In a T1 quasi metric space (X ,ρ), if λ = sup
x,y∈X

x 6=y

ρ(x,y)
ρ(y,x) exists, then the following statements

are equivalent.

(1) X is left ρ-(cofinally) Bourbaki complete (weakly left K-(cofinally) Bourbaki complete).
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(2) X is right ρ-(cofinally) Bourbaki complete (weakly right K-(cofinally) Bourbaki complete).
(3) X is ρs-(cofinally) Bourbaki complete.

On the contrary to the metric case, in a quasi metric space, Bourbaki boundedness cannot be charac-
terized in terms of Bourbaki Cauchy sequences. In the quasi metric case, if X is hereditarily ρ-Bourbaki
bounded set, then we can characterize it with weakly left K-Bourbaki Cauchy sequences. We call a set
as hereditarily ρ-Bourbaki bounded if every subset of X is ρ-Bourbaki bounded.

Theorem 3.28. Let (X ,ρ) be a quasi metric space. Then the following statements are equivalent.

(1) X is hereditarily ρ-Bourbaki bounded.
(2) Every countable subset of X is ρ-Bourbaki bounded.
(3) Every sequence in X has a weakly left K-Bourbaki Cauchy subsequence.

Proof. 1⇒ 2 It is obvious.
2⇒ 3 Put Z = {xn : n ∈ N} for an arbitrary sequence (xn) in X . By hypothesis, there exist a finite

subset F1 ⊂ Z and m1 ∈ N such that Z ⊂ ∪{Bm1
ρ (x,1) : x ∈ F1}. For a n1 ∈ N, let xn1 ∈ F1 and M1 = {n ∈

N : n≥ n1,xn ∈ Bm1
ρ (xn1 ,1)} ⊂ N. The set Z1 = {xn : n ∈M1,n > n1} is also ρ-Bourbaki bounded. Then

there exist a finite subset F2 ⊂ Z1 and m2 ∈ N such that Z1 ⊂ ∪{Bm2
ρ (x,1/2) : x ∈ F2}. For a n2 ∈M1, let

xn2 ∈ F2 and M2 = {n∈M1 : n≥ n2,xn ∈ Bm2
ρ (xn2 ,1/2)} ⊂M1. Since the set Z2 = {xn : n∈M2,n > n2} is

also ρ-Bourbaki bounded, we continue the process in the same manner. Hence, we obtain infinite nested
sets ... ⊂ M2 ⊂ M1 and an increasing sequence n1 < n2 < ..., where nk ∈ Mk for all k ∈ N. Given any
ε > 0 choose kε ∈ N such that 1

kε
< ε . It follows that due to the fact that M j ⊂ Mkε

for every j > kε ,
xn j ∈ Bmkε

ρ (xnkε
,ε). This implies that (xn j) is weakly left K-Bourbaki Cauchy subsequence of (xn) which

completes the proof.
3⇒ 1 On the contrary, we suppose that Y is not ρ-Bourbaki bounded subset of X . Then there exists

an ε > 0. For F1 = {x1} ⊂ Y and arbitrary m ∈ N, there is x2 ∈ Y such that x2 /∈ Bm
ρ (x1,ε). Likewise,

for F2 = {x1,x2} ⊂ Y , there is x3 ∈ Y such that x3 /∈ Bm
ρ (x1,ε)∪Bm

ρ (x2,ε). In this manner, we obtain a
sequence (xn) in X such that xn /∈ Bm

ρ (xk,ε) for n > k. This contradicts the fact that every sequence in X
has a weakly left K-Bourbaki Cauchy subsequence. �

Theorem 3.29. Let (X ,ρ) be a quasi metric space. If X is right ρ̄-Bourbaki complete, then the ρ̄-closure
of all ρ-Bourbaki bounded subset in X is ρ̄-sequentially compact.

Proof. Suppose that every left ρ-Bourbaki Cauchy sequence in X has a ρ̄-convergent subsequence. Let
B ⊂ X be a ρ-Bourbaki bounded subset in X . Then, Lemma 3.12 implies that τρ̄ -Cl(B) is ρ-Bourbaki
bounded. Hence, by Theorem 3.22, given any sequence (xn) in τρ̄ -Cl(B), there exists a left ρ-Bourbaki
Cauchy subsequence. By our assumption, it has a subsequence which is ρ̄-convergent to some x ∈ X .
Since τρ̄ -Cl(B) is ρ̄-closed, we have x ∈ τρ̄ -Cl(B) which proves that the ρ̄-closure of any ρ-Bourbaki
bounded set is ρ̄-sequentially compact. �

Theorem 3.30. A compact quasi metric space is left ρ-Bourbaki complete (weakly left K-Bourbaki
complete) and ρ-Bourbaki bounded.

Proof. Let (X ,ρ) be a compact quasi metric space. Hence X is sequentially compact, that is, every se-
quence in X has a ρ-convergent subsequence. Then it follows that the space is left ρ-Bourbaki complete
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(weakly left K-Bourbaki complete). From the fact that a τρ -compact quasi metric space is precompact,
we see that it is also ρ-Bourbaki bounded. �

Theorem 3.31. A ρ-Bourbaki bounded and left ρ-Bourbaki complete quasi metric space is sequentially
compact.

Proof. If (X ,ρ) is ρ-Bourbaki bounded quasi metric space, from Theorem 3.22, every sequence in X
has a left ρ-Bourbaki Cauchy subsequence. By hypothesis, this subsequence has a ρ-convergent subse-
quence. Hence X is sequentially compact. �

One can easily have the following result.

Theorem 3.32. In a T1 quasi metric space (X ,ρ), if λ = sup
x,y∈X

x 6=y

ρ(x,y)
ρ(y,x) exists, then the following statements

are equivalent.

(1) X is compact.
(2) X is sequentially compact.
(3) X is left ρ-Bourbaki complete and ρ-Bourbaki bounded.
(4) X is weakly left K-Bourbaki complete and ρ-Bourbaki bounded.

Theorem 3.33. A hereditarily ρ-Bourbaki bounded and weakly left K-Bourbaki complete quasi metric
space is sequentially compact.

Proof. Let (xn) be a sequence in X . From Theorem 3.28, it has a weakly left K-Bourbaki Cauchy
subsequence. This subsequence has a ρ-convergent subsequence. Hence X is sequentially compact. �

We call a quasi metric space (X ,ρ) as uniformly locally compact if there exists δ > 0 such that the
closure of Bρ(x,δ ) with respect to the topology τρ is compact for all x ∈ X . Also, we call a quasi
metric space (X ,ρ) as ρ-locally Bourbaki bounded if every point x in X has a ρ-Bourbaki bounded
neighbourhood. Recall that V ⊂X is a neighbourhood of x∈X if there exists U ∈ τρ such that x∈U ⊂V .
By using these notions, we have the following results.

Lemma 3.34. If B is a ρ-compact set in a uniformly locally compact quasi metric space (X ,ρ), then the
set τρ -Cl(Bδ/2) is ρ-compact.

Proof. Suppose that there exists δ > 0 such that for each x ∈ X , τρ -Cl(Bρ(x,δ )) is ρ-compact. Let B
be a ρ-compact set in X . Then, the ρ-open cover {Bρ(y, δ

2 ) : y ∈ B} of B has a finite subcover, that is,
B⊆

⋃
y∈F Bρ(y, δ

2 ), where F ⊂ B and F is finite. The inclusion

(Bρ(y,
δ

2
))δ/2 = B2

ρ(y,
δ

2
)⊆ τρ -Cl(Bρ(y,δ ))

implies that τρ -Cl(Bρ(y, δ

2 ))
δ/2 is ρ-compact as it is a ρ-closed subset of a ρ-compact set. It follows that

Bδ/2 ⊆
⋃
y∈F

(Bρ(y,
δ

2
))δ/2 ⊆

⋃
y∈F

τρ -Cl(Bρ(y,δ )).

So τρ -Cl(Bδ/2) is ρ-compact. �

Theorem 3.35. A uniformly locally compact quasi metric space (X ,ρ) is ρ-locally Bourbaki bounded
and left ρ-cofinally Bourbaki complete.
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Proof. Let X be a uniformly locally compact quasi metric space. Then, there exists a δ > 0 such that, for
each x ∈ X , τρ -Cl(Bρ(x,δ )) is ρ-compact neighbourhood of x and so ρ-Bourbaki bounded neighbour-
hood of x. Hence, X is ρ-locally Bourbaki bounded.

Now, let (xn) be a left ρ-cofinally Bourbaki Cauchy sequence in X . Then, there exist m ∈ N, x ∈ X
and an infinite subset {n1 < n2 < ... < nk < ...} of N such that xnk ∈ τρ -Cl(Bm

ρ (x,
δ

2 )) for all k ∈ N.
It follows that (xnk) has a ρ-convergent subsequence since τρ -Cl(Bm

ρ (x,
δ

2 )) is ρ-compact from the last
lemma. Hence, we conclude that X is left ρ-cofinally Bourbaki complete. �

4. CONCLUSION

In a quasi metric space (X ,ρ), we can also define a sequence named as left K-Bourbaki Cauchy. A
sequence (xn) in X is said to be left K-Bourbaki Cauchy if, for every ε > 0, there exist n0 ∈N and m ∈N
such that xn ∈ Bm

ρ (xr,ε) (xn ∈ Bm
ρ̄
(xr,ε)) for all n≥ r ≥ n0. This new notion of Bourbaki Cauchyness is

not equivalent to other notions (weakly left K-Bourbaki Cauchy and left ρ-Bourbaki Cauchy). In fact,
consider the quasi metric space in Example 3.15 and the sequence (wn) = (0,1, 1

2 , ...,
1
n , ...). For all n∈N,

we have ρ(w1,wn) = 0, which means that (wn) is weakly left K-Cauchy and so weakly left K-Bourbaki
Cauchy. But, this sequence is not left K-Bourbaki Cauchy since we have ws /∈ Bm

ρ (wr,
1
2) = [wr,1] for

s > r > 1 and m ∈ N. Observe that these three types of Bourbaki Cauchyness are equivalent in a metric
space. Similarly, one can define left K-Bourbaki completeness as every left K-Bourbaki Cauchy sequence
has a ρ-convergent subsequence. In a quasi metric space (X ,ρ), the following statements are equivalent
(see [32]):

(1) X is compact.
(2) X is left K-complete and precompact.

In a metric space (X ,d), it was proved in [20] that the following statements are equivalent

(1) X is compact.
(2) X is complete and precompact.
(3) X is Bourbaki complete and Bourbaki bounded.

By virtue of these facts, we have an open problem for quasi metric spaces. We do not know whether
the following statements are equivalent or not

(1) X is compact.
(2) X is left K-Bourbaki complete and ρ-Bourbaki bounded. Our second problem is that weakly left

K-Bourbaki completeness and left K-Bourbaki completeness are equivalent or not.
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