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In this paper, we establish two identities for functions of two variables and apply them to
give new Hermite-Hadamard type fractional integral inequalities for double fractional integrals
involving functions whose derivatives are bounded or co-ordinates convex function on
A :=[a,b] x [c,d) in R* with a < b, ¢ < d.
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1. Introduction

Let f: ICR — R be a convex mapping defined on the interval
I of real numbers and a,b € I with a < b. The following double
inequality:

is known in the literature as Hermite-Hadamard inequality for
convex mappings. Note that some of the classical inequalities
for means can be derived from (1) for appropriate particular
selections of the mapping f. Both inequalities hold in the
reversed direction if f'is concave.
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fltx+ (1 =)z, ty+ (1 — )w) <

It is well known that the Hermite—Hadamard’s inequality
plays an important role in nonlinear analysis. Over the last
decade, this classical inequality has been improved and gener-
alized in a number of ways; there have been a large number of
studies on Hermite-Hadamard’s inequality reporting its role in
nonlinear analysis (Alomari et al., 2009; Azpeitia, 1994;
Bakula and Pecaric¢, 2004; Dragomir and Pearce, 2000), later,
this classical inequality has been improved (Kirmaci and
Dikici, 2013; Set et al., 2011; Latif and Dragomir, 2012;
Ozdemir et al., 2010) and is generalized in a number of ways
(Hussain et al., 2009; Sarikaya and Aktan, 2011; Sarikaya
et al., 2014a).

Let us now consider a Dbidemensional interval
A =:[a,b] x [c,d] in R* with a<b and ¢ <d. A mapping

f: A — Ris said to be convex on A if the following inequality:

#lx,y)+ (A =0fz,w)  (2)

holds, for all (x,y),(z,w) €A and t€[0,1]. A function

f:A— R is said to be convex on the co-ordinates on A if

the partial mappings f, :[a,b] = R, f (u)=f(u,y) and
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feile,d] = R, f.(v) = f(x,v) are convex where defined for all
X € [a,b] and y € [¢,d] (Dragomir and Pearce, 2000).

A formal definition for co-ordinated convex function may
be stated as follows:

Definition 1. A function f: A — R will be called co-ordinated
convex on A, for all 7,5 € [0,1] and (x,y), (u,w) € A, if the
following inequality holds:

Siux + (1 =)y, su+ (1 —s)w) < 15f(x,u) + s(1 — 0)f(y, u)
+ (1 = 5)fix,w) + (1 = 6)(1 = 5)f(y, w). (3)

Clearly, every convex function is co-ordinated convex.
Furthermore, there exist co-ordinated convex function which
is not convex (Dragomir, 2001). Several recent studies have
expressed concerns on Hermite—-Hadamard’s inequality for
some convex function on the co-ordinates on a rectangle from
the plane R* (Sarikaya and Yaldiz, 2013; Ozdemir et al., 2011;
Sarikaya et al., 2012; Sarikaya et al. (2014c)). More details, one
can consult Sarikaya (2014), Sarikaya et al. (2014b) and
Sarikaya (2015).

Earlier, Dragomir (2001) establish the following inequality
of Hermite-Hadamard type for co-ordinated convex mapping
on a rectangle from the plane R*. Later, another proof of a
special version of the following theorem, using the definition
of the co-ordinated convex function was reported (Sarikaya
and Yaldiz, 2013).

Theorem 2. Suppose that f: A — R is co-ordinated convex on
A. Then one has the inequalities:

fa+b c+d\ 1] 1 b e+ 1 < la+b
Pl [t O3
(b =0 / /fxvd}dx

b
< % [b; Sx, c)dermL e, dydx
d p
TC / fa,y)dy + ﬁ / fb, y)dy}
<.f(a., ) + fla, d) + f(b, ¢) + f(b, d) (4)

4

The above inequalities are sharp.

In the following section, some relevant definitions and
mathematical preliminaries of fractional calculus theory are
presented. For more details, one can consult Gorenflo and
Mainardi (1997), Kilbas et al. (2006), Samko et al. (1993),
Miller and Ross (1993).

Definition 3. Let '€ L,[a, b]. The Riemann-Liouville integrals
J%.fand Ji-f of order o > 0 with ¢ > 0 are defined by

Sof) =g [ =0 0, x> (s)
Ty ) = g [ (=0 0, < (©)

respectively. Here, I'(a) is the Gamma function.

It is remarkable that Sarikaya et al. (2012) first give the fol-
lowing interesting integral inequalities of Hermite—Hadamard
type involving Riemann—Liouville fractional integrals.

Theorem 4. Let f:[a,b] —» R be a positive function with
0<a<band fe Lila,b]. If fis a convex function on [a,b],
then the following inequalities for fractional integrals hold:

(*57) <go=gp e+ ) SO )

with o > 0.

Meanwhile, Sarikaya et al. (2012) presented the following
important integral identity including the first-order derivative
of f to establish many interesting Hermite—Hadamard type
inequalities for convexity functions via Riemann-Liouville
fractional integrals of the order o > 0.

Lemma 5. Let f:[a,b] — R be a differentiable mapping on
(a,b) with a < b. If f’ € Li[a, b], then the following equality for
fractional integrals holds:

a b
fl) 1) zf(gjjal)l [J2.06) + T fla)] ®
_b—a/' [(1—=0)" = £)f"(ta+ (1 = )b)dL. ®)

Definition 6. Let /'€ L([a,b] X [c,d]). The Riemann-Liouville
integrals sz,w Tl TP and JpP - of order o, p > 0 with
¢ = 0 are defined by

JM Sx,p) / / — )" 1, s)dsdt,
(10)
,,+df(x y / / X = t . 1 5 y)ﬁilf(tvs)de[v
(11)
TP f(x,) / / — )" 1, s)dsdt,
(12)
and

JZ.’/{d’f(X> y)

! ! ¢ o—1 B—1 o
:Wl / (t—x)""(s = )" e, s)dsdt,
(13)

respectively. Similar to Definitions 3 and 6 we introduce the
following fractional integrals:

(x5 =g [ om0 (15 e
Jg,f(x,‘;d) =ﬁ/xb (tfx)”*‘f(z,%d)dt, (15)

EA50) =g [ 0= (s )as 9
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d
IA(50) =i [ - (s )asan

Objective of the present study is to state and prove the
Hermite-Hadamard type inequality for co-ordinated convex
mapping on a rectangle from the plane R*. In order to achieve
our goal, we first give two important identities and then by
using these identities we prove some integral inequalities. We
have obtained some results which are a simpler proof of the
results presented by Sarikaya (2012).

2. Main results

To establish our main results, we need the following first
identity:

Lemma 7. Ler f:ACR?>— R be a partial differentiable

mapping on A = [a,b] x [c,d] in R® with a < b and ¢ < d and

Jfor € L(A). Then the following equality holds:

AN+ 1)I(B+1

AV 10 fib.d)+- T 1)+ fland)
(b—a)'(d—c) ’ | ’

i fa0] <2 b +
2D 5 fady+ b
d—of :

+J§ fla, c)—i—Jz f(b,c) c +F

T h—a)jd—cf {/%/ (b= =)

+(b—x)“71(y— V(v —a) T (=)
+(x_a)“’1(d—y)ﬁ71] ><I(x,y)dydx} (18)

Jo:Sb,d)

+Ji-fla,c) +J;-fla, d)}

where

I@J%:Ax%ﬂ&@ﬂﬂﬁﬂ+£ié%%&ﬂﬁ@

X y x ¥y
[ [ tetovisdos [ [ foiondeds, (19)
b ¢ b d
and

F={fla,c)+ fla,d) + f(b,c) + f(b,d). (20)

Proof. For any x,¢ € [a,b] and s,y € [¢,d],x # 1, s # y, we
have

/ /fﬁardrdaf/ Ifo(o,y) —

= [f(O',y) —f(()‘, S)”r
=flx,y) = flx,5) = f(t,9) + fl1,5). (21)

Choose t=a, s=c; t=a, s=d; t=b, s=c; t=b, s=d
in (21), respectively, we get

X
/
a

(0,s)|do

7f(a7 y) +f([1, C),
(22)

' foi(o,0)dedo = flx,y) — flx.c)

L= / x / ' foo(o D)dedo = f(x,y) — fx,d) — flay) +fla,d),
a d

(23)
I = /h

*f(bd/) +f(b7 C)7
(24)

 frnlo, )deda = flx,y) 1%, ¢)

— (b, ) +/(b,d).

X
14:/
b

d"‘fgxo, v)deda = flx,y) — flx.d)

(25)
Adding these four integrals side by side, we obtain
I(X7y) = I] + Iz + 13 + 14
= 4f(x7y) - 2[f(x7 C) +f(x7 d)] - z[f(a7y) +f(b7y)]
+fla, ) + fla,d) + fib,c) + f(b,d). (26)

Multiplying (26) by % and integrating the resulting

equality with respect to (x,y) on [a, b] x

1 b pd - -
W/a / (b=x)*"(d=y)" I(x,y)dydx

b pd
:%/ / (bfx)x_l(dfy)ﬁ_lf(x,y)dydx

[c, d], we have

b
oc;l" // (b—x)"" (d=y)" " [f(x,0) +A(x, ) dx

B a;r / / (b= (d=1)""fla,y) +Ab,y)]dvdx

“arorar] | 0

Thus, in (27) by means of simple calculations, we have

X)) (d— ) dydx.

(27)

(d—c) . .
Jyﬁﬁ(b d) — W [Jz+f(b7 ¢) +J;+f(b7d)]
(b a)" ; (b—a)(d—o
2y 1) el D IS T

:zf@ﬁﬂgl / (b—x)""(d— »)" I(x,y)dydx. (28)

Multiplying (26) by #
equality with respect to (x,y) on [a,b] x

calculations, we have

and integrating the resulting
[c,d], and by similar

_
P flbo) - % [ f(b, ) + T2 fib,d)]
b— a)* . b—a)(d—c)
3 00 + 0O S

— )" (x, y)dydx. (29)

s [ oo

Multiplying (26) by %

equality with respect to (x,y) on [a, b] x

and integrating the resulting
¢, d], we have
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o
T fland) = 3 7 fl0nc) 4.0 fad)
(b—ay (b—ay(d—o
“ar(er ) e/ ) H IS0 D+ g

(v = o) H(x, y)dydsx. (30)

:W/a f“

Multiplying (26) by % and integrating the resulting

equality with respect to (x,y) on [a,b] X

(d-of
2r(B+1)

[¢,d], we have

Ty flae) — [Jifla,c) + Ji-fla,d)]

(b—a)'(d—c)'
AT+ DI(B+1)

b d
= | [ @ @ s 1

Adding these (28)—(31) side by side, which completes the proof.

B % [V fa,¢) + Ty fib, )] +

Corollary 8. If we take oo = ff =1 in Lemma 7, we get

d c//fxydydx

_m/c [fla,y) +f(b,y)ldy+ F

:(b_a;m / ' / o) dv.

Theorem 9. Let f: ACR> — R be a partial differentiable
mapping on A := [a,b] x [c,d] in R* with a < b and ¢ < d and

) ’ [f(x,¢) +f(x,d)]dx

(32)

Soe €L If S € L), i il = sup |2
(o,7)€(a.b)x(c.d)
< 00, then one has the inequality:
AL+ DB+ 1) g # p
————————= |\ S, d)+ T fb, o) + I fa,
s e 4 T .0) + T fland)

i fla.0) = 2 b0 4 )
7 fia,e) + Tfla )] - 22 LD 10 oy + 0816, d)

(d=of

i fla,e) + T fb, )] + F < 4llf ol o (b~

a)(d—c). (33)

Proof. From Lemma 7, taking the modulus, it follows that

AT (a+ DI(p+1)

= B LB 4 B g
V= ey 2L s+ T fib,) + T3 Sasd)
4 0.0 =2 (6.0 )4 )

L flad)] - ﬁ

+J5 f(b,c)] + F|

[J’i fla,d)+J.f(b,d)+ I fla,c)

(34)

<(b—a d—c)f {/b/ b=xfd=n"

Ho =35 = 0 (=) =
o= = x| [ et ldsds

+/Hx [d lfar(o',f)|d‘cd0+/xb /(,1 \f...(c, 7)|dedo
+ / h /} Voo, T)\drda} dydx},

Since f,, € L..(A), we get

|l < %{/j /L[(b — ) Nd -y [[h /rddrda}dydx
+ /H.h /pid (b—x)" - {/”h /:[dw'a] dydx (36)

[ wmartom o [ [ s
+/{,b /cd(xfa)“*l(dfy)”’l[/ab/(ddrda}dydx}

_ Bl 40— ([d— )
(b—a)*(d—c)’ o B
=45l (b = a)(d = c). (37)

This completes the proof.

Corollary 10. If we take o = p =1 in Theorem 9, we get

'(b—%/ /‘f(xvy)dde—%a)[ [f(x,c) +/(x,d)]dx
2
- ") 100 D+
<ol (b—a)(d—c).
(38)

Theorem 11. Let f: ACR?> — R be a partial differentiable
mapping on A := [a,b] x [c,d] in R* with a < b and ¢ < d and
[ € L(A). If If,.| is a convex function on the co-ordinates on
A, then the following inequality holds:

M y g Y
o) 7L S, )+ T 0, ) + T flasd)
i fla.0)] =2 b+ 1A
I fla,) + T fla, )] % 7! flad) + I fib,d)
+J5 fla,¢) + J5 b, O] +F| < (b—a)(d—c)

% (e V(@ )| + £y, 0)| + f )] (39)

Proof. Since |f,.(0,7)| is co-ordinates on A, we know that
X € [a,b], y € e
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forlo: D) =

‘. bfaa_‘_a ab’d rc+r Cd
b—a b—a —c

d—c d
b—od—= b—
<@+ Z%mxa,dﬂ
c—ad—1 c—at—
b+ T b (40)

From Lemma 7, we have

b—a) /f{/ / (b= d ="

+(b*X)“’l(y (v —a) (=)

+x—a)(d— )’ﬁl {/ /\maﬂdrda
[ / (0, )\dedo+ / | Vo olaede
+1b /yd If:(a, ‘c)|drdo} dydx} (41)

By using co-ordinated convexity of |f, |, we get

1 <%{[/ﬁ[w—x>“w—m“

(b= =0 + (=0 =)

o< (] {jjj‘fwacn

Wl < 7
a

b—ot—c g — (ld
+b—ad (,’I ( d)‘+ (“[( )|
NETEA dd*/ / e

b—ad—c"" Tdo b—qd_c/e(@c

b—ot1—c
@)+ 5 |/ (b)

g—at—c
+ b_ d Llfm'(b d)‘]d’fda (42)

brrb—ad—1 b—ct—c
+/x [ |:b ad—-c (ayc)|+b_ad_clfaf(a7d)|
g—ad—r1 , 6—aT—

+e— (b )+ o [fm(b aqufdo

A== Vw<ac>\+l;%;%v;f<a,d>|

& zz St = i)}
(ba - {// bx“dy)

+H(b—x)"" ‘<y—c>” "txr—a) = o)!

Hr—af ! (d-p)] x (/ / [b_ZZ Vlao)

H |+ T2 S b0

T e (b ) | dedo pdydx = Ay + Ar+ st Ay (44)

With a simple calculation, we have

A=

(b— a”‘ ’”‘/h/ b =)
{//[b 5

+(o—a)(d=)|fs:(b,0)[ + (0 —a) (x = O)|f5:(b,d) dedtf}dydx (45)

DWfoe(a,0)| + (b= 0)(t =) f;:(a,d)]

_ op
(b o a)oHrl (d* )[H]

y {(b—a)ﬁz (d— )/i+2

for (@, )+l (a, )]

.+ 10, )) = LDy (04110
Flfnlb. )]+ b L (46)

Similarly, we also have the following equalities

x {// (b 6)(d— e (@) + (b — )z — ),
0 a)d= 0.0+ 0= a)(e— . s

~OZ @y (a0) ) 17,0 4 b, (47)

3_b a““ /HI//X a) (y—o!
{/}/ (b—0)(d—1)|f;:(a,c)|+ (b—0a) (= )lfc(a,d)|
+(o—a)(d_r)l/m(b,c)\+(a—a)(r—c)ym(b,d)ndzda}dydx

OOy () a0, 0. (48)

20 2

A= ——————

A

and

b
xl
A4_(b aaz+l ﬁ+l/ / x—a)” (d- y)

A /‘[b )=o)+ (b= 0) = ) ()
Ho-a)d —r>vm<b,c>\+(a—a)(r—cmf(b?d)Hdrda}dydx
~OZ @ 1y (a0) a1 .6) b, (49)

Adding these (46)—(49) side by side, if we put in (44), we obtain
(39). This completes the proof of the theorem.

Corollary 12. If we take oo = =1 in Theorem 11, we get

bl [

= / lasy) +A1b ,yndwF\ (b—a)(d—O)lf,(a.0)
+Hfm( D Von (b, + 1 (b D] (50)

b
/ [,) A d)dx

Lemma 13. Let f: ACR? — R be a partial differentiable map-
ping on A:=[a,b] x [c,d] in R* with a<b,c<d and

for € L(A). Then the following equality holds.:
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f<a-;b7c—;4>71"(ﬁ+13; inf(a;b,d +J’}f<a;b,c)} Multiplying (52) by * r7<xl><rd(7“'>ﬁil integrating the resulting
Fat1) 2((1_‘1 . equality with respect to (s, ) on [a,b] X [c,d], and by similar
x ¢ ¢ methods above we have
siar (o5 )+ (p55)
F(oc—i—l)l"([f—‘—l) B I 5 b—a)(d— B . b— b
+ b A+ T fb, o)+ Aa, (b—a)(d=c)" <L+b ““’)_( a)” (& )
4(b—a)"(d—c)’ [ S )+ S, e) 07 Slasd) Tla+D)IB+1y\ 2 7 2 I(a+1) Jeof
B N op /h /d el deco)f
00| =g ), ) ALe= *ﬁmi)n’” (57 s
+(zfa)“*‘][(dfs)"*w(sfc)/’*‘] // / /
s e (b=t (d—s)"" ‘{ ;;,(a T drda}d?dt
F(a

(/ / foe(0,7) drdo) }dsdl (51)

Proof. Choose x = %2 and y = <44 in (21), we have
u+l7
/ / fmardrda—f(a;b,c—;d)ff(a;b,s)
J’_
(159 w1 (52)
Multiplying (52) by % and integrating the resulting

[e,d], we get

a)r /1’ / s { / / Mfﬁ(a r)drda}dsdt

W cealf g

_7&/ / (b—z)“’l(d—s)ﬁ’lf(a;b,s>dsdt
o[-t

+W / / (b— 1) (d— )" f(1,5)dsdr.

By simple calculations, we have
(b—a)“(d—c)”f ath ctd\ (b—a) , (a+h
T+ )OI\ 2 7 2 Ta+1)" <\ 2"

_(d— o)’ ctd ¥
{5t (b5 b v

:;/b/d b—1)""(d—s)""
: foo(o,7)drdo pdsdt. (54)
SUNEEE

(/7—1)"71 (s—(')/f*l

Multiplying (52) by NEINT)
equality with respect to (s,7) on [a,b] x
methods above we have

(b—a)(d—c) [fa+b c+ (b—a) , (a+b
r(a+1)r(ﬂ+1)f( 7 zd>_r(<x+1)de( p ")

_(dfc)ﬁ c+d Py
e (055) + et

— 1 bt el —s p-1
‘r(@r@/a IR

ah crd
X { 2 nfm((f,f)dfda}dsdz. (55)
t

equahty with respect to (s,¢) on [a,b] x

d— )" dsdt

(53)

, integrating the resulting
[c,d], and by similar

s

(56)

L N (s
Multiplying (52) by %

equality with respect to (s,7) on [a,b] x
methods above we have

(b—a)(d—c)' fa+b c+ (b—a)" a+b
r(a+1)r(ﬁ+1)-f< 2 7Td>*r(a+1)J§’f<T">

N ALC ‘*”) I )

TG+ 1)
F(oc / / b—1""'( {/ / f,I a,T drda}dsdz
(57)

integrating the resulting
[c,d], and by similar

Adding these (54)—(57) side by side and multiplying both sides

%, we get the desired equality (51).

Corollary 14. If we take « = f =1 in Lemma 13, we get

f<a-§b’%d> _—(bla) /hf<X,%/>dx
1 d a+b 1 b pd !
d=c) J. J (T’y>dy+m / / Sx, p)dydx

e R A AL YD

Theorem 15. Let f: ACR?> — R be a partial differentiable
mapping on A := [a,b] x [c,d] in R* with a < b and ¢ < d. If
for € Loo(A), then the following equality holds:

- e o)
20 a)z{fgfcu d)+Jz+f(b,‘j”)}
[+ DB+

) B B4 Y
4(b*a)a(dfc)ﬁ |:JZ+>c+f(b>d) +JZ*,d‘f(b7c)+JZjC+f(a7d)

bh—
+JZ£¢/ff(fl7 ‘< |lf;11||'>o( i

)
2"+ (a—1) 2"+ (p-1))
x |: oa+1 p+1 :| (59)

I'(a+1)

a)(d—c¢)
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Proof. In Lemma 13, taking the modulus, it follows that
a+b c+d> F(ﬁ+1){ (a+b ) 5 <a+b )}
) - Pag J
P( 272 ) 20d-c)f 4 ot
e o3 o3

" 2(b—a)
Ca+DIB+1)7 05 B
4(b—a)*(d—c)’ [J§+~L'+f(b’d)+JZ+*fj(b’c)
I fasd)+ T fla )| (60)
aﬁ“for“ o—1
4(b—a)*(d / / =) }
X (d—s)ﬁ71+(s—c)ﬁ71] X azib—t C;d—s }dsdz
el (b—a)(d—0) [(2”+<a D) R+ (B~ 1))} (1)
B 4 a+1 B+1

for f,, € L(A).

Remark 16. If we take o = f =1 in Theorem 15, we get

(305t [ty [ 13
+m / h / df(x,y)dydx < % (b—a)(d—c). (62)

which is proved by Sarikaya in Sarikaya (2012).

Theorem 17. Let f: ACR?> — R be a partial differentiable
mapping on A := [a,b] X [c,d] in R* with a <b and ¢ < d. If
Ifo.| is a convex function on the co-ordinates on A, then the
Sfollowing equality holds:

(a+b )}

}/(a;bf;rd) ((dﬂ+cl))ﬁ{ r+f(a+b )
“s0ar {5+ (055
L(p+1)

Tt DT+ 1) g o
+ Vd—c) [sztf(bwl) + 2 fb,c)

Fflad) 5 flao)| Y

02" — (a4 1227 41 g2F — (B+ 102" 1

P+ 1) FF+)
Vo, O+ U (@ D]+ (5,0 + Vo5, D) o)
! |

Proof. Since |f,.(0,7)| is co-ordinates on A, we know that
t€lab], s€lcd

b—oc o—a,d—-1t 1—cC
orlo: ”‘*Vn(ﬂ‘*mb’d c”dfcd)‘
_|_

b—od— b—

< bh— Zd Var(a C)l b_ Z; Cv‘r(a,dﬂ
c—ad—1 c—a1—

o b, + e ()] (65)

From Lemma 13, using co-ordinated convexity of |f, |, we

Jorin)

}/(aer’chrd) 2r((5+61) { ftf(a;b
oo (o5 (5
Wt

°‘+1)F(ﬁ+1) f B
T 720 fb.d)+ T2 fib,c)

+72  fla.d) +JZLB,¢Ff(a7C)] ' (66)

oo | [0 v

x [(d—s)’“ +(S—(?)/H] x

o | [l

< (b a aH»l
atb

< [@=" 4 (=0 // (b= ) (d=D)lf,.(a0)
+(b—0)(t—)foc(a,d)|+(0 —a)(d—7)|f,. (b, )|
+(a;a)(f—c)|fm(b,d)|]drda}dsdz:1<l+1<2+1<3+K4. (68)

(0,7)|drdo

}a’sdr (67)

(t_a)x—l]

With a simple calculation, we have

[ [ om0
(b aa(+1 /H»l

< [(d=s)" 1+<s—c>’* 1] %[fye(a,0)]

/Hh/ (b—o0)(d—r1)dtdo
X [/] [(b—z)‘“ +(z—a)H] /r#(b—a)do
X [/Cd [(d—s)ﬂflJr(s—c)ﬁ’]] N

K, =

_a)zq}

oo (a,c)]
(b _ a)1+l (d— C)/f+1

4

ds] (69)

dsdt =

/ST (d—1)dr

ath ath

Cab—ay N d— o yﬁ)l{(:‘((d )I( ) [/7 [o-07"+e-a] / " oo

. /" (t-a"] /;h(bfa)dadt}

crd

X / (s— c)ﬁ*l]/T(df‘r)drds

+ /f o )/f—l] /:/(d—‘l,’)d’[d_y
Vcrr( L) 2% — (a4 1)2%7 1 p2F — (B+1)2F" 41 |
2*(a+1) P (+1) (b—a)(d—c).

(70)
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Similarly, we also have the following equalities

K= (b au+l ﬂ+l/ / _t - t_a)%l}

x [(d—s)" 4+ (s— o) l} X |foe(a d)\'/M /%_d(bfo)(rfc)drda'

fola,d)] 02" = (2 127 + 128 — (B+1)2 ' 41
4 2%(a41) 2P(p+1)

dsdt

(b—a)(d—c), (71)

T T a““ /’“// b1 7“)7}
[(dfs)’HJr(s o) l}x{fwbc / / o —a)(d—1)drdo|dsdt
fo(bo) 02" — (e )2+ 1 B2 — (B+1)2P 1 1
T (at1) T B
and

1 a—1
S A

X (dfs)/H +(s—o)f" l} X |f, (b d)\'/m/Zd(o'fa)(rfc)drdo'

Vel )] 92" = (et 12 1 2 (py )2 41
- 2“(0(-‘(-1) 2/;([)’-‘—1)

dsdt

(b—a)(d—c). (73)

Thus, if we put the last four equalities in (68), we obtain (64).
This completes the proof of the theorem.

Corollary 18. If we take oo = =1 in Theorem 17, we get

}f(a;b’%ﬁ‘(bia)[f( Hd)‘” (dic>/cdf(a§b’y)dy
+(b_a)1(d_c) /ab /cdf(x7y)dydx 0 —al)éd—c‘)
. (mf<a,c>|+|fm<avam:m!(bvcnwm(b,d)v, -

3. Conclusion

In this work we give two identities for functions of two
variables and apply them to give new Hermite-Hadamard type
Fractional integral inequalities for double Fractional integrals
involving functions whose derivatives are bounded or
co-ordinates convex function on A := [a,b] x [c,d] in R* with
a<b, c<d.
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