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1. Introduction

A function g : 3 € R — R is said to be convex on the interval 7, if the inequality

gtx+(1—=2)y)<tgx)+(1-2¢)g) (1

holds for all x,y € 7 and ¢ € [0, 1]. We say that g is concave if —g is convex.

For differentiable convex functions, many equalities or inequalities have been established by many authors; for example
Hermite-Hadamard type inequality [ 1], Ostrowski type inequality [2], Hardy type inequality [3], Olsen type inequality [4]
and Gagliardo-Nirenberg type inequality [5]. But for twice differentiable convex functions, the most important inequalities
are midpoint type inequality [6] and trapezoidal type inequality [7] which are defined by:

v _ 3

[ e — - (50) < “ P 1 @
v _ 3

/u stix— = igw) +g01 < U g7 3)

respectively, where g : [u, v] C R — R is assumed to be twice differentiable function on an open interval (u, v) with the
second derivative bounded on (u, v). That is, [|g"|_, = Sup,c . 18”(x)| < oo.
For more details and applications on inequalities (2) and (3), see [6-9].
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Now, we recall some necessary definitions and mathematical preliminaries of the generalized fractional integrals which
are defined by Sarikaya and Ertugral [10].
Let ¥ : [0, o0) — [0, co) which satisfies the following conditions:

(¢)
LA
[

We define the following left-sided and right-sided generalized fractional integral operators, respectively, as follows:

Xﬂ _

o) = [ =t xo (4)
Uﬂ _

o= [ PEDe(ene, x<, )

The most important feature of generalized fractional integrals is that they generalize some types of fractional
integrals such as Riemann-Liouville fractional integral [ 1,11,12], k-Riemann-Liouville fractional integral [ 13], Katugampola
fractional integrals [14,15], conformable fractional integral [16], Hadamard fractional integrals [6], and so on. These
important special cases of the integral operators (4) and (5) are mentioned below:

(a) if ¥(¢) = ¢, the operators (4) and (5) reduce to the Riemann integral:
X
et = [ s, x>
ugmzfgm@,x<u

(b) if 9(¢) = 1"(0()' the operators (4) and (5) reduce to the Riemann-Liouville fractional integral [6]:

1 X
MW)FG/@%VﬂmLXM,
1
I,-g(x) = ) /(; X lg(¢)de, x <w.

@) if9(¢) = i r, (a), the operators (4) and (5) reduce to the k-Riemann-Liouville fractional integral:

L+ 18(x kﬂ(a)/ x—0)F g()de, x>u,
41
I 8(0) = kﬂ@)/(‘ 0 g(0)de, x <.
where
f ¢*lew R(e) > 0,

and
o) = k1T (;ﬁ) . R(a)>0k>0
k
which are given by Mubeen and Habibullah in [17].
Recently, in [10], Sarikayal and Ertugra established the following generalized fractional integral inequalities of trapezoid
type for differentiable convex function:
Theorem 1.1. Let g : [u, v] C R — R be a differentiable function on (u, v) with u < v. If |g’| is convex on [u, v]. Then

g(u )+g(v) 1
2A(1)

g’ ()] + |g'(v)]
SAn/““‘f aceyac (L),

¢ —
0

z

[utlyg(v) +o- lyg(u)]

where
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Theorem 1.2. Let g : [u, v] C R — R be a differentiable function on (u, v) with u < v. If |g’|* is convex on [u, v]. Then

(u)+g( ) 1
" 24(1)

_ro </ Ao @W;)P(ig/(un"?g/(v)lq)",

wherel—7+a=1,q>1.

[ lyg(v) +o- Lyg(u)]

Furthermore, in [18], Ertugral and Sarikaya established the following generalized fractional integral inequalities of
trapezoid type for differentiable convex function:

Theorem 1.3. Let g : [u,v] C R — R be an absolutely continuous function on [u, v] such that g’ € Li([u, v]), where
u, v € [u, v] with u < v. If the function |g’| is convex on [u, v]. Then

‘V(O)g(v)—i— A(0)g(u) 1 [+ Tog(v) +,- Lyg(u)]
v—u —u

_ 1 _ 1
< ”—"|g’(x)|/ |V(;)|;d;+u|g’(x)|/ Al de
v—1u 0 v—u 0
_ 1 _ 1
T ”—"|g’(v)|/ |V(;)|(1—;)d;+u|g’(u)|/ 1A - )iz,
v—1u 0 v—1u 0

where

z

1 1
A(;):/ Mdz<oo, vm:/ Mdl<oo.
¢ ¢

Theorem 1.4. Let g : [u,v] C R — R be a differentiable function on (u, v) with u < v. If the function |g’|? is convex on
[u, v]. Then

gu)+glv) 1
2 2A(1)

1 % / / %
< </ |V(§)|pd;‘> <|g(u)|q+|g(v)|q>
v—1u 0 2
_ 1 % / q / q %
. x(/ lA(g)lpdC) (|g(u)| +|g(v)|) |
v—1u 0 2

1 1 _
wherel—7+a_1,q>1.

[ty g(v) +o- Iyg(u)]

=

Tomar et al. [11] established the following Hermite-Hadamard type inequalities via Riemann-Liouville fractional
integrals for twice differentiable functions:

Lemma 1.1. Let g : J C R — R be twice differentiable function on the interior J° of an interval J such that g” € L([u, v]),
where u, v € J with u < v. Then for each h € (0, 1) and « > 0 the following equality holds:

(v—u)
(g o, u,v) = 3
a+1 " at1 0 _f E
et e (e )]
where
) 21N +2) . u+v
Hg(g: o, u,v) = W |:I(H+L)+g(v)+1 u+v)g(u)] — (o + 1)g< 5 )

Theorem 1.5. With the similar assumptions of Lemma 1.1, if |g”| is convex on [u, v], then for each h € (0, 1). Then

(v—uy
Hy(g: <7
|Hg(g: o, u,v)| < P

o) (Ig" W)l + 1g")I) - (7)
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Theorem 1.6. With the similar assumptions of Lemma 1.1, if |g”|? is convex on [u, v]. Then

1

. (v_u)Z 2 b " "
|Hg(g; o, u, )| < ) ((a+1)p+1) (Ig" W)+ 1g")]) . (8)

1 1 _
where5—|—a_1,q>1.

Theorem 1.7. With the similar assumptions of Lemma 1.1, if |g”|? is convex on [u, v] for ¢ > 1. Then

. (v_u)Z 1 ]7% 1 " q 1 1 " q %
‘Hg(g,oz,u, U)| = 3 (a +2) |:(2(0(+3)|g Wl + (a T2 m) lg" (W)l )

1 _ ] " q 1 " q %
+ ((a+2 2(a+3)> e W+ 5573 m') }

There are many papers which study and give significant results for twice differentiable functions via fractional
integrals; for more details see [12,19-23].

In this paper, we established some new midpoint and trapezoid type inequalities for twice differential convex functions
via generalized fractional integrals.

2. Midpoint type inequalities for twice differentiable functions with generalized fractional integrals

Here we give midpoint type inequalities for twice differential convex functions via generalized fractional integral
operator. To obtain these results, we need the following lemma:

Lemma 2.1. Let g :J C R — R be twice differentiable function on J3° such that g” € L([u, v]), where u, v € 3° with u < v.
Then

[0y 10800 + a2y Togw)] - 27 (1)g (” - ”)

2

_(v_u)Z ! " é‘ Z_C ! " 2_§ C

= 1 |:/0 22(¢)g <5u+ 5 v) d¢ +f0 22(¢)g ( 5 u+5v> d§:|, 9)
where

¢ s 9 (=
2(2) Z/ T(s)ds, Y(s) :/ Mdz < oo. (10)
0 0 4
Proof. First, we let
1 _ 1 _
hy + hy ::/ 2(¢)g” (Eu—i-z é’v> d¢ + 200)g"” (uuﬁ-gv) de. 11
0 2 2 0 2 2

On integrating by parts twice one can have

/O] ()" (%u+ 2;§v> d¢

o [—9(;)@ (Su+ 255 ;+/0]r(;)g’ (§u+ 2;%)(1:}

2 [ree () + [ (Gus 255 ¢

- ﬁ [_”;”9(1);;/(”;”) —T(l)g(u;v> +[010((v§u)t)g (%u—i— 2;%)(14]

hy
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. . _ 4‘ 274'
By changing the variable x by x = su + =*>v, we get

. [—HQ(Ug/ (u+ U) —r(1)g <u+ U) + eyt lgg(v)} .

(v—u)
Analogously, we have

h2=/01(2(§)g” (%u+2;§u)d;
-2 e (5) —folr(c)g’<2;§u+§v> |
(52 () [ 2P (5]
:(v_“u)z[”;”mng/(”;”) (1)g( ; )+(m)f log(U)]

Using hy and h, in (11) and multiplying the result by , we get equality (9). O

Remark 2.1. With the similar assumptions of Lemma 2.1, if 9(¢) = ¢, then identity (9) reduces to the following identity:

! /g(x)dx—g<u+v>
v—1uJ, 2
_(v—u)2 /1§2 ” E 2_;1) d§+/1§2 ” 2_§U+EU dé‘
T 16 0 £ 12 2 0 & 2 2

which is proved by Sarikaya and Kiris in [24].

Remark 2.2. With the similar assumptions of Lemma 2.1, if 9(¢) = then identity (9) reduces to identity (6).

F(Ot)’

IR

Corollary 2.1. With the similar assumptions of Lemma 2.1, if 9(¢) = then we get the following identity:

kI(a)’

TV 1 _ 1
(U Ll) |:/. C%-Hg” (%u+22§v>d§+/ {iﬂg”(zz{u—i—;v)d;}
0
zk 1Ml + 2k) N u+v
(v—u)[l(w) ()+I(%),qu(u)]—(a+k)g< 5 >

Theorem 2.1. Letg : 3 C R — R be twice differentiable function on 3° such that g” € L([u, v]), where u, v € 3° withu < v.
If the function |g”| is convex on [u, v]. Then

[(HTU)+Iﬂg(v) +(M)— log(u)] —27(1)g (U ~2|— U)

_ (v —uy? (|

= S (i) [ i

Proof. Using equality (9) and the convexity of |g”| on [u, v], we have

‘[(T)uﬁg(v) T (- Iog()] = 27(1g (“ : ”)‘
1 1 _
/9(;)g (5 §v>d;+/ 9(;)g"<22‘°u+§v>d;’
0
2-¢ 2-¢ ¢
T2 ([ eerfer (Su 255 o+ [ ool (5w So) o]

_ -y

=4
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2T [ ¢ ¢
[ N2 (S + 255 won) e+ [Newn (25w + o) ]
0
(v_u)z " ! "

< (u)|/0 200t de + g (v)|/0 120012 — £)dg

1 1
+igwl [ 12012 - 0ds + 1g"w) / |9(;)|td:}
0
2

=2 g+ ) [ 1

4

Hence the proof is completed. O

Remark 2.3. With the similar assumptions of Theorem 2.1, if #(¢) = ¢, then inequality (12) reduces to the following
inequality:

1 /Ug(x)dxf— (u—i—v) -
v—1uJ, 2

- 24
which is proved by Sarikaya and Kiris in [24].

2

(v—u) [Ig”(U)I + Ig”(v)l]

Remark 2.4. With the similar assumptions of Theorem 2.1, if #(¢) = 1“;( X then inequality (12) reduces to the inequality
o
(7).
%
Corollary 2.2. With the similar assumptions of Theorem 2.1, if 9(¢) = klf( 1 Then
K\

251Nl + 2k) " u+v
To_wf |:I(u+u) g(v )+1(L,§U)—’kg(u)] —(OH-k)g( 5 )‘

(U _u)2 " "
< 50+ 20 (8@ +12@)]).

Theorem 2.2. Letg : J C R — R be twice differentiable function on J3° such that g” € L([u, v]), where u, v € 3° with u < v.
If the function |g”|? is convex on [u, v]. Then

[(%uﬁg(v) iy lﬁg(u)] —27(1)g (” ; ”)‘

2 1 1% 7 q 3 /" q % 3 7 q /" q %

) (/ m({)lpd;) {<|g () Z 1g"(v) ) +< 18" (W) :|g () ) } )
0

" (f 1205 |Pdc) (1gwl + 18" ).

where5—|—E:1,q>l.

LS

Proof. Using equality (9), the convexity of |g”|? on [u, v] and Hélder’s inequality, we have

‘[(u?)uﬁg(v) iy lﬂg(m] —27(1)g (” ; ”)
- )2 ! % ! ” C 2_4‘ 1 %
- {(fo atrac)” ([ e (§ur2550)| )
1 % 1 2 _ q %
([ o) ([l (55 ) )
0 0
)2 1 % 1 2— %
) (f |9<;>|sz) i([ (%g/’(unuTﬁg”@)ﬂ)dz)
0 0
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! Z_C " q ; " q %
+ (/0 (T|g Wi+ 18’ )d;)
_ 2 1 % /" " % /" " %
_w 4u> (/ |Q(§)|pd;> {(Ig (u)|q23|g (v)lq> +(3Ig (u)quLg (v)|q> }
0

Let c; = |g"(w)|?, c; = 3|g"(w)|?, d; = 3|g"(v)|?, dy = |g”(v)|%, then using the fact that

n n n
Z(Ci+di)m < ZC{"—FZ—MT, 0O<m<1,
i=1 i=1

i=1

and 1+ 3% < 4, we have

[STEN

=

‘[(“t”)”"g(v) NCON Lpg(u)] —271(1)g (“ er v)‘
(v—uy
2
q

1
(f 12torac)” (1w + '),
2 0

This completes the proof of (13). O

Remark 2.5. With the similar assumptions of Theorem 2.2, if ¥#(¢) = ¢, then inequalities (13) reduce to the following
inequalities:

1 v u+v
v—1uJ, 2

(v — up? !<|g”(u)|" + 3|g”(v)|")5 .\ <3|g”(u)|" + |g”(v)|")5}
T 16(2p + 1)7 4 4

(U — u)2 1" ”
<= \1gWl+1g" W)
T )

which are proved by Sarikaya and Kiris in [24].

Remark 2.6. With the similar assumptions of Theorem 2.2, if ¥(¢) = ¢*_ then inequalities (13) reduce to the inequalities

T(a)’
(8).
%
Corollary 2.3. With the similar assumptions of Theorem 2.2, if () = kliﬁ Then
ke

25" N + 2k) [
(v—uk

<(v—u)2< k )5 <|g”(u)|"+3|g"(v)l">5 +<3lg"(u)|"+|g"(v)|">5
- 8 (¢ +Kk)p+k 4 4

2 1 3
==Y ( | |9(<)|Pdc) (1g" i + lg"w1).
21 0

3. Trapezoid type inequalities for twice differentiable functions with generalized fractional integrals

o o B u—+v
I(Tr_kg(v)+I(u?)_’kg(u)] (a+k)g( > )’

Here we give trapezoid type inequalities for twice differential convex functions via generalized fractional integral
operator. To obtain these results, we need the following lemma:

Lemma 3.1. Let g :J C R — R be twice differentiable function on J° such that g” € L([u, v]), where u, v € 3° with u < v.
Then

g(u) +g(v) 1
2 2000 [(“;—vﬁ'l’g(”” (uzﬂr‘ﬂg(”)] (14)

_(U_u)z ! 7 ; 2_; ! /7 2_; ;
= 300 |:f0 2@¢)g (§u+ 5 v)d;—i—/g .Q(;)g( 5 u+2v>d§].
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where the functions §2 (¢) and @(¢) are defined by
! ' (5542)
() = f &(s)ds, D(s)= / fdz < 00.
0 s

Proof. On integrating by parts twice one can have

/ Q@) ”<f ¢ )d;

J1

2 ¢ 2—c\I', 2 [ (L 2-¢
=7 2@¢ <5 5 v>0+v_uf0<1>(§)g <5u+ 5 v)dc
:_ig(n (u+v>+ 2
v—1u 2 v—1u
2 ¢o2=¢ ' 2 () (¢ 2-¢
x|:—v_u<1§(§)g(2u+ 2 v)o_v—u/ ¢ & iu—i_ 2 V)
v
v 2

2 u+ 49(0) / % ( 2-¢ )
=——-220 = dec.
—u e ( >+Xv—mg o re)®
By changing the variable x by x = $u + 25%v, we get
B 2 u+v 49(0) 4 V(v —X)
Jr=—-—82(0g ( 5 ) + ® _u)zg(v)— . [; oy Sdx
2 u+v 49(0) 4
—_v_u-Q(]) ( ) > + (v_u)zg(v) (v—u)z(%)“ﬂg(vl
Analogously, we have
! ” 2— ¢ ¢
Jz—/o £2(¢)g (Tu‘i‘EU)dC
2 f(u+v 49(0) 4
= m:) Mg ( 5 ) + - u)zg(v) o’ (%)—log(u).
From [7; and />, we get
w—uw? g(u)+g(v) 1
So) =TT T 50 [(”%”)”7’"”(”)4r (%)‘ll’g(”)]’

which completes the proof of (14). O

Corollary 3.1. With the similar assumptions of Lemma 3.1 if ¥ (¢) = ¢, we have the following important identity:

g(u) +g(v) [ 1,
P [ (e 3¢ stome

_(U_u)z ! 1 2 " ; 2_;- ! 1 2 " 2_;- ;
=3 [/0 (“ﬂg (5” 2 ”)"”/0 (“ﬂg( 2 ”+z”)d¢]

then for x = “3*, we get

Corollary 3.2. With the similar assumptions of Lemma 3.1 if 9 (¢) = F(a),

gu)+gv) 2 'Ia+1) [

e I (%H%H,y>]

(U+L) (

_(U_u)z ! 1 a+1 " ; 2_5
s [/0 (C_a+1{ )g (§”+ 2 ”)dg
1
_ 1 a+1 " 2_5 £
—I—/O <§ 70:—1—1; )g ( 5 u+2v>d§:|.
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o

Corollary 3.3. With the similar assumptions of Lemma 3.1 if ¥ (¢) = kﬁkfa then

gu) +g(v) _ 287 Mo + k) wk }
2 -k ['(”ﬂ) gV 10, ) -8W)

_ (U — u)z ! k 2+1 " ¢ 2— ¢

S ) (5
k ko e\ o, (2-¢ ¢

+/0 <§—a+k§k )g ( 5 u+v)d§

Theorem 3.1. Letg : 3 C R — R be twice differentiable function on 3° such that g” € L([u, v]), where u, v € 3° with
u < v. If the function |g”| is convex on [u, v], then

2 " 20(0)
(w—up ([ , .,
= 30(0) (/0 |9(5)|d§> (Ig W)l +Ig (v)|).

Proof. Using equality (14) and the convexity of |g”| on [u, v], we have

‘g(u)-i—g(v) 1 [(u;v)dﬁg(v)*‘(“;”)I”g(u)]‘

(16)

2 ~20(0)

= (l;q;(giz [/01 2@ (é” - 5 §v> dg + /0] Q2@)g" (2 - Cut %v) d;”
(,;;(8;2 :fol'g(“' g (%“ 2;%) dC+/0] 12(2)] ‘g//(2;§u+§v) d;]
(;;(832 /o] 20l (%'g”(“" + %'g”(vﬂ) ¢ +/01 200)] (2%|g”(u)| + §|g”(v)|) dc}
= (;;(8;2 </01 |9(c)|d<) (Ig”(u)l + Ig”(u)|),

which completes the proof of (16). O

1
‘g(u)-i‘g(v) I:(u;u)JrII?g(v)dl—(qurv)lﬁg(u):”

IA

IA

Corollary 3.4. With the similar assumptions of Theorem 3.1 if ¥ (¢) = ¢, we have

1 —uy
‘g(u)+g(v>_ [ g(;)dg‘f(v (18"l + lg" ).
v—1uJj,

2 24

Corollary 3.5. With the similar assumptions of Theorem 3.1 if ¥ (¢) = then for x = ”*” , we have

1"(0()'
gu)+gv) 27 1F(OtJrl)[ ]‘
0[ +Idu -
‘ 2 w8 T g )-8
(v—u)? ala +3) ( )
=78 LQat+ha+2 wi+1g"w)
Corollary 3.6. With the similar assumptions of Theorem 3.1 if ¥ (¢) = kr’ (a), we have

gw)+gv) 25 ' Na + k) [ak [k ]
_ ] ’
2 (v —u)k (%)*g(v) (u50)~8 £W)

(v —u)? o + 3k) , )
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Theorem 3.2. Letg : J C R — R be twice differentiable function on 3° such that g” € L([u, v]), where u, v € 3° withu < v.
If the function |g”|? is convex on [u, v], then

g(u) +g(v) 1
‘ 5 - ( ) I:(u+u)+ll9g( )+(%)*lﬁg(u)]

ﬁ " q 3 " q % 3 " q " q %
(/ e |pd§> {<|g () tl g (v)|> +< 18" (W) :|g (v)|> } )
(f 0P ) (101 + '),
2‘1<D

where5—|—a:1,q>l.

Proof. Using equality (14), the convexity of |g”|?, ¢ > 1 and Hélder’s inequality, we get

g(u)+g(v) 1
‘ 2 '_2¢w)[0?0*“gW)+(@gbgwﬂ‘

—u? (! (8 -
2 o) ([ e (5o 255
1 3 1 5 q i
+(/ |9(;)|"dc) (/ g”( 2§u+;v> dz) }
0 0
— )2 1 % 1 2 %
o ([1ecra) i(/ (Srwr+ 25w ) )
0 0
! 2_§ " q é- " q %
([ (Frwwr+ S )
w—up [ [ Pl @l 3@\ T [ 3lg" W)l + g )\ ¢
o (f ) () (GO,

Let ¢; = |g”(u)|?, c; = 3|g”"(u)|%, d; = 3|g"(v)|%, dy = |g"(v)|% then using the fact that

n n n
Z(Ci-i-di)m < ZC}”—FZ—M{”, 0<m<1,
i=1 i=1 i=1

1
d;)

1
and 1+ 317 < 4, we get

g(u)+g(v) 1
’ 2 _2a><o>[(%”ﬁg(””(%-‘ﬁg(“)ﬂ

1

cLow (/ P ) (101 + o)),
21 3(0)

This ends the proof of (17). O

Corollary 3.7. With the similar assumptions of Theorem 3.2 if ¥ (¢) = £, we get the following inequality:

’g(”);g(v)— ! /(;—152)g(;)dc
v—uJ, 2

1

IO R B WA AAN NS A T AN £ A e K OTAY
=8 \p+1 3\2 4 4

w-up [ 1 1/1\\ /[, ,
< <p+1 —5(5>> (1g"I? +1g")7).
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Corollary 3.8. Under assumption of Theorem 3.2 if ¥ (¢) = then for x = “*” , we get

F(a)’

gw)+gv) 2 'I(a+1) «
‘ 2 (v —u)? [I(””)*g( )+ I(”?”)g(u)”

< () (o)
8 A+l et 1) \(et+1p+1
{(Mu)'q 3 'g”(v>lq>é (3|g”(u)|q + |g“(v>l"> % }
x +
4 4
< G (79) (@)
= 53 \p+1 \e+1) \(@+1p+1

Corollary 3.9. With the similar assumptions of Theorem 3.2 if ¥ (¢) =

[STN

(Ig" @ + 1g"w)?).

o

ck
eIl then we get

gu)+gv) 25 "o +k) [ak wk }
p— I I 5
2 o—wt |y B0 -2

et ( 1 ( k >P< K ))E
= 8 p+1_ a+k (a+,<)p+]
{(Mu)'q 3 'g”(v>lq>é (3|g”(u)|q + |g“(v>l"> % }
x +
4 4
<(”—u)2< 1 _( k >P< k ))
= 2% P+1 (x+k (0[+k)p+]

4. Application: Moments of the random variable

LS

(Ig" @i + 1g"w)?).

Distribution functions and density functions provide complete descriptions of the distribution of probability for a given
random variable. However, they do not allow us to easily make comparisons between two different distributions. The set
of moments that uniquely characterizes the distribution under reasonable conditions are useful in making comparisons.
Knowing the probability function, we can determine moments if they exist. Applying the mathematical inequalities, some
estimations for the moments of random variables were recently studied by many authors, for more details see [25-32].

Let x be a random variable whose probability functionis h : 3 C R — R, where h is a convex function on the interval
of real numbers J such that u, v € J with u < v. Denote by M;(x) the rth moment about any arbitrary point x of the
random variable x, r > 0, defined as

/ (z—x)"h(z r=0,1,2,... (18)
In view of (18), we obtain the following propositions:

Proposition 4.1. Let x be a random variable whose probability function is h : 3 C R — R, where h is a convex function
on the interval of real numbers J such that u, v € J with u < v. Then

[y ToMo0) + g ToM )] = 27(DM <”+ ”)
_rr=1)v—u ¢ ! ¢ ¢
e e G G L o), o (e gp) ]
1 v
S <z—<+a o)) oo
1 ( v 2_; ; r—2
+ / 2(¢) / < —(—u-l-fb)) h(z)dz | d¢ (19)
0 u 2 2

forr>2k,k=1,2,...

Proof. Proof of this proposition follows from setting g(x) = M;(x) in the equality (9). O
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Proposition 4.2. Let x be a random variable whose probability function is h : 3 C R — R, where h is a convex function
on the interval of real numbers J such that u, v € J with u < v. If the function |h| is bounded, then

u-+v
[(%)*L?Mr(v) +(m)* IﬂMr(u)] = 27(1)M; ( 2 )‘

- 2r+1

forr =2k, k=1,2,...

Proof. By using Proposition 4.1 and since |h| is a bounded function, we have

u+v
’[(T)uﬁmr(v)ﬂu?)_ Ing(u)]—ZT(l)M,( : )

r(r — 1) (v —u) 1 v c -7 r=2
54[/0 Q(c)</u ( —( )) |h(z)|dz>d
1 v 2 C ;_ r—2
+ /0 2(0) (/u <z - (Tu n 5b)) |h(z)|dz) d;}

_ra+ 1) —u) ”h”oo[ Q) (T (¢ — 27 ) de.

- 2r+1

This completes the proof. O

Corollary 4.1. Under the similar assumptions of Proposition 4.2, if

1. ¥ (¢) = ¢, then

o (53]
v—uJ,

r(+ (1)) —u) M hlle (1 R
< S (r“ +(=172428, 3, r)>.

2. 9 (§) = 1, then for x = YL we have
2“*1F(a+1) » » u+v
w |:1(u+u)+g(v)+1(u+u)—g(u)] — (o + 1)f( 5 )’

r(14+ (=1 (w—u)**hlw 1 Foatr4l
= 20442 (o + 2) <a+r+1+(_1)2 pila+2,1)).

Proposition 4.3. Let x be a random variable whose probability function is h : 3 C R — R, where h is a convex function
on the interval of real numbers J such that u, v € 3 with u < v and h € Ly[u, v], p > 1. If the function |h| is bounded, then

<=1 (14D )

u-+v
[(uzﬂ)uﬂmr(u) +(agy- lﬁmr(u)] —2r(1)M, (T)

1
(v —u)r Dt e (r-2)g+1 (r—2)g+1\7
|G tmrm) [ f0ET -

fOT"ZZk,k:1,2,...and}l)+%=],

Proof. Since h € L,[u, v], then by Holder’s integral inequality we have

v r—2
/; (z - <%a + 2%1})) h(z)dz
v % v _ (r—2)q %
(o) ([ -(50-55) )

_ o \(r=2)g+1 (r=2)g+1 _ _z(r—z)q+1 %
=||h||{(” i ¢ -2 )] (20)

2025 (r = 2)g + 1)
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Analogously,

' 2-¢ W\
/; (z — (Tu + 5b>> h(z)dz
v % v 2-¢ ¢ (r=2)q %
< (/L: g”(z)dz) (/u (z - ( S ut 5b>> dz)

i |:(_1)(r—2)q+2(v _ u)(r—Z)q+1 (é-(r—z)q+1 —(¢ - 2)(r—2)q+1) i|f11
- p

20-20a+1((r —2)q+ 1) (21)

Using (20) and (21) in (19), we get the desired result. O

Proposition 4.4. Let x be a random variable whose probability function is h : 3 C R — R, where h is a convex function
on the interval of real numbers J such that u, v € J with u < v. Then

Mr(u) + Mr( ) 1
2 2@ 0) I:(U+U)+119Mr( )+(u+v)— lﬂM, u)]

s o L ()
Y ([ 255 e
. (/ (Z ( u+‘“b>)r_2h(z)az>a;} 22)

forr =2k, k=1,2,...

Proof. Proof of this proposition follows from setting g(x) = M;(x) in the equality (14). O

Proposition 4.5. Let x be a random variable whose probability function is h : 3 C R — R, where h is a convex function
on the interval of real numbers J such that u, v € J with u < v. If the function |h| is bounded, then

M;(u) + M;(v) 1
2 - ( ) I:(M)JrL?Mr(U) +(m)f IﬁMr(u):”
1 1)) hlloo -
e+ Zr)% i / o e 2

forr>2k,k=1,2,...

Proof. By using Proposition 4.4 and since |h| is a bounded function, we have

M;(u) + M;(v) 1
‘ 2 ~ 20(0) [(%)”I’M'(”) HCON I”Mr(”)]‘

5%’5&‘”{/{)19(;)([:(%( )) |h(z>|dz)d¢
f019(5)<fuu<—(2;§u+§b |dz) }
2

r(+ (=1 —u)|hlsx (' o
< s /O 2(0) (¢ dc.

This completes the proof. O

+
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Corollary 4.2. Under the similar assumptions of Proposition 4.5, if

1. ¥ (¢) =¢, then

g(u) +g(v) [ 1,
)L [ (o= 3t

r(4+ (=1 —w)*hls (1 -
< Sred <r+2 +(—1)2+2ﬂ%(3, r)).

2. 9() = % then for x = “£*, we have

+ 271N+ 1
‘g(u)zg(v)_ . _(o;) )[Mﬁg(v)w(x%g(u)”

< r(14+(=1)) (v = u)**"|hflo 1
- 2042 (o + 2) a+r+1

+ (_1)r2a+r+1ﬂ%(a + 2’ r)) .

Proposition 4.6. Let y be a random variable whose probability function is h : 3 C R — Ry, where h is a convex function
on the interval of real numbers J such that u,v € 3 with u < v and h € Ly[u, v], p > 1. If the function |h| is bounded, then

M;(u) + M;(v) 1
2 ~ 20(0)
(r=2)q+1
=D (1D ) nly
= ?(0)

(v — u)r—Na+1
|:2(r+l)q+1((r —2)q+1

I:(uzﬂ)JrI@Mr(U) +(%)* IﬂMr(u)]‘

q 1
)} | ot (e — e 2y ag
0

fOT’TEZk,kz1,2,...and%+%=1,

Proof. Proceed as in Proposition 4.3, we get

! ¢ o, 2=¢ \\7
/;(z—<5u+ 5 v)) h(z)dz

1
(U _ u)(r—2)£1+1 (g—(r—Z)qﬁ»l _ ({- _ 2)(r72)q+1) q
= ity [ 20r=2a+1((r — 2)g 4 1) ’ =
and
' 20, 0 h(z)d
/L: z— 5 u-+ 2v (2)dz
1
—1)r=24+2(y — )2+ ((r=2)g+1 _ — 2)r—2)g+1 q
< I, (1) ( )7 (¢ (¢ —2) ) . (24)
2020 ((r = 2)g + 1)

Using (23) and (24) in (22), we get the desired result. O
5. Conclusion

In this paper, we established some generalized fractional integral inequalities of midpoint- and trapezoid-type for twice
differentiable convex functions. In view of this, we obtained some new inequalities in a form of classical integral and
Riemann-Liouville fractional integrals. As application, we have applied our new inequalities to construct new inequalities
involving moments of a continuous random variable. Lastly, we conclude that our results presented in this paper would
provide generalizations of those given in earlier works.
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