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Abstract: In this paper, we derive some new quantum estimates of generalized Hermite-Hadamard-
Jensen-Mercer type of inequalities, essentially using g-differentiable convex functions. With the help
of numerical examples, we check the validity of the results. We also discuss some special cases which
show that our results are quite unifying. To show the efficiency of our main results, we offer some
interesting applications to special means.
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1. Introduction and Preliminaries
A set C C R is said to be convex if

(1—7)o + 7102 €C

forall @1, € Cand T € [0,1].
A function ¥ : C — R is said to be convex if

(1 - 1)@ + 1) < (1— 1)¥ (@) + T (@)

forall @1, € Cand T € [0,1].

The theory of convexity has played a vital role in developing inequality theory. Many
inequalities are direct consequences of applying the convexity property of the functions.
One of the most studied results in this regard is Hermite-Hadamard’s inequality. This
inequality provides us with necessary and sufficient conditions for a function to be convex.
For detalils, see [1]. It reads as:

IfY: 1= [w;, @] CR — Rbe a convex function, then

@3
IF<(i71 +¢”02> < 1 /‘P(@)d@ < Y(@1) +T(@2).
@y — @7
@1

2 2

Another significant result of convexity property of the functions is Jensen’s inequality,
which reads as:
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n
Let u = (p1, M2, ..., Un) be non-negative weights such that }_ y; = 1. f¥ : [ =
i=0

[@1, @] C R — Risa convex function, then

n n
Y (2 Vi@)i) < Y ¥ (©y),
i=1 i=1

where ©; € [@1,@;] and y; € [0,1], (i = 1,n). For more details, see [2].
The following inequality is known as Jensen-Mercer’s inequality.
LetY : I = [0, @] C R — Rbe a convex function; then

‘i’<@1 + @2 — f Vi®i> < ¥(wp) + ¥(@2) — i nit(©;)
i=1 i=1

for each ©; € (@1, @] and y; € [0,1], (i = 1,n) with Y/ ; u; = 1. For more details, see [3].
Pavi¢ [4] obtained a generalized version of Jensen-Mercer’s inequality in the follow-
ing way:
Assume that ¥ : [01, @] C R — R is a convex function, where ©; € |7, @3] are n-points.
Leta, B, u; € [0,1],7 € [—1,1] be coefficients such that  + f+ v = Y ; y; = 1. Then

Y (04@1 + pwy + 7y i ,ui®i> <a¥ (@) + BY¥(@2) +v i uit(0;).
i=1 i=1

The classical concepts of convexity also have a close relation with the concept of
symmetry. Several significant properties of symmetric convex sets can be found in the
literature. A beneficial point of view of the relation between convexity and symmetry is
that we work on one and apply it to the other. For some more useful information, see [5,6].

Quantum calculus (often known as calculus without limits) is the branch of mathemat-
ics in which we obtain g-analogues of mathematical objects, which can be recaptured by
taking g — 17. In recent years, the classical concepts of quantum calculus have been refined
and generalized in different directions using novel and innovative ideas. For instance,
Tariboon and Ntouyas [7] defined the g-derivative as:

Definition 1 ([7]). Assume ¥ : ] = [@1,@;] € R — R is a continuous function and suppose

® € J; then

¥(©) -¥(4O + (1 -q)@)
(1-9)(® —@1)

@1 D,ff(@) = (1)

for® # @ and 0 < g < 1.

We say that ¥ is g-differentiable on | provided o, D;¥(®) exists for all ® € ]. Note
that if @; = 0 in (1), then (D,;¥ = ©,¥, where D, is the well-known classical g-derivative
of the function ¥(®) defined by
¥(0) - ¥(40)

(1-9)©

Additionally, here and further we use the following notation for the g-number:

D,¥(0) =

1—g"
[n], = _qq:1+q+q2+~~~+q”_l, g€ (0,1).

Jackson gave the g-Jackson integral from 0 to @, for 0 < g < 1 as follows:

/O P ()odyt = (1— )r Y "¥ (@24") o)
: n=0
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@1

provided the sum converges absolutely.
Jackson also gave the g-Jackson integral in a generic interval [, @] as:

/wz Y(7)d;T = /sz Y(7)dyT — /Owl‘I’(T)qu.

@1

We now give the definition of a g, -definite integral.

Definition 2 ([7]). Let'¥ : [@1,@;] — R be a continuous function. Then, the qe, -definite integral
on [@1, @] is defined as:

[T ¥ @yt = (- )@ - @) ¥ (e + (- o) = (@ - o) [ (1 - D)y + @)y,

n=0
where 0 < q < 1.

The following is the quantum analogue of Hermite-Hadamard’s inequality:

Theorem 1 ([8]). Let ¥ : [@1, @3] — R be a convex function; then, for 0 < q < 1, we have

g1 + @) 1 /‘”2 qf(@1) + ¥(@2)
Y < Y(0)p,d,® < ——"Ft— =2, 3

For some recent studies regarding quantum analogues of integral inequalities involv-
ing convexity and its generalizations, see [9-11].
We now give the definition of a g°2-definite integral.

Definition 3 ([12]). Let ¥ : [@1,@;] — R be a continuous function. Then, the q©2-definite
integral on (@1, @3] is defined as:

L?Wﬂ%m:a—wwrwniwww@+u—wmg:wrwnﬂww+u—ﬂ@wﬂ

n=0

Using Definition 3, one can have the following quantum version of Hermite—
Hadamard’s inequality.

Theorem 2 ([12]). Let ¥ : [@1, @3] — R be a convex function; then, for 0 < q < 1, we have

(@
1+q Wy — @1 Jay 1+q

In the literature, there are several papers devoted to finding the bound for the left
sides and right sides of Inequalities (3) and (4). These types of inequalities are called
quantum trapezoid- and midpoint-type inequalities, respectively. By using ., -integrals,
the authors established some quantum trapezoid- and quantum midpoint-type inequalities
in [8,9], respectively. On the other hand, in [13], Budak proved corresponding quantum
trapezoid and quantum midpoint type inequalities for 4¥1-integrals. Zhao et al. presented
some quantum inequalities for (&, m)-convex functions in [14]. Du et al. derived some
parameterized inequalities which generalize quantum midpoint- and quantum trapezoid-
type inequalities for ge,-integrals in [15]. Moreover, in [16], Zhao et al proved some
parameterized quantum inequalities involving both the g, -integral and g®-integral. For
similar quantum inequalities, one can refer to the papers [17-20].

The main objective of this paper is to derive some new quantum estimates of general-
ized Hermite-Hadamard-Jensen—-Mercer type inequalities essentially using g-differentiable
convex functions. We discuss some special cases which show that our results are quite
unifying. Lastly, we offer some applications of the obtained results to means that establish
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our results’ efficiency. We hope that the ideas and techniques of this paper will inspire
interested readers working in this field.

This paper is summarized as follows: Section 2 provides main results of the paper
and certain numerical examples showing the validity of the results. Some applications to
special means of real numbers are discussed in Section 3. Section 4 concludes with some
suggestions for future research.

2. Main Results

In this section, we discuss our main results.

Theorem 3. Let ¥ : [@1,@;] — R be a convex function; then

® +40 1 a@q+p@y+v®
b4 S — Y d
(Mﬂl +l3@2+7( 1+gq )) = 5@ —0) /ncwl+ﬁw2+'y® (V)txw1+5a72+7® qv

< evion - priay oo TOEUE) g

forall ®,® € [, @] with® < Pand 0 < g < 1.

Proof. From Definition 2 and Theorem 1, we have
1
/O ¥ (ay + By + 7(1O + (1 — T)®))d,T

1
= /o ¥ (t(a@; + By + vO) + (1 — 1) (a@1 + @y + yP))dyT
1 a@1+Par+7P
= b4 d
,)/(q) _ @) /D((Dl-i-ﬁwz-‘r’)/@ (V)D((Dl+‘5(i72+’)’® qV
> ‘F(q(lxwl + By + ’Y@) + a1 + Py + ’Y‘D)
- 144

P
= ‘P(zxwl +/3a>2+7( 14_12@)).

Additionally, by the Jensen-Mercer inequality, we obtain

1 /awl +Bwy+yP
14

1
1 ®-0) Y(V)aw+por+r0dqV = /O ¥ (ay + Bz + 1 (t® + (1 - 7)0))dyT

@1+p2+70
< /01 a¥ (@1) + BY (@2) + y[T¥(P) + (1 — 7)¥(O)]dyT

Y0 +af(@)

— (@) + B @)+ g

This completes the proof. [J

Remark 1. Ifwetakex = 1,8 =1,y = —1 and take limit ¢ — 17 in Theorem 3, then (5) reduces
to the following inequality:

tfovren (O52)) £ gy [ v s vy ¥y - TOTYOL
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Theorem 4. Let ¥ : [01,@2] — R be a convex function; then,

O+ qy) ) 1 /awl+ﬁwz+v¢’ "o @
Y| a1 + oo + < L4 1+B02+7P g
(oc 1 2 ’Y( 1+g = 5@ —0) Juoy 1 poy 10 (v) qVv

< a¥ (@) + p¥(@2) +7<W> @)

forall ©,® € [0, @] with® < Pand 0 < g < 1.
Proof. From Definition 3 and Theorem 2, we have

/01 Y(w@y + s + (7@ + (1 - 1)0))d;7 = /01 Y(t(a@q + By + 7P) + (1 — 1) (a1 + foy +90O))dyT
1 @1 +Pwy+yd

m /aw1+/3w2+'y®

> T(‘I(“wl + @z + yP) + @y + Bos + 7@))

Y(y IXL01+ﬁ(D2+’}/q>dqv

1449

(G
—‘I’(ﬂcw1+,3@2+’)/< 117;)),

which gives the proof of first inequality in (7). Additionally, by the Jensen-Mercer inequality,
we obtain

/(;1 ¥ (a@y + By + 7(1O + (1 — T)®))dyT < ./; 0¥ (@7) + ¥ (@2) + 1 [TH () + (1 — T)¥(®)]d,T

=a¥ (@) + BY (@) + 7(“6)112](@) )

This completes the proof. [

Remark 2. Ifwetakex = 1,5 =1,y = —1 and take limit g — 17 in Theorem 4, then Inequality
(7) reduces to the following inequality:

@01+@r—P
‘Y(col b — <@;q’>) < ®iq) W;Z@ ¥(0)dv < ¥(@y) + ¥ (@) — w. ®)

We provide some examples of our main theorems in this section.

Example 1. Consider the convex function ¥ : [—2,3] — R defined by ¥(v) = 2v? with
0=1,9=2,0=02=037v=04andg = % Then, we have

O+ 25
oo (5 -3
1 a1+ +yP 1 (13 79
7(®-0) /amwﬁwﬁw@ V) a1+ +10) BV = 0.4 /0,9 ¥v) 0‘9d%v T 25 (10)
" f(O)+¥(®)) _ 99
O+ T2 _ P
a¥(@1) + BY¥(@2) +'y( 154 ) =10 (11)

From (9)—(11), it is evident that the Inequality (5) is valid and

25 79 99

8 25 10
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Example 2. Consider the convex function ¥ : [~2,3] — R defined by ¥(v) = 2v? with
0=1,®=2,0=02=037v=04andg = l Then, we have

O +qy _ 361
‘I’(wwl+ﬁa)z+'y< T+q ))—200, (12)
1 @1 +Pwor+yP 46
(@ +B@r+7P) 7 |, _ / 135 4 —
1@ 0) /oéwl+ﬁwz+7® Y (v dgv = 04 ¥(v) dlU 5 (13)
and ¥(©)+qf(®)) 81
+q _ ol
a¥(@1) + ¥ (@2) +’Y(1+q ) =10 (14)

From (12)—~(14), it is evident that the Inequality (7) is valid and

%61 _d6 81
200 " 25 10

We now derive a new g-integral identity. This result will serve as an auxiliary result
for our coming results.

Lemma 1. Let ¥ : | — R be a continuous function and 0 < q < 1. If (40, 4 g, 11@)Dq ¥ is an
integrable function on |°, then

1 /“@1 +P@rty® . g o 4f (a1 + B@r +70) + ¥ (a@; + s + 1P)
V(P = ©) Jaw +par+10 (eor +Beoz +78)%0 I+gq
_(@-9) 1. D,¥ @ - d
=157 b (1= (14 9)7T) (a0 +p0s170) Dg F (T(a@1 + Bz + @) + (1 — 7)(a@; + p@2 + 1O))odgT.  (15)

Proof. Using Definitions 1 and 2, we have

1
| (1= (4 0)7) oy oy 90 Dy (001 + B0z +70) + (1 =) (01 + Bz +70) )ody T

— [0 7)o g (F(rlamn + s 4 7®) 4 (1= 7) 01 + oz +70)
—Y(qt(a@; + Bz +7P) + (1 — q7)(a@1 + Bz +79)))]odyT
= /01 . q),ly(cp o) (¥ (t(a@q + o2 +9P) + (1 — 1) (@1 + B2 + 7O))
—Y(q7(a@; + By +yP) + (1 — q7)(a@1 + Bz +7O)))]odyT
(1+49)

- (T—g)y(®-09) /o1 [¥ (a1 + per +7®) + (1 - 7) (a1 + o2 + 79))

—¥(qr(acr + @y +7P) + (1 - q7) (a1 + p2 + 10))]odqT

y(q>1—®) Y ¥ (g (a1 + s +70) + (1 ") (wy + peoz + 1))
n=0

- i ¥ (g (a1 + By + 7®) + (1 - g") (acdy + B + ’r@)))]
n=0
1 + q

Z 7Y (q" (a@1 + Bz +7P) + (1 — ") (w@1 + B2 + 79))

- Z " (9" (a1 + By + 7®) + (1 - ") (a1 + Pz + 79))

n=0
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_ ¥(a@y + @y +P) — ¥(awy + p2 + 70)
7(®-0)

1
- s Zq"‘f (a1 + By +7®) + (1 — ¢") (a; + poy + 71©))

1+
e q@ 3 G 001+ s +7) + (1= 7)oy + oz +70)

Y (a0 + ﬁwz + 7<I>) — Y(aw@; + fwz +790)
7(P-0)

1+ ©
- § L 0" (0@ + oy +7@) + (1= ") (@@ + s +1©))
nO
+ 71 4 [¥ (a1 + By + vP) — ¥(aw@q + By + 7 P)
7(®-0)
+Z‘7"‘1’ (a@q + Pz +7®@) + (1 - q") (a1 + p2 +79))

n=1

(“@1+ﬁ@2+7¢)*T(M’ﬁrﬁ@fr?@) 1+q
Y (a1 + By + 7P
1+q
o (®—0) Zq”‘I’ (€1 + Bz +7®) + (1 - ¢") (a1 + 02 +70))
1+q

- qu (@1 + By + @) + (1 — ¢")(a@y + p2 +19))

B qf(DC(D1 + ,B(Dz +90) + ¥ (awq + B + 7P)

qy(® - ®)
(1+Q)(1_‘7) (CD @ n _n
77(®—0) 1(P_0) Z q"Y(q" (a@1 + Bz + 7®) + (1 — ") (a1 + p2 +70))
_qf(a@1 + Pz +710) + ‘I’(occm + By + 7P) N (1+49) /“‘Dﬁﬁ@ﬁv@‘f 9 i
qv(® - ©) V(P — 0)? Jaw, +p@r+70 adypoy trO%

The completes the proof. O

Remark 3. Ifwe takeaw = 1,5 = 1and v = —1 in Lemma 1, then we have

1 @1 +@y—P @01+ @ —0O)+¥ (0 +w@0y — P
T(T) (LO]JrcOz*@)d‘IT_l_ qf( ! Z 1)+q ( : 2 )

-0 @1+ —0
g(®-0)
= 17_” /0 (1-(1+ q)T) (ci)l—&-ci)z—@)Dq‘Y(T(wl + @ — @)+ (1— 1) (@1 + @3 — @))Odq"f. (16)
Theorem 5. Let ¥ : | — R be a continuous function. If |ao,+po,+10Dg¥| is convex and
integrable on J°, then

T T)Dé(i)] +/5(02+’)‘@qu

‘ qf (a@1 + By +90) + ¥ (awy + s +9P) 1 /“wl+ﬁ@2+7¢
T+q V(P —©) Juo,+por+70

2 _
=a jqujz)u@l e ({2(1 +9q)° (1 +q+ qz)} (] a0y +p0r+7@Dg ¥ (@1)| + Blaco, +peor+40Dg ¥ (@2) ]

+7[ (14307 +20°) Loy + oy 10D ¥ (©)] + (1447 + 42 laoy o 190 D ¥ ()] ). (17)

Proof. Using Lemma 1, the Jensen-Mercer inequality and the convexity of |0, 1o, +70Dq Y|
on J°, we have
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’ Qf(lxwl + ﬁwz + ’)’®) + T(lxwl + ﬁ(@z + ’)/(D) 1 /Dai)1+ﬁw2+fyq>
1+q g7(® - ) Jo

T)aw; + s +7094T

@1+Pwr+70

d—-0) 1
= | P20 [0~ (14 )b o0 Dy (001 + @z + (0 -+ (1~ T)O)udye
d—-0) (1
< lﬂ(l_'_q) /O 11— (1+ q)T|(“‘alerﬁwerv@DqT(le + :B|rxw1+[3(02+7®Dq‘P(@2)‘
+ 7[T|aw1+ﬁwz+7®Dq"P(q>)| + (1 - T) ‘06(01+ﬂ(02+7®Dq1F(®) H)Odt]T

(P -0 1
- W[ﬂé|awl+ﬁwz+7®[)q‘l’(wl)|/o 11— (1+q)7lod,T

1 gt
+Blacw, +poy 110 Dg ¥ (@2)| /0 1= (1+q)tlodqT + 7(|aw1+ﬁwz+7®DqT(q>)| /0 11— (1+q)t|[T0dqT

1

ooy spor 70D (@) [ 1= (1)t (1= Thodye )
4@ —-O) [ 2qa
-~ 1+4g (1+g¢
( q(1+4q +4%)
(1+q+4>)(1+9

2q(® - O

e +qt11( 7%)(1 J)r q)* (201 +0)* (1 + 9+ 4°)] [*lac, + s +90Dg ¥ (@1)] + Blacy + oy +40Dg ¥ (@2)]

+9[(1+49 + 4?) s, + oy +70Dg ¥ (®)] + (14 30% +20%) |aco, + 0 +,0Dg ¥ (O)[]).

29
1+9¢
q(1+3q° +2¢°)

L+q+49*)(1+q

)2 |0¢(Dl+,3(02+’)‘®Dq‘Y((D1)| + ( )2 |1xw1+ﬁwz+7®Dq‘F(@2)’

S—-—_ 13 laor o 10D, ¥(©) |)]

The proof is complete. [

Remark 4. Ifwe take « =1, = 1 and v = —1 in Theorem 5, then the inequality (17) reduces to
the integral inequality:

1+¢ Y526 Joroyo | (D@te-0)dT

SOtq+ 21+ 11)4 ([2(1+ ‘7)2(1 +q+ ’72)” |w1+wzf®Dq‘P(@1)| + lB’(Dl+(sz®DqT(w2)| ]
—[(1436* +20) |0y 40, 0D ¥ (©)| + (1 + 49 + 4%) |y 1@ Dg ¥ (P)])- (18)

Theorem 6. Let ¥ : | — R be a continuous function. If |uo, +pw,+40DqY|" is convex and
integrable on J°, and r > 1, then

qf (a@1 + @y +90) + ¥(awy + pa, +9P) 1 /mﬁﬁ@ﬂ@ 7) dgT
I+gq V(P — ©) Jaw+par+10 201 +por 0%
c(@-0)( % q

! 2 r
<D0 s) (a0 ++ ) blaoy 0Dy V(@)
HBluor oz 110D ¥ @)1'] + (14 49+ a1y 110D ¥ (@)

1

r

(043¢ + 28 o+ pr 10D ¥ O)]'])) (19)

Proof. From Lemma 1, we have
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‘qf(vca)l + Bz +70) + ¥ (a@; + foy +7P) 1 /“@1+ﬁ@2+7¢ 7 i
T+gq V(P — 0) Jaw+por+90© 201 +por+ 7874
®-0) !
= ’q’)/(l—.—q) /0 (1 — (1 + q)T)IXCD1+ﬁ(Dz+’)/®DqT(D“‘Dl + IBCDZ + ')’(Tq) + (1 — T)@))Oqu
< (@-0

1
< 1+q) /0 11— (1+ ’7)7||aw1+ﬁwz+7®DqT(“@1 + By + ¥ (1P + (1 - T)®))|Odq7-

Using the power-mean inequality,

1
/0 1—(1+ q)r||ml+lg@2+7®Dq‘I’(aw1 + By + ¥ (1P + (1 - 1)0))|odyT

1 1_r
< (/0 11— (1+¢1)T!0dﬂ)

1
X (/0 11— 1+ 9)7||ac, +poy+70Dq ¥ (@01 + poz + ¥ (1P + (1 — T)®))|70dq7> - (20)

Now using the Jensen-Mercer inequality and convexity of [4e, 1o, +10Dq Y|, it fol-
lows that

1
| 1= 1 )7y oy 110D ¥ (@1 + oz + 7 (2 + (1= T)0) oy

1
< /0 11— (1+q)t(@|ac; +por 10 DPg ¥ (@1)|" + Blaco, +por 110 Dg ¥ (@2) |
+ ,Y[T|D¢w1+‘3@2+’y®DqT(q>) ‘7' + (1 - T) ‘N@]+ﬁ(ﬂz+’y®DqT(q>)|r])0qu

1
< [l porr0 Dy ¥ (@) [ 1= (1-+ q)rlodye
1 1
+Blaar o 10Dy P@2) [ 1= 1+ 0)7lody +1 Iy ora0De¥ @)F [ 11— (14 yelradye

1
HaorsperroDa @) [ [1= (1+q)el(1 — hody
2qn 2
- u.;iw‘wﬁﬁ@ﬁv@[)q?(wl”r + (1_le1)2|0(@1+5@2+7®[)61‘¥(@2)|?
q(1+49+ ) q(1+ 39> +2¢°)
<(1 Fa+2)(1+9)3 a1 + oy +7@Dg ¥ (P)[" + A+ q+ D) A+q)7° lacoy +Br+10Dg ¥ (@)

< G PO 0404 )] elaoysorr0Dg¥ (@) + Blaoy spoy0D¥ (@2)]

+ ’)/[(1 =+ 4q =+ qz) |aw1+ﬁwz+7®DqT(q)) |7 + (1 + 3"72 + 2q3) ‘06(01+ﬂ(02+7®D¢]1P(®) |7]) (21)

Applying the fact that fol 11— (14 q)t|odsT = (pzr# and substituting (20) into (21),
we get

1
| 11 0+ Tl aay+ o0 Dy ¥ (001 + B2z +7(1@ + (1= 1)0) odyT

29\’ q :
= ((1+q)2> g ((1+q+q2)(1+q)3(2(1+q)(1+q+qZ)M'“‘”ﬁﬁwz”@Dﬂ(wl)'

+Blucy +por+70Dg ¥ (@2) ']+ Y[(1+ 49+ 4°) a0, + peoy +10 D ¥ (@)

S|

+(1+ 302 +20) oy + por 10D () ']))

This completes the proof. [
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Remark 5. Ifwe takew =1, = 1 and v = —1 in Theorem 6, then the inequality (19) reduces to
the integral inequality:

@1 +@0;—0)+Y¥Y(w0+w, —P 1 @1+~ P
’qf( ! 1)+L] ( ) -6 Y(T)0, +0,-044T

@1+w@r,—0O

- 7q(1¢+ q®) ((1 iqq)2> ((1 +q+ qqz)(l a4t 7)lor+o,-0 Dyt (@1)["
+op+@-0Dg ¥ (@2) "] = [(1+ 49 + 7°) |0y +0y—0Dg ¥ (®) |

1

+(1+3% +20%) o, 10, 0Dy ¥ (©)['])) . 22

Theorem 7. Let ¥ : | — R be a continuous function. If |so, +pw,+40DqY|" is convex and
integrable on J°, where p,r > 1 and % + % =1, then

qf (a1 + Bos + vO) + ¥ (awq + P2 + YD) 1 @1 +p@r+yP
1+gq - 7(®—0) /1ch1+/5(02+7® T)zxwl+ﬁw2+’y®dq7
< IO o 10Dy H(@1)+ Bl s 70D ¥ (@2)
1 i1 Dg ¥ (@) + Tl or 0Dy ¥ @I ) )
where
Proof. From Lemma 1, we have
‘ et peet ,Y®1) oot Pty 1 /Mﬁﬁwﬁﬂ> T) a; +poy+10q T
+q Y (P —O) Jaw;+pwr+70
_ ’Wiq@) | /0 (1= (14 0)T) sy + oy 70 Dy ¥ (00 + Py + (T + (1 — 7)©) )ody T
< (@ -09)

< 1+4q /0 1—(1+ Q)T||aw1+ﬁw2+7®DqT(“wl + B2 +(t®@ + (1 - 1)0))|od,T.

Now using the Jensen-Mercer inequality, Holder’s inequality and the convexity of
oo + s +70 Dg ¥ ", it follows that

qf (a1 + Bz + 7O) + ¥ (a1 + oy + 7P) 1 2@ +py+ P
- /tx Y T)aw1+ﬁw2+7®dq'f

1+g 7(® - 0O)

@1+p@2+70O
1

1
»-0 ! ’
< PO ([T 1= 1+ rePody) (o ssorsnoDy (0@ + e+ 4(r + (1= 1)0) oy
1
®-0 1 [
< PO (4 )Pty wlaoy o1 DgF @)1 + Bl possr0 Dy ¥ (@)
1
+ 1Ty o 70Dy ¥ (@) + (1= Dl iy 110Dy F(@) ) oy

d-0
W(H_q)(kl) <"‘|1m>1+/3w2+'y®Dq (@1)]" / 0T + Blaw, + poy 110 Dg ¥ (@2) | / 0dgT

1 1 7
7|y por 0D ¥ @)1 [ T0dy + ooy o0 D YO [ (1= Thody] )
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_ 9y (®-0©)
144
1
144
< 91(®-0)

- 1449

1
(k1> P (“’a@1+ﬂwz+7®DqT(‘ol)|r + ﬁ‘aw1+ﬂw2+7®DqT(w2)|r

7

+

Lot p0r 10D (@) T o+ s 170D E(O)]1 D

1+q

==

(k1)

X (“|aw1+ﬁwz+7®DqT(wl) "+ ﬁ|aw1+ﬁw2+y®DqT(w2) "
1

+$ [ |0<(D] +/Sw2+'y®Dq‘F(q)) |7 + ‘7|1xw1 +/sz+7®Dq‘P(@) |r] ) .

It is easy to see that
1 11Tq 1
k1:/0 |1—(1+q)r|”0dq*r:/0 (1—(1+q)r)”0dq'r+/1 (1+9)T —1)PodyT
m

1 1 1
= [Ta- s gordT+ [ ((1+q)T—1)7"0qu—/OHq((1+q)T—1)”0qu
_l-gqy (1+4)q" ) 3
1 1)?
149 2 Z ( 144 n; 071
1-¢ 1+4q)q" — 1)
Cl4q =2 Z ( 1+q '
This completes the proof. [

Remark 6. If we take « =1, = 1 and v = —1 in Theorem 7, then the inequality (23) reduces to
the integral inequality:

qf(col + @y — @) +T(Ci)1 + @y — CD) 1 @1+@—®

b d _od
‘ 1 +q + q)_G) @1 +@r—© (T)(Dl-‘rwz © qT
< —q(®—-0O) 1

< 15—k

1
1+q

=

% (lo1+@-0Dg ¥ (@1)[" + |0, +0, -0 Dg ¥ (@2)["
1

L ooy 0D ¥ (@) +q|w1+w2@w<®>|’]>) . 4)

Example 3. Consider the convex function ¥ : [-2,3] — R, ¥(v) = 202 with® = 1, =2,
x=02=0397=04andq = % Then, we have

9f (a@y + By +7O) + ¥(ay + oy +4®) 1 / PR A=~ (25
1+q V(@ =) Juartpartre — TTPOTION T 5y’
and
7*7(® - ©) 2 2
Atq+a)0 +q)4([2(1 +q)°(1+ g+ 9°)][a|aco; + oy +40 D ¥ (@1) | + Blaco, + por 4@ Dg ¥ (@2)]]
17
+ ,Y[(l + 3q2 + 2q3) |D¢(D]+‘B(i72+7®Dq‘f(®)‘ + (1 + 4q + qz) ‘aw1+ﬁw2+7®DqT(q>) ”) = m (26)
From (25) and (26), it is evident that the Inequality (17) is valid and
1w
50 ~ 200°
Example 4. Let us again consider the convex function ¥ : [-2,3] — R, ¥(v) = 2v? with

0=1,9=20=02=037y=04r=1andqg = % Then, we have
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‘qf (a1 + fy +70) + ¥(a@; + fp +9®) 1 / e g dtl=~ @)
1+¢ Y@= 0) fuartparre OTPEEOTIT T 5
and
v(@-0)( 29 \' q 2 »
D,¥
1_|_q <1+q)2 (1+q+q2><1+q)3 (2(1+q)(1+q+q )[‘Xlzxwl—&-ﬁwz—i-’y@ q (691)|
+Blacor + g +70Dg ¥ (@2)["] + Y[(1 + 49 + 4%) a0y + peon 110 Dg ()"
1 259
+(1+3’72+2‘73)|aw1+ﬁwz+'y®DqT(®)|r])) = T00° (28)

From (27) and (28), it is evident that the inequality (19) is valid and

1 259

— < —.
50 100
3. Applications

In this section, we discuss some applications to means. For arbitrary real numbers, we
consider the following means:

1.  The arithmetic mean:
w1+ @7
2 7

A((Dl,wz) =

2. The generalized log-mean:

1
(D2P+1 _ (Dlp+1 P

br@r ) =37, - o)

4

where pE R\ {*1,0},(@1,(02 € R and @, # @>.

Proposition 1. Letn € Nand0 < g < 1. If0 < (a1 + B2 + ¥O) < (awy + By + yP); then

‘ZA(L](MDl theet 7? inz}(ml Bt 8P § 1_;;1{11) Ly[aoq + By + y®, ad; + oy + 7@]‘
7y (P —-0)
T e (0o
+ﬁ<6@2” — (g2 + (1 — g) (a1 + By + 7®))”>]
(1—g)(@2 —a@y — B2 — 1O)

2 3 [ ©" = (g0 + (1 — q) (a1 + por +79))"
|13 20 (T S R O )
@" — (qy + (1 — q) (a1 + Bz +7®))”)]>
(1—-9)(® —aw; — B, — 7O) '

- @1" — (g +(1—q)(w1+ﬁ@z+7®))”)

(1—-q)(@1 — a1 — o, —70O)

+(1+4q9+4%) (
Proof. The proof is obvious from Theorem 5 applied for ¥(©) = ©". O

Proposition 2. Letn € Nand0 < g < 1. If0 < (a1 + B2 + ¥O) < (awy + By + yP); then
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‘ZA(q(MDl — 7?_);"7(“@1  —— B (1 1_7711611) Lylacq + B + v, aq + Pao + 7(’3]‘
(@-0)/ 27
=14y <<1+q>2>

q 2 @1" — (g1 + (1 — q)(a@1 4 Por +7O))"\'
X((1+q+q2><1+q>3(2(”‘”(1””){"‘( (0 — ) (@1 — a1 — oz — 70) )

@" — (qs + (1 — q)(a@1 + Bz + @)\’
+ﬁ( (1—-g) (@7 — a1 — Py — 1O) ) }

D" — (qy + (1 — q) (a1 + 27v©))"\’
”[(”‘””2)( (= ) (@ = aer — pos — 10) )

@ — (40 + (1—q><ml+ﬁwz+v®>>ﬂ)’]>)1
(1-9)(© —aw — P, —7O) ’

+(1+3q2+2q3)(

Proof. The proof is obvious from Theorem 6 applied for ¥(©) = ©". O

Proposition 3. Letn € Nand0 < g < 1. If0 < (a1 + B2 + ¥O) < (a@y + By + yP); then

‘2A(q(m1 + By + 71®3Ln;7(m1 +pws +9®@)") i 1_;‘1 5 L! a1 + By 4 7@, ady + Boa + 7®]‘
< m(lq)_;q@(kﬁ’l’

@1" — (qo1 + (1 — 9)(a@1 + B2 + 10))"\" @" — (qy + (1 — q) (a1 + By +70))"\"
* <( (1—q) (@1 — @y — B, — 70) > +5< (1= ) (@ — a@; — B, — 70) )

v [(q)n_(qy+(1_’7)(“@1+ﬁ@2+7®))n>r+ <®”—<q®+<1—q><aw1+ﬁw2+7@>>")fb1
Ttq (1-9)(® - a@, — p@; - 70) (1—4)(© — a@; — P, — 70) :

Proof. The proof is obvious from Theorem 7 applied for ¥(®) = ©". O

4. Conclusions

We have derived some new quantum estimates of the generalized Hermite-Hadamard-
Jensen—Mercer type of inequalities by using the class of g-differentiable convex functions.
We have discussed several special cases which can be deduced from the main results of
the paper. This shows that the results obtained in this paper are unifying and represent a
significant g-generalizations of the classical results. In order to elaborate on the efficiency
of the main results, we have also presented some applications to means. We would like to
mention here that the results of this paper can be extended by using post-quantum calculus
and other convexity classes. This will be an interesting problem for future research.
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