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Abstract: In this paper, we first prove three identities for functions of bounded variations. Then, by
using these equalities, we obtain several trapezoid- and Ostrowski-type inequalities via generalized
fractional integrals for functions of bounded variations with two variables. Moreover, we present
some results for Riemann—Liouville fractional integrals by special choice of the main results. Finally,
we investigate the connections between our results and those in earlier works. Analytic inequalities
of this nature and especially the techniques involved have applications in various areas in which

symmetry plays a prominent role.

Keywords: trapezoid-type inequality; fractional integrals; functions of bounded variations

1. Introduction

One of the most important inequalities for bounded functions is the Ostrowski in-
equality which gives an estimate for the deviation of the values of a smooth function from
its mean value. The Ostrowski inequality is stated as follows: if | : [kj, k] — Risa
differentiable function with a bounded derivative, then the following integral inequality

(e — 212 )2

g —— (k2 —x1) || F ]| 1)

K2
1 1
e < | =
k(%) KZ—Klf”T)dT* 27
K1

is valid for every s € [k, 3|, which was proved by Ostrowski in 1938 [1]. Here, the
constant 1/4 is the best possible.

In the recent years, many versions of Ostrowski-type inequalities have been proved for
some kinds of function classes, such as convex functions, bounded functions, functions of
bounded variation, and so on. For example, Alomari et al. established some Ostrowski-type
inequalities for s-convex functions in [2]. Moreover, some papers were devoted to study on
Ostrowski-type inequalities for other kinds of convexities [3-6]. On the other hand, Set first
proved the fractional version of Ostrowski inequality for s-convex functions via Riemann-
Liouville fractional integrals [7]. Furthermore, many studies were focused on the proof of
Ostrowski-type inequalities for certain fractional integral operators, such as k-Riemann-
Liouville fractional integrals [8], local fractional integrals [9], Raina fractional integrals [10],
etc. (see [11-23]). Moreover, by utilizing co-ordinated convex mapping, several Ostrowski
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inequalities were presented for the Riemann integral and Riemann-Liouville fractional
integrals in [24,25], respectively.

On the other hand, Dragomir extended the Ostrowski inequality for functions of
bounded variation [26]. Dragomir also proved trapezoid type inequalities and midpoint
type inequalities for the functions of bounded variation in [27,28], respectively. In [29],
the author presented several Simpson’s type inequalities for the mappings of bounded
variations. In the literature, many studies were devoted to new versions of Ostrowski-type
inequalities for functions of bounded variation. For some of them, please refer to [30—42].
In [43], some important inequalities for the functions of two variables with bounded
variation were given and applications in the cubature formula was provided. However,
there were some minor errors in the main results of the paper [43] since the Lemma 1 in the
published version of [43] is inexact. Moricz has already provided the correct version of the
lemma in [44]. In [43], Budak and Sarikaya presented the corrections of these results by
using the lemma proved by Moricz. For other papers on inequalities for functions of two
variables with bounded variation, see [45-47].

This paper aims to establish some trapezoid and Ostrowski-type inequalities for
functions of bounded variations with two variables via generalized fractional integrals.
The general structure of the paper consists of six sections including an introduction. The
remaining part of the paper proceeds as follows: In Section 2, we first present definitions
of the functions of bounded variations and total variations. We also give the definitions
of generalized fractional integrals and relations between generalized fractional integrals
and other type fractional integrals. In Section 3, we prove three identities for functions of
bounded variations with two variables by using the Riemann-Stieltjes integral. Trapezoid-
and Ostrowski-type inequalities for functions of bounded variations with two variables are
established in Sections 4 and 5, respectively. At the end of the paper, some conclusions and
further directions of research are discussed in Section 6.

2. Preliminaries

In this section, we first present the definition of the functions of bounded variation
(single and two variables). Then, we summarize the generalized fractional integrals
and give the relations between generalized fractional integrals and the other types of
fractional integrals.

2.1. Functions of Bounded Variation with One Variable

Definition 1 ([48]). For any partition P : k1 = 359 < 361 < ... < 35 = K3 0f [K1, k2] and
AF (26) = I (251) — I (3¢). If the sum

m

;IN ()]

is bounded for all partitions, then the mapping F () is called of bounded variation. We assume
n
that I has a bounded variation on [k, 2], and Y_(P) denotes the sum Y, |Al (3¢)| corresponding
i=1

to the partition P of [kq,x2]. The number

K2

V(F) :=sup{} (P): P € P([x1,x2]) }

K1

is called the total variation of F on [ky,x3]. Here, the family of partitions of [ky, k| is denoted by
P( [Kl, f(z] )

In [26], for the functions of bounded variation, Dragomir proved the following Os-
trowski inequality.
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Theorem 1. For the mapping of bounded variation | : [k, 1] — R on [xy, x3]. The inequality

i 1 %_M;Kz K2
Flo)dr—F ()| < |5+ | ———— F 2
xz—xlf (e = ()| < |5+ IS || Vi) @
1

holds for all 3 € [K1, k7). The constant % is the best possible.

2.2. Functions of Bounded Variation with Two Variables
Definition 2. For any set of points (¢, ;) (i = 0,1,2, ..., m) satisfying the conditions

K1 = 3 <z <..<mym =Ky
K3 = Yo <71 <..<Ym=Ky
if the sum
m
Y AL (55,71
i=1

is bounded for all such sets of points, then the mapping F (x, ) is called a bounded variation
(see [49,50]).

As a result, the definition of total variation of a function of two variables can be
described as follows:
Let / be of bounded variation on Q = [i7, k3] X [K3,%4] and Y (P) denotes the sum

n m
y ¥ |Anf £ 'y]-)| corresponding to the partition P of Q. The number
i—1j-1

Ka K2

V() =V V() :=sup{} (P): P e P(Q)}
Q

K3 K1

is called the total variation of f on Q. Here, the family of partitions of Q is denoted
by P(Q)-

Lemma 1 ([44]). If F (7, &) continuous on the Q = [k, x2] X [x3,x4] and a(7, &) is of bounded
variation, then (T, ¢) is integrable with respect to | (T,¢) on Q in the Riemann—Stieltjes integrable
sense and

K2 Ky

[ [ F @z ©

K1 K3
K2 K4

= [ [awotder (x,0) - f(m)#(mwf (v, x5 )de (T,53)

K1 K3 K1

K4

~ [t 8)dgt (k2,) + f a(k1, 8l (k1,€)

K3

+F (K2, kg ) (K2, Kg) — F (K2, K3) (K2, K3)
—F (x1, kg)a(x1, k) + F (K1, K3) (K1, K3).

Lemma 2 ([43]). Assume that p is integrable with respect to o on Q and « is of bounded variation
on Q, then

K4 K2

f/p(x,fy)d,.,d,,a(x,y) < sup |07 V(). @)

K3 K1 (x/Y) €Q Q
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2.3. Generalized Fractional Integrals

In this section, we summarize some fractional integrals which will be used in our
main results.

Definition 3 ([51]). Let F € Lq[kq, k2]. The Riemann—Liouville fractional integrals Y, F and

x,— F of order & > 0 with ky > 0 are defined by

Iy () = g [Ge= " (i, 2>

and
17
1
o+ () = W /{r— ) (T)dT, 2 < K,
respectively. Here, T'(x) is the Gamma function and ]21+ (3¢) = ]KZ_ (32) = F (32).
Definition 4 ([52]). Let p : [k, k2] — R be a positive increasing function on (ky, k3], having a

continuous derivative p'(3¢) on (x1,x2). The left-sides (T, .o F (3)) and right-sides (T, _.F (3¢))
fractional integral of F with respect to the function p on [kq, k2] of order a > 0 are defined by

— AT, x> 1K

and

2 1 (D
KZ—;p‘L (%) - r(a) f )_p(}{)]liud'f, < Kp,

respectively.

Riemann-Liouville fractional integrals of a function with two variables can be given
as follows:

Definition 5. Let | € Ll(/_\. = [K1, &3] X [K3, k4] ). The Riemann—Liouville fractional integrals
JK1+ ot F s ]K]+ syt JKz— ks I and ]Z_M_f of order o, p > 0 with xy,x3 > 0 are defined by

x
T et o) = srrgy [ [ o= = 0P g, >, v >,

K1 K

K.

'S

Jib gk (56,7) = (=) N E— 1P (T, 8)dEdT, 3> K1, ¥ < Ky,

_
=

-

ML—-_SN

e

K2 7
a 1 . .
T st 0o = srgy | [0 0= 0F T o, x<m 7> xs
and
et o) = ey ] [0 = 0P g, <o v <xa
x oy

Definition 6 ([53]). Let p : [y, k2] — R be a positive increasing function on (i1, k2], having a
continuous derivative p'(s¢) on (k1,x2) and let @ : [x3, k4] — R be a positive increasing function
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on (k3, k4|, having a continuous derivative @' (7y) on (k3,x4). If F € Ly(A), then for a, p > 0, the
generalized fractional integral operators for functions of two variables are defined by

x Yy
ap 1 p'(7) @'(¢)
jK1+,K3+;p,ﬂ)" (%:7) *l-v(a)r(ﬁ) J’Z [p(%) —p(’[‘)]l_'x [(D('Y) —(D((:)}liﬁl_ (T, ‘:)dgd'r,
x> K7 > K3, (5)
s ISPV WY i () @'(2)
jK1+,K4—;p,a7!' ( 1')’) F(R)F(IB) ’E[’Yf [p(%) B p(T_)]lia [w(g) B (,D(’y)}liﬁf— (T, g)dédn
x> K, 7 < Ky, (6)
K2
o, i . 1 P,(T) CD!(‘:)
sz*,KS‘HP,a)f( /’)’) _F(ac)l“(ﬁ) ;[,! [p(T) _p(%)]l—a [@(7) _@(g)}l_ﬁf (T,g)dédh
7 <Ky, ¥ > K3 (7)
and
“p USRS SR o () @'(2)
sz*,mﬂp.mf( IT) _F(a)T([S) )[! [p(r)_p(%)]l—a [(D(g)—cﬂ(’}/)}l_ﬁf (T,(f)dffdrf
x <K, 7 < Ky, (8)
respectively.

By using Definition 6, well-known fractional integrals can be obtained by some special
choices. For example:

1. Ifwechoose & = = 1, the operators (5)—(8) reduce to the double Riemann integral;

2. Considering p(7) = Tand @(¢) = ¢, then the operators (5)—(8) reduce to the Riemann-—
Liouville fractional integrals ]iﬁ,m F (36:7), ]ifm 1 (567) ]if, i F (32,77) and
Izﬁ,xrf (32,77), respectively;

3. Forp(t) =Intand @(¢) = In¢, the operators (5)—(8) reduce to the Hadamard frac-

tional integrals I;ﬁ’xﬁ[— (32,7), Iﬁﬁj,{r; (%,fy),i’z;’:xﬁl- (2¢,7) and I:Z"Ei‘,(rf (22,77),

respectively.

3. Some Equalities for Functions of Bounded Variations with Two Variables

Firstly, we define the following functions which will be used frequently:

Mg(K],%) _ [p(J;)(“_f(f;l” ,

[@(7) — @(x3)]"
Ir(g+1)

NE (13, 7) =

M ) = =G

and

[@(x4) — @(7)]P
T(B+1)

Nb(ks,7) =
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14

M2 (x1,Kk; 52) = [p(5¢) — p(x1)]* + [p(i2) — p(5¢)]
Nb(k3,k4;7) = [@(7) — @(x3)]F + [@(ks) — @()]F

for (s,7) € A. We also denote

ki = M3y, 3)NB (s, 7)F (K1, k3) + M3 (k1 5)NB (ke 1) F (1, 0)

+ M8 (12, 30) NG (k3, ) I (K2, K3) + MS (K2, 5¢) N5 (x4, 1) I (2, K4)

for (s2,7) € A.
Throughout this paper, we denote the second partial derivative ?ijTZ by I +z. Moreover,

let p : [x1,42] — R be a positive increasing function on (1, k2|, having a continuous
derivative p’(3) on (x1,x2) and let @ : [k3, k4] — R be a positive increasing function on
(%3, %4], having a continuous derivative @'(7) on (k3,k4).

Now, we are in position to prove the following identity:

Lemma 3. If /' : A — R be a mapping of bounded variation on A, then for a, B > 0, we have the
following equality:

k1= N3, 1) [T o (4068) + Tl (3653
— N (ka, 7) | T8 ph (250) + T b (254) |
~ M (1, ) [T ol (51,7) + Thyal (51,7)]
~M(k2, ) [T ol (k2,7) + Thy ol (k2,7) | + Tk o ol (557)
F T8 el 20+ T i pal 2+ Tl s pal (327)
1

T Ta+DI(B+1) h—hL=5+L

where

—=

11:/

K1 K3

(p(32) = p(0)"(@(7) — @(&))Pdedeh (1,8),
L = (p(3) = p(0)"(@(8) = @())Pdedzl (7,8),
I = (p(7) = p(5e)*(@(7) — @(§))Pdzdzr (7,8),

(p(1) = p(3)*(@(&) — @(7))Pd=der (7,8).

=
Ve :“\wﬁ; = S—x
R P — R —

Proof. By using Lemma 1, we have

x Y
b= [ [0 e @) - @@)Pdeder (x,8) ©)

K1 K3

(@(7) — @(x3))P(p(3¢) — p(x1))*F (x1,%3) — T(a + 1) (@(7)
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~@(k3))PTE L oF (35,k3) = T(B+1)(p(3¢) — p(k1)* TE 4o (K1,7)

(@ + DB+ )T pal (27)-
Similarly, we obtain

L = —(p(s) —p(r1)*(@(ks) = @(7)PF (x1,K4) + T + 1) (@(xy) (10)
~@(7))PTE b (52%0) + T(B+1)(p(3) — p(x1))* Ty o (1,7)

~T(a+ V)T(B+ DTk e ol (47),

I = —(p(k2) —p(5)*(@(7) — @(x3))PF (x2,K3) + T (a +1)(@(7) (11)
—@(x3))P T oF (34,%3) + T(B+ 1) (p(r2)

—0(5)) T ol (k2,7) =T+ DB+ DITF vl (547)
and

Is = (p(x2) —p(2)"(@(ka) — @(7))Pr (x2,k4) — T(a+1)(@(ka) (12)
—@(7))PTE ol (56,5) —T(B+1)(p(x2)

—~p(20))" Ty ot (k2 1) + T+ DIB+ 1Tl ok (56,7).
By equalities (9)-(12), we establish
k1 = NB (3, 1) [T 1 oF (3,%5) + Tyl (36,%5)| = NE (s, )
(44 (44 L4 IB ﬁ
X T 4o (6, 0) + Tl g (s6,58) | — M1, 30) | T o (31,7) + Tyl (11,7))
— M J'S jﬁ J“:ﬁ
p(KZf %) K3+;CD'L (Kz, 7)+ 1(4—;ch (k2,7)| + x1+,K3+;p,caf (}f’ '7)
a,B a,p a,p
+jx1+,x4—;p,a)f (%1 v) + sz*,Kgfhp,CD’_ (22, 7) + sz—,x,;—;p,mf (2¢,7)
1

= TarDrgrol 2 b+

which completes the proof. O

Lemmad4. If I : A — R be a mapping of bounded variation on A, then for o, p > 0, we have the
following equality

T(a+1)

k (%’ /}’} B Mg(KLKz,' %)

Th ok (51,7) + Tl (2,7)]
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Tr(g+1) p B
Tl )+ ol G
Ta+1)T(B+1) B ap
Mﬁ(xl,xz;x)Nf;(xs,m;’r) [j”*f“rf;p,@f (k1,%3) + T.7 1 pol (K1, 54)
+j::f,7—;p,a)} (KZrKS)—l'jsz,'y—}—;p,w} (KZfK4)]
- ! Is— g — I + Iy
Mﬁ(Kthi%)Ng(K&MJ’Y) o
where .,
L= [ [o() = p())"(@() — @(xs) Peeds (x,2),
I = [ [(0@) = p(x) (@(x3) — @(2))Peedg (,2),
K1 7Y
K2 ¥
I; = f/ (x2) @ (&) — @(x3))Pdodef (7,8)
and -
Is= [ [(o(2) = p(r))"(@(x2) = @(&))Pede (7,2
Y
Proof. By using Lemma 1, we have
B o= f ] (1) - @(Z) — @ (x3))Pdeder (1,€) 13)
= (@(7) —@(x3))P(p(5) —p(k1)*F (35,7) = T(a+1)(@(y) — @(k3))PTE_oF (K1,7)
~T(B+1)(p(30) = p(x1))* TLoF (32,x3) + T(a+ VT(B+1)TLE L oF (k1,53).
Similarly, we obtain
o= [ [0 =pta) (@) - @(@) e (1,2) (4)
K
= —(p(3) — p(r1))*(@(k4) — @(V)PF (56,7) + T(a+ 1) (@(K4) — @(7)PTE_oF (11,7)
+T(B+1)(o(3) — p(x1))" jfy+a)l' (36,%4) =T(a+1T(B+1) Jfﬁ'y+p(i7" (K1, K4),
K2
7= f f (p(r2) = p(1))"(@(8) — @(x3))Pd=det (1,8) (15)

—(p(x2) — p(32))*(@(y)

(B +1)(p(k2) — p(30))XTE_oF (55,53)

—@(x3))PF (3,7) + T(a + 1) (@

(7) = @(k3)PTL 4, F (2, 7)

C(a+ DI(B+1) Tt ol (K2k3)
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and

K2 Ky

o= [ [(et) - o) @) — @(@)Pdrdst (4,0) e
x

= (p(r2) = p(52))"(@(xs) = @(7))PF (36,7) = T(a + 1)(@(rs) — @(7))P Tty oF (k2,7)

—T(B+1)(p(r2) — p(30))* Thpsal (36,70) + T+ DT(B+ 1) Tif b (2 5).

Using equalities (13)-(16), we have the desired result. [

Lemma 5. If f : A — R be a mapping of bounded variation on A, then for a, > 0, we have the
following equality

F(x2,64) +F (k2,%3) + I (K1, K4) + T (K1, %3)

1 (17)

1

_m [j,é‘;_;p; (1, %4) + Ty—soF (51, %3) + Ty 1pF (K2, %4) + Ty 4:0F (2, Ks)}

1
s [j4 of (k2,%3) + j,ng;mf (2, %4) +«7x’i7;@f (1, %3) +j,£+;@f (Kl,KAl)]
4Ng (K3, %4) ‘

1 B -
+ T, F(x1,%3) + T2 0k (K1,%4)
4MH(K1,K’2)N£(K3‘ K4) [ K=Ky =i, @ Ko —,K3+;0,0

x,
+j]+ Kq— de} (KZI K3) + jKl §1K3+Fptmf (KZ, K4)]

1 1
Ar(a+1)I(p+1) M&(x1, k2)Nb (x5, 54)

K2 K2

x [ [ltp(x2) = p())* = p(7) = pls1))

K1 K3

x |(@(xs) = @(@)P = (@(8) = @(x3))P | dedgh (T,8).

Proof. For s = k3 and v = x4 in Equation (13), we have

k2 K4

Iy = //(P(T)_p(Kl))m(CD(g)_‘D(K:&))ﬁdrdgf{T,g) (18)

K1 K3

= (@(xy) —@(x3))P(p(r2) — p(K1))"F (xp,%4) — T(a 4 1)(@(x4)
—@(K3) )P T _ o (k1,%3) = T(B+1)(p(k2) — p(x1))* T, o (k2,%3)

+0(a+ DI(B+1)Tel ol (K1K3).

For sz = k3 and v = «3 in Equation (14), we have

K2 K4

ho = [ [(o(0) = p(1)*(@(xs) - @(&)) Pedtg (7,) (19)

K1 X3

—(p(x2) — p(x1))*(@(x4) — @(x3))PF (12, 3)
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+T(a+ 1) (@ (k) — LO(Kg))'BJK";,;PF (x1,x3)
+T(B+1)(p(k2) — p(x1)* TE o (K2, K4)

~T(a+ DI+ DTeF ok (kLK)
for 2 = 17 and 7y = x4 in Equation (15), we have

K2 Ky

= [ (o) —p(0)*(@(&) — @(x3))Pdede (7,) 0)

K1 K3

= —(p(r2) — p(x1))" (@ (x4) — @(x3))PF (1, 54)
HT (@ + 1) (@(4) — @(x3))P TR 1o F (2, K4)
+T(B+1)(p(k2) — p(k1)* Ty o (11,73)

~T(a+DT(B+ 1Tk ey pel (K2,53)

and finally, for 2r = #; and 7y = x3 in Equation (16), we find

K2 %4

e = [ [(eloa) - p(e))*(@lse) - (@) Pt () e

K1 K3

= (p(x2) — p(x1))*(@(x4) — @(x3))PF (1, %3)
~T(a+1)(@(ks) — @(k3))PTE 4o (K2,%3)
~T(B+1)(p(r2) — p(x1))* Tf 1of (x1,52)

(e + DT(B+ DTk o pel (K2 %a).

Using equalities (18)—(21), we establish
1
4T(x+ DT(B+1) M (g, k2) NE (3, %4)

[Io — Lo — [y + L2

F(x2,x4) + F (x2,%3) + F (K1, K4) + F (x1,%3)
4

1

_m Iij;g—,pf (Kll K4) + jpg—’pf (K11K3) + jxal-f;pf (KZI K4) + jig-l-i—’pf (KZ, K3):|
P ’
1
TN [jéﬁ;mf (12, 15) + Ty of (K2, K8) + T oF (k1,%3) + TE | ot (Kl,K4)]
w\K3, K4

1 o,p w,p
+ N SRR o TR, T s e o
4M§(K1,K2)N£(K3,K4)[ we e

+j;?;lf—,x4—;p,caf (KZr K3) + szf?f—,}c;;+,',0,th‘L (KZ, K‘i)]
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which completes the proof. [J

4. Trapezoid-Type Inequalities for Functions of Bounded Variations with
Two Variables

In this section, we present some trapezoid-type inequalities for generalized
fractional integrals.

Theorem 2. If | : A — R be a mapping of bounded variation on A, then for a, p > 0, we have
the following inequality

}Kl - Ng(m,'y)[ o pF (2,063) + T oF (30, K3)] (22)
_Ng(}QL’ r)’) I:j](al +;PI_ (%t K4) +jxaé,;pl' (%, K4)]
=My (xq, 52) [Jﬁ FxL,y)+ T8 F (1, 7)
p\ My K3+;@ 1Y Ky— i@ 1.7
—Mi(k2, 20) [T ol (k2,7) + Tt (k2,7)| + T ey ipaf (557)
p\R2s K3+;@ 2.7 Ky— @ 2.7 K1 +i3+50,@ Y

+j K1+,K4— pwf (% 7)+jx K;ertza'L (%!f)’)+jngx4 p(ﬂf (%1')')|

1 x Y
S TEr DI+ D l(p(%) - plw)*(@(r) — () PV V
+(o(3) —p(K1))* (@ (k) —@(7))P \/ V (F
LS
K2 Y
+(p(r2) —p(3))(@(7) — @(x3))F Vi
+(p(k2) — p(3)) (@ (r4) —@(7))P V(1 )}
x
1 1 p(r1) +p(x2) [1°
< T 3Pt — et + p(x)—f}
B K2 Ky
(@0 = () + o) — ZELZEE Py
Proof. By taking the modulus in Lemma 3, we obtain
k1= NE (63, 7) [Ty o (203) + T b (35| (23)

—Ng(}(q_,’}’)[ Kalﬁ»;p} (%IK4)+\7K£;7;PI‘ (%,K4)]
~M(k1, ) [T ol (k1,7) + Th_ o (k1,7)
p K1, K3+;@ 1.7 ol (K1,
M (2,39 [T o (52,7) + T ol (k2,)] + T sk (5:7)

+j K1+,K4— pm'L( )+j:;tﬁxg+pmf (% r}')_"jygfm p@f (Z ')')
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1 g 7 )
£ ST [ f / (p(3¢) — p(0)"(@(7) — (&) PdedzF (1,8)
[ [0 —p()*(@(@) ~ @()Pdeder (x,2)
K1
K Y
[ [0 = pGe)H@(m) — @(@)Pdeder (x,8)

| [ [o) = o) @(@) - @) Pdede (. f;)“ .
w

By Lemmua, it follows that

x Y
[ [e69 o) (@(1) - @(@)Pdrdet (7,) (24

K1 X3

x Y
< sup (o) — p(2)) (@ (x) — @(@)F| \ V/(F)

(T.8) €Ky, 2] % [k3,7] K1 K3

x Y
= (p(3) —p(x)*(@(7) — @(k3))P \/ V(1)

Similarly, we obtain .
fxf(p(%) — (1)) (@(€) — @(7))Pdcder (7, C)‘
h
< (p(3) = pl1))* (@(xq) — @(7))’3}\??(} ) (25)
[ [60) - ptoonsion - 0@ P (=, c>‘
< (p(r2) —p(5))*(@(7) —@(K3))’3<Z>2U ) (26)
and
KZ?(P(T) — p(5))*(@(8) — @(7))Pdrdet (z, C’)‘
o
< (plr2) —p(3))* (@(xq) — LO(’T))‘SP\CZ?U )- 27)

By substituting the inequalities (24)—(27) in Equation (23), we obtain

1 — N (o3, 1) [T (36,03) + Ty (56,13)]

— N (4, 7) [ T o (5,00) + T (354 |
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—Mg(fﬁ,%) [j]£+;w" (Klr/}’)"'jxif;wl_ (Kl.er):I
—Mj(k2, ) | Th of (k2) + Thy ol (02, 7)| + Teh syl (567)
P K2, K3+ K2,y Ky — @ K2,y 1+ x5 ;0,00 >,y

+TeE x5 ) H T oo E G W)+ Tk i (36:7))

IA

1 Y
T(a+1)r(ﬁ+1) l(p(%) _p(Kl))m(CD(r}') _(D(K?)))ﬁ’\c]/g(f)
(o) — p(r)) (@ (xs) — ()P N N (F)

K1 7
Ky 7
Hp(k2) — (0 (@(7) — @(xs))P N/ N ()

K2 K4

+(p(r2) — p(2)*(@(x4) —@(7))P\/ V(1)
x v
= :Y(sg,7)

which gives the first inequality in Equation (22).
By the properties of maximum, we obtain

Y(5,7)

A

max{ (p(22) — p(r1))*(@(7) = @(x3))F, (p(¢) = p(x1))*(@(x4) — @(7)),

(p(k2) = p(32))*(@(7) — @(x3))P, (p(K2) — p(52))" (@ (ra) — w(v))ﬁ}

x 7 x Ky K2 7Y K2 Ky
xl\/\/(f)+\/\/(f}+\/\/(,)+\/v“ )]
% B 7 x K3 x
= max{(p(2) — p(x1))%, (p(r2) — p(2))*} max{(CD(’Y) — @(x3))P, (@(ks) _w(ﬂ)ﬁ}
. \7\70 )
B B(P(KZ) —p(x1)) + }p(z) = P("l)zw ]"‘
B ra Ky

This completes the proof. [

Corollary 1. Ifwe take p(T) = T, T € K1, k2] and @({) = ¢, & € [xa, 4] in Theorem 2, then we
have the following trapezoid-type inequalities for Riemann—Liouwville fractional integrals

(3¢ — K1) (y — #3)F (3 —k1)*(ks — )P
T(a +11)F(ﬁ+i) () + T(a+11)T(;3+1)

I (x1,K4)
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(k2 — 32)*(y — k3)° (k2 — )" (ks — 7)F

Ta+1)I(B+1) b (2, %3) + T(a+1)L(B+1) ¥ (ica, 104)

+

_(r—x3)F
T(B+1)

(=)
T(B+1)

(32 —1x1)"
T(x+1)

Ve, + F (36,%3) + Js, - F (36,%3)]

e (o g) + 75, F (36,54)]

[V v, ) + T (1,

_ (kg —30)"
T(a+1)

[T b (k2 7) + Tyt (k27)]

+IK]+K3+} (% f}’)+liq+x4f‘[ (Z ’Y)_’_IK?_ xg+'£ (% r)’)+]x2 x47} %’r}/)

1
S T DT(BEFD)
N x Ky
X {(%—Kl)“(v—m)ﬁ\/\/(f )+ (5= k1) (ks — 1)\ (F)
K1 K3 LS I |
K 7 Ky Kg
+(k2 — 30" (r = 13) P\ V(F) + (k2 — )% (ks = )P\ V(1 )}
» K3 N
1 Ko — Ky K1 + K2
= F(oc+1)F(,8+1)[ 2 "’_ 2 ]
X[K4;K3+‘ K3+K4 ]'8@{;

Corollary 2. Ifwe take 3z = "2 and = % in Corollary 1, then we have

‘f (k2,k4) + F (K2, 3) + F (K1, k4) + F (K1, K3)

4

20:711"(“4_1) N .
e DRt (6 Ks) + T F (553)]

a—1

%ﬂi;};l)[]l(ﬁrf (% K4) +]x2 (J{,Kq_)]

w[]xﬁ_f (x1,7) -|-]K4_[. (Kl,f),)]

(kg — 13)P

PI(B+1) [

vy o ISV CRIRS AR CRY)

2220 (e +1)T(B+1)

(2 — k1) (kg — Kk3)P

[IK1+K3+f (% 7)+JK1+K4—'F (""7)

T st F e ) + Ty F (27)]|

Ky Ky

< TV

Ky Kz
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Remark 1. Ifwe assign o = p = 1 in Corollary 2, then we have

‘f (Ko, Ka) + F (K2, K3) 4+ F (K1, K4) 4+ F (K1, K3)
4

1

_Kz Ko
T E— F (3¢, d%—i—/f #,K3)dx
m—m! (e [ ) }

1 [ x4 K4
—s—— | [ Ca )ty + [ (m)dv]
L3 K3

2(k4 — x3)

K2 K4

1
+(K2—K1)(K4—K3)//H%/}')d'yd%

K1 K3

Ky Kj

< %\/\/(} ).

K1 K3

which is given by Budak and Sarikaya in [43].

Theorem 3. If I : A — R be a mapping of bounded variation on A, then for «, p > 0, we have
the following inequality

‘ F (K2, %) + F (k2,K3) + F (K1, K4) + F (K1, %3)
4

1
—m[ xa—pF (K1, %8) + Ty oF (k1,%3) + T 508 (%2, 64) + T, 4pF (%2, Ks)}

1
_4Nﬁ( ) [jxi—;ﬁ?f (2, K3) + jéﬁmf (K?-r K4) S5 jxﬁ—;mf (Klr'(3) = j,£+;mf (K1,K4)]
@\ K3, K4

1
* B [j:zlg?frripmf (Kl'K3) 'i'j;fz/ix;,+;p,m‘L (x1,K4)
4M5(x1,%2) N (K3, K4

—i_‘j:ff-,m;—;.D.m‘L (K2, 13) + jrzlﬁ,xs-k;p,rﬂl' (2, K4)] ’
1 Kz Kg
< zVV).

K1 K3

Proof. By using Lemma 2, we have

}f (k2,%4) + F (k2,k3) + F (K1, Ka) + F (x1,%3)
4

1

= [ ®
4M§(K1,K2)[ il (K1,Ks) + Ty pl (1, 3)

+‘7:¢]+;pf (K2:K4)+j£+ml’ (KQ,K:,\,)]

1 B B
= T ol (k2,%3) + T 1ol (K2, K4)
AND (3, &4) [ e e '

+TE ol (k1,53) + Th ol (k1 74)
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1 wp o
* ) Do O, o . -, 3 N Ry IS
4Mm(’<1: Kz)Ng(Kg, K4) [ SR Ko — K30,

T o pol (K2,83) + T8 ool (K2, x4)] ’

1 i
4F(D£ + 1)F(ﬁ + 1) Mg(Kl,Kz)Ng(Kg, K4)

K2 K2

x| [ o) — p(2)* = p(x) = p(x1))*]
x [(@(xs) — @(2))P — (@(8) — @(x3))P|dcder (x,2)]

1 1
AT(a+1)T(B+1) Mg(;cl,xz)Nf)(K3, Ky)
x sup |(p(k2) —p(7))" —p(T) —p(K1))"|

IA

(t.7)en
x| (@(xy) — @(2))F — (@(2) — @(x3))F| \/\/u )
- = 1 (p(2) — p(7))* (@ (K4)l ; ()P \j\?
(« +1T(B+1) M8 (k1 52) NG (K3, 54) 55 %5

This completes the proof. [

Corollary 3. If we take p(T) = 7, T € [Kq, %] and @(§) = &, C € [k3, k4] in Theorem 3, then

we have
I (x2,x4) +F (k2,%63) + F (k1,%4) + I (1, %3)
4
IMa+1
_—4(1:2 — Kl))d Dy F (K1, k4) + T F (k1 63) + T F (2, 58) + T 4 F (k2,%3)]
I'g+1
_4(K(£’ —7 ))ﬁ []xr (12, %3) +]§3+f (12, K4) +Jfrf (x1,%3) +]53+F (Kl,K4)]
4— K3
I(x+Dr(B+1) |
4(1(2 — Kl)&(’(tl = KS) [JKZ K4_‘L (KI’KB) —l_Jizﬁ—dca-O"L (x1,%4)
+JK1+ K4*I- (Kz, K3) +I§;a,i(3+’— (KZI K4)] ‘
Ko K4
= 3 \/V
K1 X3

Remark 2. Ifwe assign o = B = 1 in Corollary 3, then we have

‘f (k2,Kq) + I (K2, K3) + I (K1, K64) + I (K1,%3)
4

1 K2 Ko
- | [ F(ex dx+/f 3, K3 )d
= U rrdes [F oo
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1 K4 K4
—— | [ F (Kz,’r)d'7+]f K1, 7)dy
2(kq —K3) J z (
Ko K4

j} (3¢, 7)dydse

K1 K3

1

(k2 —#1) (kg — K3)

K2 Ky

< -i—\/\/(f %

K1 K3

which is given by Budak and Sarikaya in [43].

Corollary 4. If we take p(T) = InT, T € [, k3] and @(¢) = In¢, ¢ € [x3,14] in Theorem 3,
then we have the following trapezoid-type inequality for Hadamard fractional integrals

F (x2,%4) + F (2,%3) + F (k1, K1) + F (x71,%3)
1

1

_W (I8, 1 (k1 kg) + Ig F (9, 53) + Ig  F (2, %4) + Ig, 1 (%2, K3)]

1
_m [Ifé_f (K2: K3) -+ I,‘i_'_f (Kz, K4) - If4_f (K1,K3} + Iﬁ;_'_f (Kl,K4)]
A \K3,

1 w,B a,p
Ixfftx 7‘[ (K],K?,) +IK’*,K +f (Kll K4)
4Mf‘n(K1,K2)N]i(K3,K4)[ S gl

+I::1r§—,ic4—f (KZ' K3) + Igﬁ-,x3+f' (12, K4)] ‘

K2 Ky

< TV,

X1 K3

5. Ostrowski-Type Inequalities for Functions of Bounded Variations with
Two Variables

In this section, we prove some Ostrowski-type inequalities for generalized
fractional integrals.

Theorem 4. If | : A — R be a mapping of bounded variation on A, then for a, p > 0, we have
the following inequality

I(a+1) x «
F(36,7) — M (ky, 52 ) [Jz—;pf (%1, 7) + Treqph (7‘2,’7)] (28)
L(B+1) 1.8 p
— BT 7B FGexs)+ TP (s0x
Nf}(rcg,m;v)[ 7@ (2, %3) Y@ (2 4)]

I'a+1)I'(A+1
. : (E : [jif'y—;p,ca" (Kk1,%3) + jﬁf,’)f-%—;p,w” (K1, K1)
M (K1, K2; 3¢) Nop (K3, K457

+Jifﬁ,;p,@f (K2, %3) + Jifﬁhpmlf (K2, K4)] ‘
1

Mg (k1 K2; 5 )N (K3, %4 7)




Symmetry 2021, 13, 1724 18 of 22

» 7
x| (p(3¢) = p(x1))*(@(7) — @(x3))P \/ \/ (F )

n Ky

+(p(5) = p(Kk1))"(@(xa) = @(1))P\/ V(F)
Ky
CIN

+(p(k2) — p(2))*(@(7) —@(x3))P\/ V(1)

¥ K3

+(p(r2) — p(5))*(@(xq) — @(7))P \/ \}(f )]
x Y

1
M8 (1, k2; 5¢)Nb (3, x437)

IA

" E(p(m) )+ ‘p(x)  elen) plxa) ]
B K2 Kq
X [%(@(?&1) —a(x3)) + ‘m(fy) w ] e

Proof. By taking the modulus in Lemma 3, we obtain
T(a+1)
Ms(Kl,Kg; %)

B r(p+1)
N (k3. k4;7)
T(a+1)T(B+1)

M (11, K2; 5¢)Nb (k3, k45 7)

r (%, 7) - [j;;f;p" (KL’}‘) +J£+;p" (KZr'Y)]

| ThoF (s4,3) + TP o (6,5

+ [jiﬁ'y pfﬂl' (K11K3)+j;§‘f,'y+;p,ml' (Kl'K4)

+‘7 s+, 7— p(D'L (Klr K3) + ji’f/ry+;p,mf (Kz,K4)] ‘

1
N Mg (1, K2; 2)Nb (K3, K4;7)
{ / f ®(Z) ~ @(r3))Pdede s (r,§)|

n Ky

+| [ [0 =pta)) (@ (xs) —@(@) Pyt (x,2)
o
K2

+| [ [ (o) = p()*(@(&) — @(xa)) ek (x, )

M K3

K2 Ky

+|[ [(otx2) = p(x))* (@ (k) — @(8) Pyt (mf)ﬂ .
x Y

By Lemma 2, we obtain

x
// p(x1))*(@(&) — @(x3))Pdcdzh (T,§)|
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3 Y
<(p(2) — p(1)) (@ (7) —@(x3))F N/ V (F)

[ [0t = plxn)(@(x)) - @(&) Pt (r@‘
K1 7
< (p(3) — p(x1))* (@ (ka) —@(1))F \/ V (F),
LS
K 7
] (p(r2) — p(1))*(@(&) — @(x3))Pdedgf (T, g)'
’ Kz ¥
< (plr2) — p(30))*(@(7) — @(x3))P \/ \/ (F)
and
[ (p(x2) — p(7))*(@(Ky) — @(E))PidrddgF (r,g)‘
x
< (p(k2) — p(3¢))"(@(Ka) — ﬁV\/

It follows that

r(m+1) [ 14
F(3,7) — W I:jxf;pl_ (%1, 7) + T o (KZ/Y)]

r(ﬁ + 1) B B
—— | Tyl (56K3) + Ty ol (56,%4)
Ng(K3.K4;’r)[ ! T ]
Ta+1)T(f+1
( ) (f ) [jgﬁv pal (Kl,Ks)-i-J;f’fﬁ;pmf (K1, K1)
Mﬁ(Kl,Kz; #)Ng (K3, %4;7)

+j;f’f,fy—;p,mf (k2,%3) + j;':f,’)ﬂr;p,caf (%2, K4)] ‘

1
A4ﬁ(K1,K2;Jf)Pﬂﬁ(Ka,K4;7)

x
x [ (p(32) — p(x1))* (@(7) — @(k3))P N V(1)

K1 K3

+(o(22) — plr)) (@ (xs) — (1) N (F)
LS
K2 Y
H(o(r2) = p(0)(@(7) — @ (x3))P\ ()

K2 K4

+(p(x2) — p(30))*(@(x4) — @ (7)) ﬁ\/\/

which completes the proof of first inequality in Equation (28). The proof of the second
inequality is obvious from the proof of Theorem 2. [
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Remark 3. Ifwe take p(T) = T, T € [k, %3] and @ () = C, € € |3, k4] in Theorem 4, then we
have the following Ostrowski-type inequalities for Riemann—Liouville fractional integrals

F o) = o Klr)(j‘ :(1)2 7 (T8t (k1 7) + Tph (k2 7)]
r(g+1) 8 8
- ("}’ = K3)'B -+ (;(4 — rr)nﬁ [j’y_’-mf (%' K3) F j’H—;ﬂJ’L (%1 K4):|

T(a+1)T(B+1) [

jzjf ool (K1,K3)
[(2e—x1)" + (k2 — 2)"] [(’Y—K3)'B+(K4—’y)ﬁ] A—ips 1, K3

+jﬁf'y+;p,€0l' (K11K4) + jif,’y—;p,wf (KZI K3) + jﬁf,w+;p,ca” (KZ' K4)] ‘

1
=)+ (k=9 [(7 = 1) + (s — )
x T # K4
X [(z—xl)“w—mﬁ\/\/u)+<z—x1>“(x4—w)ﬁvvu)
K1 K3 KoY
Ky Y Ky Ky
+Hixo.—2¢) (’r—Ka)ﬁ\/V(r‘H (Kz—%)'x(m—’r)ﬁ\/\/(f )]
M K3 x Y
1
<
[(3¢ = x1)" + (12 — 30)"] [(’Y —x3)P + (k4 — ’Y)ﬁ]
. s . B K2 ¥y
e e b2 Vo

6. Conclusions

In this paper, we present several trapezoid and Ostrowski-type inequalities for func-
tions of bounded variation with two variables via generalized fractional integrals. It is
also shown that several results are given by special cases of the main results. We deduce
that the findings proved in this work are naturally universal, contribute to the theory of
inequalities and have applications for determining the uniqueness of solutions in fractional
boundary value problems. The findings of this study can be applied to symmetry. The
results for the case of symmetric functions can be obtained by applying the concepts of
symmetric convex functions, which will be studied in future work. It is an interesting and
new problem and forthcoming researchers can use the techniques of this study to derive
similar inequalities for different kinds of fractional integrals in their future works.
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