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Abstract: In this paper, the notions of post-quantum integrals for two-variable interval-valued
functions are presented. The newly described integrals are then used to prove some new Hermite—
Hadamard inclusions for co-ordinated convex interval-valued functions. Many of the findings in
this paper are important extensions of previous findings in the literature. Finally, we present a few
examples of our new findings. Analytic inequalities of this nature and especially the techniques

involved have applications in various areas in which symmetry plays a prominent role.

Keywords: Hermite-Hadamard inequality; Hermite-Hadamard inclusion; (p, g)-integral; quantum
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1. Introduction

The modern name for the study of calculus without limits is quantum calculus,
or g-calculus. It has been studied since the early eighteenth century. Euler, a prominent
mathematician, invented g-calculus, and F. H. Jackson [1] discovered the definite g-integral
known as the g-Jackson integral in 1910. Orthogonal polynomials, combinatorics, number
theory, simple hypergeometric functions, quantum theory, dynamics, and theory of relativ-
ity are only a few of the applications of quantum calculus in mathematics and physics; see,
for example, [2-19] and the references therein. V. Kac and P. Cheung’s book [20] discusses
the fundamentals of quantum calculus as well as the basic theoretical terms.

J. Tariboon and S. K. Ntouyas [21] described and proved some of the properties of the
g-derivative and g-integral of a continuous functions on finite intervals in 2013. Moreover,
they proved Hermite-Hadamard-type inequalities and many others for convex functions
in the setting of quantum calculus; for more information, see [22].

M. Tung and E. Gov [23] presented the (p, q)-derivative and (p, q)-integral on finite
intervals in 2016, proved some of their properties, and proved a number of integral in-
equalities using the (p, q)-calculus. Many researchers have recently begun working in this
direction, based on the works of M. Tunc and E. Gov, and some further findings on the
analysis of (p, q)-calculus can be found in [24-27].

In [28], S. S. Dragomir proved the following inequalities, which are Hermite-Hadamard
type inequalities for co-ordinated convex functions on the rectangle from the plane R2.
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Theorem 1. Suppose that f : [a,b] x [c,d] — R is co-ordinated convex; then we have the

following inequalities:

a+b c+d
(57

b d
1 1 c+d 1 a+b
= E[b—a/f<x' 2 )dx+d—c./f( 2 ’y)dy] M
1 b d
< m!cfﬂx:}/) dydx
b b
< %{ﬁfﬂx,c)d.wﬁfﬂx,d)dx
1§ 17
+d_cff(a,y)dy+ﬁff(b,y)dy]
< fla,c) + f(a,d) + f(b,c) + f(b,d)

1 ;

The above inequalities are sharp. The inequalities in (1) hold in the reverse direction if the mapping
f is a co-ordinated concave mapping.

The quantum variant of above inequality (1) was given by M. Kunt et al. in [29], S.
Bermudo et al. [30] recently used g-calculus to describe new g'-derivative and ¢'-integral,
as well as to give the Hermite-Hadamard inequality. H. Budak et al. [31] defined some new
q%-integrals for co-ordinates and Hermite-Hadamard inequalities for co-ordinated convex
functions as a result of this. F. Wannalookkhee et al. [32] in 2021 gave some new definitions
of (p,7)’-integrals and used them to prove the following Hermite-Hadamard inequalities:
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2. Interval Calculus

In this section, we provide notation and background information on interval analysis.
The space of all closed intervals of R is denoted by I, and A is a bounded element of I...
We have the representation

A=1[01,0 ={<eR:0; <K <O}

where @1,0; € Rand ©; < 0y. L(A) = ©; — ©; can be used to express the length of
the interval A = @ 6)_1] The left and right endpoints of interval A are denoted by the
numbers g and ©, respectively. The interval A is said to be degenerate when @ =0,
and the form A = O = [@1, 0] is used. In addition, if @; > 0, we can say A is positive,
and if ®; < 0, we can say A is negative. I." and I. denote the sets of all closed positive
intervals and closed negative intervals of R, respectively. Between the intervals A and A,
the Pompeiu-Hausdorff distance is defined by

dH(A,A) - dH(LG_)l/G)il}r @:@) = max{|@1m—@ !

(I;,d) is a complete metric space, as far as we know (see, [33]).
|A| denotes the absolute value of A, which is the maximum of the absolute values of
its endpoints:

-} 6

8] = max{ @1,

04}

The following are the concepts for fundamental interval arithmetic operations for the
intervals A and A:
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A=A = @_6)72197]_@]1
A-A = [minU, max U] where U = {% @,@@_2, E’)_]@,@_l @_2},
A/A = [minV,maxV]where V = {01/0,,0:/0,;,0,/0;,0,/0;} and 0 ¢ A.

The interval A’s scalar multiplication is defined by
(101, 101], 1 >0;
pd = p[@1,04] = ¢ {0}, w=0;
(101, ], p <0,

where 1 € R.
The opposite of the interval A is

—A = (-1)A =[-8y, -84],

where y = —1.
In general, —A is not additive inverse for A, ie., A —A # 0.

Definition 1 ([2]). For some kind of the intervals A, A € I, we denote the the H-difference of A
and A as the Q) € 1., and we have

() A=A+0Q
AO;;A:Q@{ or
(if) A = A+ (—00).

It seems uncontroversial that

ACg A= [©1 — 02,01 — 8], if L(4) 2 L(A)
L [01-02,01 -8, i L(8) S L(A),

where L(A) = ©1 — O and L(A) = 0, — .

The definitions of operations generate a large number of algebraic properties, enabling
I. to be a quasilinear space (see [34]). The following are some of these characteristics
(see [33-36]):

(1) (Law of associative under +) (A+A)+C =A+ (A +C) forall A,A,C € I,

(2) (Additivity element) A+ 0 =0+A = Aforall A € [,

(3) (Law of commutative under +) A+ A = A+ AforallA,A € I,

(4) (Law of cancellation under +) A+C=A+C = A= Aforall A,A,C € [,

(5) (Law of associative under x) (A-A)-C=A-(A-C)forall A, A,C € I,

(6) (Law of commutative under x) A-A = A-Aforall A,A € [,

(7) (Multiplicativity element) A-1=1-Aforall A € I,

(8) (The first law of distributivity) A(A +A) = AA+ AA for all A, A € I, and all
AeR,

(9) (The second law of distributivity) (A + u)A = AA + puA for all A € I and all
ALuelR

Aside from any of these characteristics, the distributive law does not always apply to
intervals. As an example, A = [1,2], A = [2,3] and C = [-2, —1].

A-(A+C)=10,4],

whereas
A-A+A-C=1]-275].
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Another distinct feature is the inclusion C, which is described by
ACA<+=0;>0and ©; <0,

In [37], Zhao et al. gave the notions about the co-ordinated convex interval-valued
tunctions and inclusions of Hermite-Hadamard type.

Definition 2 ([37]). A function F = [F,F] : [a,b] x [c,d] — I} is said to be co-ordinated convex
interval-valued function if the following inclusion holds:

F(tx + (1 —=t)y,su+ (1 —s)w)
D tsF(x,u)+tH1—s)F(x,w)+s(1—1)F(y,u)+ (1 —s)(1—t)F(y,w),

forall (x,y), (u,w) € [a,b] x [c,d] and s,t € [0,1].

Remark 1. A function F = [F,F]| : [a,b] x [c,d] — I} is said to be co-ordinated convex
interval-valued function if and only if F rmd P are co-ordinated convex and concave, respectively.

Lemma 1 ([37]). A function F: [a,b] x [c,d]| — I} is an interval-valued convex on co-ordinates
if and only if there exist two functions Fy : [c,d] — I}, Fy(w) = F(x,w) and F, : [a,b] —
I}, F,(u) = F(y,u) are interval-valued convex.

It is easy to prove that an interval-valued convex function is an interval-valued
co-ordinated convex, but the converse may not be true. For this, we can see the follow-
ing example.

Example 1. An interval-valued function F : [0,1]> — I defined as F(x,y) = [xy, (6 —e¥)(6 —
e¥)] is an interval-valued convex on co-ordinates, but it is not an interval-valued convex on [0, 1]2.

For more recent inclusions of Hermite-Hadamard type for co-ordinated convex
interval-valued functions one can read [37,38].

3. Basics of Quantum and Post-Quantum Calculus

In this section, we review some necessary definitions about g and (p, g)-calculus
for real-valued and interval-valued functions. Moreover, here and further, we use the
following notations with 0 < g < p < 1:

q” -1

[n], = = =1+g+4+...+q"},
H__ 1
[n]p,q pp _3 — pnfl pn 2!] + pn 3q2 e qn—l.

Definition 3 ([23]). For a function f : [a,b] — R, the definite (p, q)q-integral of f is stated as:

f f(t) adpqt = (p—q)(x —a) Z n+1f( P 4 (1 = piil)“) (6)

110}7

where 0 < g < p<landx € [a,pb+ (1 — p)a].

Definition 4 ([24]). For a function f : [a,b] — R, the definite (p, q)t-integral of f is stated as:

/f dpqt = (p—19) b—r)”ZOpr( e (l—pgil)b> @)

with0 <g<p<landx € [pa+ (1—p)b,b].
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Remark 2. If f is a symmetric function, that is, f(t) = f(b+a—t), for t € [a, b], then we have

pb+(1—p)a p b bd
t gl = t t.
/ FOadpgt= [ S0

Definition 5 ([26,32]). For a function f : [a,b] x [c,d] = R,

1. The (p,q)a integral of f is given as:
x pd d
L[ 109 s apant = (91 = ) (P2~ 42) (x ~ @) (@~ )

o4y L n 73 1,
* Z{ Z n+1 m+l n+1x &+ TR & m+1y + T m é
n=0m=0 P1 P2 P1

P1 P>

where x, 1/ € [a,p1b+ (1 — pr)a] x [pac+ (1 — pa)d, d].
2. The (p,q) integral of f is given as:

b ry
[ [ £(85) cpus Pyt = (1 = 1) (2 = a2)(b = )y = )
gy q1 1 9 UEY
X 1— b, = 1-— " c
”Z;) mZ:(] pilz+1 m+1 ( n+] ( piil+1 ) pz +1 ( pz +1 ) )

where x,y € [p1a+ (1 — p1)a,b] % [c, pad + (1 — p2)c].
3. The (p,q)bd integral of f is given as:

b pd
L [0 s Yyt = (1 =) (2 = a2) (0 =) (d )
q qéf’ q1 q 7 q3
X Z Z n+1 m+l pllt+lx+ 1_pn+l b’ pm-f—lj-!- m+1 d

n=0m= Opl 1172 1 2 112

where x,y € [pra+ (1 — p1)b,b] X [pac + (1 — po)d, d].
4. The (p,q), integral of f is given as:

fnx fcyf(t’s) Csz"izs ﬂdﬂm‘lt =(p1— lh)(Pz = q;_)(x =5 a)(y —c)

o gE g [ gl gy ( g ) )
X 1-— a, y+ — c
Zozo pitt ﬂ%‘“ ( T ( P’f“) pott pytt

where x,y € [a, p1b+ (1 — p1)c] x [c, pad + (1 — p2)c].

Recently, in [39], the authors gave the notions of quantum integral for the interval-
valued functions and stated the following;:

Definition 6 ([39]). For an interval-valued function F = [P T [a,b] — I, the Iqa-definite
integral is defined by
x o0
[ E6) adls = (1 - ) (x—a) ¥ q"F(@"x + (1 g")a) ®
a

n=0

forall x € [a,b].
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Definition 7 ([40]). For an interval-valued function F = [P T [a,b] = L, the Iq -definite
integral is defined by

o0

b
fx E(s) bdls = (1—q)(b — x) E g"F(q"x + (1 — q")b) 9)

forall x € [a,b].

In [41], Ali et al. gave the post-quantum version of Definition 7 and defined it as:

Definition 8. For an interval-valued function F = [F, F| : [a,b] — L, the I(p, q)-definite
integral is defined by

b 00 n n
bal . _ q- . q
]x F(s) "l s = (p 3 (p v+ (1 ~ )b) (10)

forall x € [pa+ (1—p)b,b].

In [40], Ali et al. gave the co-ordinated version of the quantum integrals for interval-
valued functions and defined it as:

Definition 9 ([40]). Supposc that F = |[EF] :] x [c,d] — I is an interval-valued function.
Then, the definite quc, g%, q¥ and g™ integrals on [a b] [c, d] are defined by

x Yy

j]m,s) edlys adht = (1—g1)(1—g2)(x —a)(y —c)

x Z E qias F(aix + (1 —q})a, a5y + (1 —q5')c),

n=0m=0
x d
[ [Fts) talys adlt = (1-q)(1 - a2)(x-a)d—y)
a y
x Z E g5 F(qix + (1 —q7)a,q5'y + (1 — q5)d),
n=0m=0

b

Y
ffF(t,s) chys bl = (1= g1)(1=a2)(b—x)(y —0)

X ZO Zoq’fqi” (gix+ (L —q})b, g5’y + (1 — g5')c)

and

b d
[ [Fts) s it = (1 - )1 —g2) (b - x)(d—y)
Yy

X

X Z Y qlayE(gix+ (1 — )b, g3’y + (1 —45')d)
n=0m=0

respectively, for (x,y) € [a,b] x [c,d].
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Remark 3. It is very easy to observe that

b d b d b d
[ [Fs) clys adt = [ [Pits) s adlyt = [ [Fits) cdlys bt
a ¢ a c a c
b d b d
= [ [Fts) dds vt = [ [Fies) dis
a c a c

by taking the limits q1,q> — 1 (see, [42]).
Now, we define I(p, g)-integrals for the functions of two variables as:

Definition 10. For an interval-valued function F = [F,F]| : [a,b] x [c,d] — I,

1. TheI(p, q)g integral of F is given as:
x pd -
L[ E) s et = (p1 = @) (2~ g2 (x ~ @)~ )

a9 q1 q1 7 13
X E Z n+1 1u+1 ( u+1x+ (1 EPRTE m+1y+ T omtl d g
Pi P P p

n=0m=0 P1 1 2 2

where x,y € [a, p1b+ (1 — p1)a] x [pac+ (1 — p2)d, d].
2. The I(p,q)i’ integral of F is given as:

by
[ [ ES) ey s bt = (1= a0) (2 = a2) (b= ) =)
78 (q’f ( I'f) Ui ( 7 ))
x4+ [1- b, —=—=y+ —=— |¢
nz:(]mz:[) pilJrl m+1 pn+1 anrl p1211+1 pr2n+1

where x,y € [pra+ (1 — pq)a,b] x [c, pad + (1 — p2)c].
3. Thel(p,q),. integral of F is given as:

x oy
[ [ Fs) ey adh gt = (1= 0) (2= 02) (x = ) =)

$ 5 ( @ ( 0t ) 7 ( 7 ) )

X x+|1-— a, y+11-— c

n=0m=0 P?H PZ'H an ]9’11+1 p}2”+1 pr2n+1
where x,y € [a, p1b+ (1 — p1)c] % [¢, pad + (1 — p2)c].

4. TheI(p, q)bd integral of F is given as:

b od
fxfyP( s) Ay, 4,8 Pl gt = (p1— q1)(p2 — 32) (b — x)(d — )

0 91 i 73 q3
X x4+ ———|b, ¥+ 1-— d |,
nZ%)mZ:(] prlerl m+-1 (PnJrl p1]1+1 pzm+1 P;Hl

where x,y € [p1a+ (1 — p1)b,b] x [pac + (1 — p2)d, d|.

Example 2. Define an interval-valued mapping F = [E,F] : [0,1] x [0,1] — L by F(t,s) =
[t2s2, ts]. Then, by Definition 10, for p; = pp = 3and q; = q2 = %, we have

1. From I(p, q)g-z'ntegml:

31
0o Ji 13 i
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peee
EEOOEE [ -E -6

= [0.0729,0.135].

' /0 L - Izp;)ld;“igmz
oeee
EEOOE 70 006 6)

= [0.0729,0.135).

»h\k:.-.-ﬁ

X

3. FromI(p,q),-integral:

: :_,%;iz(i)]_(é)(%)”(%)"’((g)“_@%@»@m)

4. From I(p, q)bd-integml

ﬁ/} fb)]dglqldé%f
4

HOEE o
EEOOE OV EYC 00 6)

[0.0421,0.09].

4. Some New (p, q)-Hermite-Hadamard Inclusions

In this section, we deal with the Hermite-Hadamard-type inclusions for co-ordinated
convex interval-valued functions using the newly defined interval-valued (p. q)—integrals
in the last section.

Theorem 2. Let F = [E,F| : [a,b] x [¢,d] — I be a co-ordinated convex interval-valued
function on [a,b] x [c,d]. Then, the following inclusions of Hermite—Hadamard type hold for

(p, q)g—in tegral:

F(qm%—plb’ pzc+q2d) 11)
{2] p—l,ql [2} pz,qz

1 1 prb+(1=p1)a pac + god I
o ool x, 22 T2
= 2 [m(b—a)/a F(Y 2] allp, g, %

P2.q42
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I

9]

1

IA

IA

IA

IA

IV

v

v

1 d qia+ pib d gl
+7/ Fl| =———,v | “d,, ..}
pz(d - C) pact(1—pa)d ( [Z]pl A1 / FZJZJ
1 pib+(1—p1)a pd p
F(x,y) %d! dl
pipa(b—a)(d —c) /n /)‘JZCJr(lfpz)d (XY) "o ol allpy g, ¥

! ] ! ! a
F(a,y) d}, 4,y + f F(b,y)d ]
ZPZ [Z]pl,q] (d - C) |:Lh pac+(1—p2)d Rengas L pac+(1—pa2)d ( y) P2, qz

4 1 fﬂlﬂ(l*m)ﬂﬂ ) ol N fpler(lfm)aF( 3.l
X, C X X x
el LY iy ¥+ 42 ) a1

qip2F(a,¢) + quq2F (a,d) + pip2F(b,¢) + qap1F(b, d)
2] '

P11 [2] P2.42

Proof. Since F = [F,F| : [a,b] x [c,d] — I} is a co-ordinated convex interval-valued
function on co-ordinates [a,b] X [c,d], F and F are co-ordinated convex and concave on
co-ordinates [a, b] x [c,d], respectively. Hence, from co-ordinated convexity of F and using
(2), we have

gia+ p1b pac + qod (12)
[2]!’1"11 ’ mpsziz

1 1 mb+(1-p1)a pac + qad
e = F|x,——— | adp, g, X
2 [pl(b —a) Ja —( mpz.qz atlpym

1 d qia + P1b d
+—— f F| ————— Qs
pz(d = C) ZC+(1 pz ( [2]})1 P y P22

pib+(1—py)a pd i
plPZ( )(d C / ];ZC+(1*p2)£f£(x’y) dpg,qg_]/ adpl‘[hx

d
d
a1 d,1—|—1f F(b,1 dﬂl]
( J) szhJ p P2f+(1 Pz)ﬂ' ( /) P2 72/

[

)
2 2] [q
PZ[ qul pac+(1
p1b+ (1— p1)a

4 { E(x,C) adp, g% + pe maF( 1) od ]
2 X,0). iy 2/ X, 0 ¥
2P1[ ]PZ ‘h(b a) 7 A 4 a o

qip2F(a,c) + quq2F(a,d) + p1paF(b,c) + gap1 F(b, d)
2],,.4,[2]

P I P22

From co-ordinated concavity of F and again using (2), we have

gia+ p1b pac + qod (13)
2pan " Plpaas

1 pib+(1=pa)a pzc—i-qzd
s\ L s Rty

P2.q2
1 E g1a+ pmb d
+7] F| ot | “dppll
p2(d —c) Jpyet(1—py)d ( [2]‘1)”;1 P22
1 pb+(1-p)a pd B .
F(x,vy) “dp, 0,V adpy,g,X
Plpz(b—ﬂ)(d—f)/a ji.“zﬁﬁ—pz)d (x,Y) “dpg,¥ adpyg

1 [ d _ p d B )
‘h] F(a,y) “dp, y+p1f F(b,y) dp, 4
2p2(2], 4, (d =€) pac+(1—p2)d ) o pac+(1—py)d (0:y) “dpge

4+ 1 { /Plb+(1*m)ﬂ?( ) ol i /mbﬂl*m)af( d) od }
X, C X X, d) qlpy g0 X
TE Tl e a0, i

ol
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q1p2F(a,c) + q192F (a,d) + p1p2F(b,¢) + q2p1 F(b, d)
[2} P11 12] P22

Now, from the inequalities (12) and (13), we have following inclusions:

Pl n F’z q2

— l (L]1£1+p1l7 P2C+Q2d) f(ﬁlﬂ+p1b p2C+L]2Lf)‘|
; Pl 7 [2];12,{]2 [2]P11‘h [2115'2:‘72

1 prb+(1-pi)a Pac + god prot(l-pi)a_ [ prc+ god
> [W [/ﬂ E(-’ff .. af"mn-‘f'fa Fix o, adp,g: X

P2/42 P2.4q92

1 d qma+pmb 1\ 4 4 F(@atpib g
+7f pf netpb d,Ll,/ F| TPy ) 4y, 0y
p2(d —c) [ pac+(1—pa)d ( 2100 ¥ ] et paet+(1=p2}d 2y y i
1 1 /P1b+(1—F’1)ﬂ pac + gad [
f =\ == P xl— d £
2[?1(5—@ : e

1 d q1a+p1b gl
M matpd Nag ]
p2(d —c) Jpyet(1-po)d ( 2],0 ¥} Crad

1 1 prb+(1=p1)a pac + qad I
= | = Fx E22T027 ) gl 15
2 [pl(b —a) _/a ( [zlpz’qz p1m* (15)

1 J qua+pib Y i
S R — f Fl &Y——"L—,v )% 1
pZ(d - C) pact(1—pa)d ( [Z]pl,ql ’ P

1 1 pib+(1—py)a pac + god pibt(-pia_ [ poc+ god
S | A O e BT e ) "

P22 P22

1 4 qa+pib g : [ Matpeb )4
+—f E Y d,ty,f F Y Cdpy gy
p2(d —c) [ pact(1-pa)d ( [2]pya P Tpset(1-pa)a [2]pya: e

1
pip2(b—a)(d —c)

[/Plbﬂlm)ﬂ /d E( )dd p prb+(1—py)a pd f( )dd 3 ]
A £1%, Y ’ .‘L‘,/ f X, ¥ g1 X
a pact+(1—pa)d Y) Aprgey altprm ¥ | chlimps)d Y) “dpygp¥ adpy g

1 /‘Plb+(1 P1) ]d & gl 4l
_ ¥, 4 !
pipa(b —a)(d —c) Ja pact(1—py)d (X0 Y) "ty 00Y allpy g, X

(qla + plb pzc — qzd) (14)
F

1

I

! R g7 F(x,y) %,y o 16
p1p2(b—a)(d —c) /a ]chJr(l*Pz)d (5Y) " as alprn® oo
1

pip2(b—a)(d —c)

|:/p1b+(1pl)a ]d P( ) dd ’ pib+(1—py)a pd f( ) dd r
= NG Y 42Y altp,, X,/ f XY 42Y alpy,qX
f pact (1—pa)d P22y altprg %o [ S— p2a2Y aflpyq

1 d d d o d
A 7 fp E(a,y) “dp, 0,1, F(a,y) “dp,,q,y

2p2[2],,, 5, (d = 2ct(1-pa)d pac+(1—pa)d

d d
b d F 1/ F b,l dd ] 'I,:|:|
71 |:f2c+(l o) E(b,y) P2 Y et (1—pa)d (b,y) P2.42Y

1
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1 |: |: P1b+(l—p1)ﬂp( ) 4 p1h+(l—p1)ﬂf( ) p
+ f El%:¢ i x,/ X,C) adyp,, x]
2p[2],, 4,(b—a) 22t e allpyq

P+ (l-py)e pib+(1-py)a
+q2 [fa E(x,d) adp, g, x f,; Flxd) adpy o H
! ; 141 a d 4l
— F(a,y)“d + / E(b,y) % ]
2p2[2], 4, (d =€) [ql szH(l*Pz)d (@) ¥ + 1 pac+(1—p2)d (b:y) “dp, g,

i 1 [ /Plb+(1—P1)ﬂ F(x,¢) 4 Jl % /P1b+(1—P1)”F( 4, 4l }
X X,
212, —a) |72 X T 402 it

and

1 i d 4l a d 51
Fla,y) 4L .y + / F(b,y) 4d ] 17
2p2 [Z]Pqul (d—c) [171 [F'szr(]*F'z)ﬂ’ @) Pt TP pact(1—p2)d (®.y) P2z (12

i 1 [ /p1b+(1fm)aP( ) il 1 /p1b+(1fp1)a F(x.d) P ]
%, e
2p12],, 5, (b —a) P2 fs X T2 | alpyg°

1 fd p d B . ]
= 1 E(a,y) “dp,, l,f F(a,y) “dp,,

2p2[2], 4, (4 — ) [q {l’zf‘F(l—Pz)d (8,9) “dpa sy pac+(1—p2)d (2,y) “dpyY

d d B
+p1U E(b,y) %d,,, y,/ T(b,y) Ud,, y”

pac+(1—py)d ( P2.92 pact+(1—py)d ( 2.2

1 F‘lb+(1—P1)aF 4 p1b+(1—py)a %

+2p1[2]p2,q2 (b—a) p2 /a _(x, €)a F’lffhxr/n (x,¢) qd P X

pib+(1—p1)a p1b+(1—p1)a
+q2 |:f E(X,d) ﬂdppihxlf (x d) dPl q1- :H
a a

[q1p2[E(a,¢), E(a,c)] + q192[F(a,d), F(a,d)]

I

255, B
+p1p2[E(b, ), F(b,¢)] + q2p1 [E(b,d), F(b,d)]]

qip2F(a,c) + qiq2F(a,d) + p1p2F(b,¢) + qap1 F(D, d)
2]

prn P paan

We obtain the required result (11) by combining the inclusions (14)-(17). [

Remark 4. In Theorem 2, if F = T, then inclusions (11) rediice fo inequalities (2).

Remark 5. Inn Theorem 2, if we set py = pp = 1, then Theorem 2 becomes ([40], Theorem 12).
Theorem 3. Let F = [F,F| : [c,d] — I} be a co-ordinated convex interval-valued

function on [a,b] x [c,d]. The follozuzng inclusions of Hermite—Hadamard type hold for 1(p, q)if—
integral:

(pla +g1b gac + pzd)
[2} P [2] P2.92

! ;ﬁ of o et pad oy
2({p(b—a) Jpara-pe 77 [2] P~

P2.42

1 p2ad+(1=pa)e  pia+qib
[ F(PEEI0 g ) ol oy
P2(d—c) Je ( 2lpran P

1 b p2d+( Pz)CF il byl
p1pa(b—a)(d—c) fpmm_p])bfc (X,Y) e, Y " X

|

(18)

1

19)
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1 pad+(1-p2) i pad+(1—p2)c
el ) o) i 01| FO08)
141

1 b b4l b bl
Gl f it a/ F(x,d) bd] }
2p1(2], 4,(b — 1) [42 pra+(1-p1)b F(x,c) My X+ p2 pra+(1—pi)b F(x,d) "dp, g,

p1g92F(a,c) + p1paF(a,d) + q1q2F (b, c) + g1p2F (b, d)

2
2l 2l oo
forall g1,q2 € (0,1).
Proof. If we follow the concepts used in the proof of Theorem 2 by taking into account the
inclusions (3), the desired inclusions (18) can be attained. [J
Remark 6. In Theorem 3, if FE = T, then inclusions (18) rediice fo inequalities (3).
Remark 7. In Theorem 3, if we set p1 = pp = 1, then Theorem 3 becomes ([40], Theorem 13).
Theorem 4. Let F = [F,F| : [c,d] — I} be a co-ordinated convex interval-valued
function on [a,b] X [c,d]. The followmg inclusions of Hermite-Hadamard type hold for 1(p, q)™-
integral:
F(P1§+q1b,l’2;+‘]2d) (19)
[ }Plzﬂh [ ]leqz
1 1 b pac + qad I
| f Flx P22 Y byt o
2 lpl(b —a) Jpra+(1-p1)b ( 2] 2.0 P
1 ¢ patmb g
+— / F| —— v | "dy, o,y
p2(d —c) Jpset(1-py)d ( 21,1 V) !
1 b d
D f F(x,1 dn'I
2 G- 0@—0) Jparapp Ipaera . Y i
2

! /d dgl . il ]
F(a,y)"“d,, ..y + / E(b,y) %l .4
2p2 (2], g, (d = ) [m pact(1-p2)d (59) el 1 pac+(1-pa)d (0:Y) sy

1 b b 41 b b AT
+ f F(x,c)"dy,, . x+ f F(x,d)°d }
2p1[2l, 4, (b —a) [Pz prat(l-p1)b (0,€) "y 172 pra+(1—p1)b (x,d) "y, g,
p1paF(a,€) + p1aoF (a,d) + qupaF (b, ) + quaaF(b,d)
2lp10 222

9]

Proof. Following arguments similar to those in the proof of Theorem 2 by taking into
account the inclusions (4), the desired inclusion (19) can be attained. [

Remark 8. In Theorem 4, if F = F, then inclusions (19) reduce to inequalities (4).
Remark 9. In Theorem 4, if we set py = pp = 1, then Theorem 4 becomes ([40], Theorem 14).

Theorem 5. Let F = [F,F| : [c,d] — LF be a co-ordinated convex interval-valued
function on [a,b] x [c,d]. Thefollowmg inclusions of Hermite~Hadamard type hold for I(p,q) ,.-
integral:

F (qla + p1b gac+ pzd)
{2] P17 [21 P2.42

1 pibt(1-py)a F x 22 + pod dl
pi(b—a) Ja 2] pon

P2.42

5 1
- 2
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I

9]

I

IA

IA

IA

IA

1 pad+(1—p2)c g1a + Plb ;
+ch g (p}'y 2 0¥

Puq

1 pib+(1—pi)a  ppad+(1—pa)c
p1p2(b—a)(d —c) /n /L F(x,Y) ctlp, g9 allpy 4, %

1 [ ].vza“r(ipz) F(a,y) od . /P2d+(1pz) E(b,y) of! ]
a,n 1 ;
sz[Z]pllq] (d—c) n L ¥ Pz nY TP Y) clp Y

N 1 fmer(l*m)ﬂP p /mbﬂlfmﬂ E(x,d) . i
X,C x4+ k&
Zpl[z]pz,qZ (b—a) |:£]2 a (x.¢) a P P2 A & P1q :|

q1q2F (a,¢) + qup2F(a,d) + p1g2F (b, c) + p1p2F (b, d)
2] '

P11 [2] P2.42

Proof. Following arguments similar to those in the proof of Theorem 2 and the concepts of
inequalities (2)—(4), by taking into account the I(p, q) ,-integral, the desired inclusion can
be attained. [

Remark 10. Inn Theorem 5, if F = F, then we have the following inequality:

r (ﬂha +p1b gac+ ,Uzd)
2. 2
[ ]F’hffl [ P2.4q2

1 1 prb+(1-p1)a goc + pod
2 [W / g ( Bl P

P22
1 pad+(1—pz)c qia + Plb
tod—c) / F\ “5——¥ | cpqny
pz(d—c) c ( 20, cCp22
pib+(1—p1)a  ppad+(l—ps)c
pip2(b —a)(d c) ,/ [ F(x,y) cdpyapy adpy g0 ¢
[ /WH " Blay) oy me(l_ch(b ) od ]
a,Y) cdps gl L1 ;
2}72[2]p] 0 i Y) clpaaply T P1 .: Y) clpa,q2l

pib+(1—p1)a

|: P( ) de q P / ' g 1) F(l d) gd X
gz x,C g1 X + p2 Cy P14
Zpl 1, IZ l?) 7 Tl a deil

7192F(a, )+q1sz(a,d) + p192F (b, ¢) + p1p2F(b, d
2]

P14 ‘11I ]Pz 12

This can be found as a special case in [26].
Remark 11. In Theorem 5, if we set py = pp = 1, then Theorem 4 becomes ([40], Theorem 11).

Corollary 1. Let F = [F,F] : [a,b] x [c,d] — I be a co-ordinated convex interval-valued func-
tion on [a, b] x [c, d]. The following inclusions of Hermite—Hadamard type hold for I(p, q) ... I(p,q)ﬁ,
I(p, q)g and I(p, q)bd—integmls:

il e qra+ prb pac+qod E p1a—+qib gac+ pad
i\, B \m,, [
P11 P2.4q2 P11 P22

+F (pln +qb pac+ L]2d) + F(qm +p1b qoc+ pzd)
[2]P1ﬂh [Z]leﬂh [21171/!71 [2]1’2.42

1 /mb+(1*m)ﬂ p(x 20t pad L[ P25t qod al o x
8p1(b - 1«1) a [z]pz,qz [2] P2.92
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i z rlx qa¢ + pad 1l pac + gad byl

pra+(1—p)b [Z]pz,qz [2] P22 Pl»fh

1 pad-+(1-pa)e qr1a+ p1b pia+qi1b !

+—/ jof kAt ALAVR ) . Ui S LASVE | NPT

Bpa(d = o) [ l ( 2o Ay )] P2

d
+/ F ‘h““‘Plb,y 3 Rt 10 'Y dd};zl?zy

pact(1-p2)b lzlPth [2]F’1 1

1 /‘Pler(]*Pi)ﬂ /P2d+(] pa)c F,y) o Jl

ipab -0 @—0) e ] V) sy oy

pib+(1=p1)a pd F(x,y) “d! 4l
+/ / X 1
P pact(1-pa)b Y) OprgiY alpyqX

+jb /Pzdﬂl—PZ)CF( ) il byl
X, )
—— A Y) clprga) Apyg*

¥ 4 d 41 b 41
+f / F(x,y) %L . ybdl ]
ot (1—p)b Jpact (1—pa)b (X, ¥) “dpy g, "y gy

5 qz Pll’Jf(]*Pl)" pib+(1-p1)a P §
— 8l (b —a) Ua P )atp /a P, d)gpy
b b
+ F(x,c)bdl / x,d) bdl ]
pra+(1—pp)b (x.¢) Pt pra+(1—py)b o ) P1n”

P2 fplb"'(l_’”)“}: il /F’1b+(1—P1)aP ol
+8p1{2]p1,q1(b_a) [ a (2,¢) adpy g, + i (x,d) ydp, 4, %

b b
+f F(x,c)tal _ x+ F(x,d)bd! ]
pra+(1—p1 )b ( ) PiA1” pra+(1—py)b ( ) Pi

q1 P2d+{1_I’Z)CF p2d+(1—pa)c b Jl
+8P2{2]P2.q‘2(d_ C) [j; ( )C P2, qZJ +/ J)c 22} qzy

d d
+/ F(a, gl x4+ F(b,y dgl ]
pact(1-p2)d (@9) Ao pact(1-p2)d (9) e

+ P1 [/P2d+(1—l’z)f F(ay) il + /‘Pzd+(1—P2)cF(b ) P
al 1 ’l ;
8p2(2],,, 0, (d — ) [Je Velpad T | Y)clpya.Y

d d
+/ F(a,y) %! x+/ E(b,y) 4! ]
prc+(1—pa)d (@) a2 pact+(1-pa)d (t9) e

- P1P2 + 4192 + p192 + P21
B 4[2]

2] [F(a,c) + F(a,d) + F(b,c) + F(b,d)].
P141-p2.42

Remark 12. In Corollary 1, if we set F = F, then Corollary 1 becomes ([32], Corollary 1).

Remark 13. In Corollary 1, if we set py = pa = 1, then Corollary 1 reduces to ([40], Corollary 3).

5. Examples

Example 3. We define a convex interval-valued function F = [E,F| :— I by F(t,s) =
[£252, ts]. From Theorem 2, for p1 = py = % and q1 = q2 = %, we have

F(qm+plb PzC-l-qzd) _ [ﬁ 3]
p+m T p2+a 625" 25 |’

1 1 prb+(1-p1)a pac+qd\ g
| (N Bla PETHEY b %
2[;91(17—&)](: (Y P2+ g2 )” P
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1 d b
L f F(qlﬂ + ,}/) ddfq,q]x}
pa(d —¢) Jpact(1-pa)d p1t+m

_ [207 6
~ 2375725
1 /Pib+(1—P1)a/d F( )dd 3
X, 1 1 2101 X
pip2(b—a)(d —c) Ja pact(1—pa)d Y) Apal alpay
- [234 6
1805 25|
L ’ dgl d d 4l
F(a,y) “dy, .y + f E(b,y)%d 1]
zpz[z]p],ql(d_c) |:q] fPZCJrU*PZ)d ( ‘/) leqz‘/ P1 pac+(1—pa)d ( j) Pzﬂz./

& 1 /P1b+(1—m)ﬂP i N /Plb+(1—P1)“P 1dl
X, C . Xy

252 i

1425 25

and
qpaF(a,c) + q1q2F(a,d) + p1paF(b,c) + qap1 F(b,d) [E E]

[ ]Pl A1 ’21;;2;;2

It is obvious that
& i 207 i % 234 i = 252 i % i i
625" 25 2375’ 25 1805 25 1425" 25 25" 25

which shows that the results of Theorem 2 are correct.

Example 4. We define a convex interval-valued function F = [E,F| :— I} by F(t;s) =

[tzsz, fs]. From Theorem 3, for py = pa = % and q = qp = %, we have

F(puH— qb qoc+ pzd) _ [ﬁ E]
[Z]Pqul [2] P2.q2 625° 25

E ; qzC+Pzd bal
2 pl(b— ) lﬂ+(l p] Pz 4 P1.91

1 Pzd+ (p1a+q1b ) 1
+——— | e, 0
=
. [207 6
o 2375 25 |”
1 b p2d+(1-pa)c 234 6
F(x,y) cdL bk [—,—],
pip2(b—a)(d — )fwﬂlfm)b/c (5:¥) epa¥ “py ¥ 1805" 25

1 Pzd*(lfﬂz)fF il p2d+(1fpz)cp ; i
2p2[Z}PW(d 0) Plf (@,y)c pz,(]2y+q1]; (b,Y) cdp, g

! ’ bl ’ bl
+ / F(x,c)"d X+ f x,d)°d }
2p1 [2]}92#2 (b—a) {fh pra+(1-p)b (x:€) Pl B2 prat+(1—py)b Fi&a) P

252 6
14257 25
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and

p192F(a,c) + pipaF(a,d) + q1q2F (b, c) + qip2F(b,d) _ [i 6 ]
25" 25"

[2]1‘-’1/‘7'1 ’2} P22
It is obvious that

ﬁ£3207£323‘4£3252£363
625" 25 2375 25 1805" 25 1425”25 25725

which shows that the results of Theorem 3 are correct.

Example 5. We define a convex interval-valued function F = [E,F| :— L by F(t,5) =
[tzsz, ts]. From Theorem 4, for p1 = pp = % and qq = qp = :13-, we have

F(Pla+Q1b PzC-I-i]zd) _ [E i]
[2]P1,th 2] —_ 625" 25
b -~
: ;] 4 X'M bdél nt
2| pr(b—a) Jpjat-(—py)b [2]p2,qz '

—1 d P14 ‘hb d gl
—+ / Fl & 1 d
p2(d —¢) Jpaet(1-pa)d ( 2] Y] %pa

P14
104 i
2375" 25|’

1 fb fd dod . bal [676 4]
F(x,y)“d yd x=|—, —|,
pip2(b—a)(d —c) Jpia+(a-p1)b Jpse+(1-pa)d (o) pa¥ "y 9025 25

! /d dgl ! d gl ]
F(a,v)“d Y+ / E(b, d "
2p22],, , (d—c) [Pl L (@,y) “dpyg + 01 .y (b,y) “dp, 0,y
! ‘ byl ’ b
& 2/ va‘?dlx-ﬁ-z/ F(x,d)"d x}
2p1(2ly,9, (b — ) [p pra+(1=py)b (x,) "dpy gy +4 pra+(1—py)b (xd) "dp g,
_ 24
1475725
and

pipaF(a,c) + p1ga2F(a,d) + qip2F(b,c) + q192F (b, d) _ [i i]
[2]11’1:171 [2} P22 25" 25
It is obvious that

16 4 5 104 4 5 676 4 5 52 4 5 4 4
625" 25 237825 9025°.25 475’ 25 2525
which shows that the results of Theorem 4 are correct.

Example 6. We define a convex interval-valued function F = [F,F] :— I} by F(t,s) =

[£2s2, ts|. From Theorem 5, for p1 = pa = 3 and q; = g2 = 3, we have

F(qla +p1b goc+ pzd) B [ﬂ i]
[Z]Plfql [2] P22 62525

1 1 pib+(1—p1)a gaC + pad I
2| pi(b—a) / F\% 2] atlp g, X
P G P2.42
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1

1 pad+(1—p2)c q1a + p1b [
+7f F| 5Y=———y| cd,, v
pa(d —c) Je ( mm.m Y cpago!
819
~ |475725)

il pib+(1—p1)a PZdJr(lim)CP dl T - [&, 2
Plﬁz(b—a)(d—C)[a jc (6r ) ellpa el alpan® = {EE]

29220y (d— ) [‘“ :

fpszr(lfpz)C /*pszr(lfpz)L‘

F(ﬂ,y) Cdi)z,qu -+ P1 F(b’ y) fd;’z,lhyjl

c

“2m 2]

27 9
T 95725

P2.42 (

|

1 prb+(1—py)a I pib+(1—p1)a I
F—a) |:£72/ F(x,c) ﬂd}?h%x + ,02/ F(x,d) “dﬁhqlx]
i a

and

Mmq2F(a,¢) + qipaF(a,d) + prq2F(b,¢) + prpoF(b,d) [ 9 9 ]
257 25 [

[2]1’1:‘?1 [2} P22
It is obvious that

81 91 (8L 918l 91127 91,19 9
625'25| ~ |475'25] ~ |361°25) ~ |95'25] ~ |25'25

which shows that the results of Theorem 5 are right.

6. Conclusions

In this work, for interval-valued functions of two variables, we defined (p, g)-integrals.
We have used newly described integrals to prove the Hermite-Hadamard-type inclusions
for co-ordinated convex interval-valued functions. Other researchers” previously reported
findings are deduced as special cases of our results for p = 1,9 — 1~ and F = F. Finally,
some examples are given to demonstrate the findings of this article. Results for the case of
symmetric interval-valued functions can be obtained by applying the concept in Remark 2,
which will be studied in future work. We will look at some further refinements of the
Hermite-Hadamard inclusions as well as other well-known mathematical inclusions using
(p,q)-integrals in the future.
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