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CIRCULANT AND NEGACYCLIC MATRICES VIA

TETRANACCI NUMBERS

Arzu Özkoç∗ and Elif Ardıyok

Abstract. In this paper, the explicit determinants of the circu-
lant and negacyclic matrix involving Tetranacci sequence Mn and
Companion-Tetranacci sequence Kn are expressed by using only
Tetranacci sequence Mn and Companion-Tetranacci sequence Kn .
Also euclidean norms and spectral norms of circulant and negacyclic
matrices have been obtained.

1. Introduction

Fibonacci, Lucas and Pell numbers and their generalizations arise
in the examination of various areas of science and art. In fact these
numbers are special case of a sequence which is defined as a linear com-
bination as follows:

(1) an+k = c1an+k−1 + c2an+k−2 + · · ·+ ckan,

where c1, c2, · · · , ck are real constants. The applications and identities
related with these numbers can be seen in [5]. Fibonacci numbers form
a sequence defined by the following recurrence relation: F0 = 0, F1 = 1
and Fn = Fn−1 + Fn−2 for all n ≥ 2 (sequence A000045 in OEIS). The
characteristic equation of Fn is x2 − x− 1 = 0 and hence the roots of it

are α = 1+
√
5

2 and β = 1−√
5

2 . Moreover its Binet formula

Fn =
αn − βn

α− β

for n ≥ 0. Lucas numbers [5, 6] Ln are defined by L0 = 2, L1 = 1
and Ln = Ln−1 + Ln−2 for n ≥ 2 (sequence A000032 in OEIS). There
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are a lot of algebraic identities between Fibonacci and Lucas numbers.
Some of them can be given as Ln = Fn−1 + Fn+1, Fm+n = FmLn+LmFn

2 ,

Fm−n = (−1)n(FmLn−LmFn)
2 , L2

n − 5F 2
n = 4(−1)n and F2n = FnLn.

Tetranacci sequence [9] Mn and Companion-Tetranacci sequence Kn

are defined by a fourth-order recurrence

Mn = Mn−1 +Mn−2 +Mn−3 +Mn−4(2)

Kn = Kn−1 +Kn−2 +Kn−3 +Kn−4,(3)

with initial valuesM0 = 1, M1 = 2, M2 = 2, M3 = 4 andK0 = 4, K1 =
1, K2 = 3, K3 = 7 for n ≥ 4. The characteristic equation of them is
x4 − x3 − x2 − x − 1 = 0 and if its roots are denoted by α, β, γ and δ
then the following equalities holds

αβ + αδ + βγ + βδ + γδ + αγ = −1{
(αβγ)2 + (αβδ)2 + (αγδ)2 + (βγδ)2

+(αβγδ)(α2 + β2 + γ2 + δ2)

}
= −4

{
α2(αγ + γδ + βδ) + β2(αδ + γδ + αγ)
+γ2(αδ + αβ + βδ) + δ2(βγ + αβ + βδ)

}
= 5.

Furthermore, by utilizing the method in [8], the Binet formulas for the
Tetranacci sequence is

(4) Mn = Xαn + Y βn + Zγn +Wδn

for

X =
α5 − α4

2α4 − 5
, Y =

β5 − β4

2β4 − 5
, Z =

γ5 − γ4

2γ4 − 5
,W =

δ5 − δ4

2δ4 − 5

and the Binet formulas for the Companion-Tetranacci sequence is

Kn = αn + βn + γn + δn.

Note that Tetranacci numbers (sequence A000078 in OEIS), Companion-
Tetranacci numbers (sequence A073817 in OEIS).

There are many interests in properties and generalization of some spe-
cial matrices with Fibonacci and Lucas numbers and also third order-
recurrence, e.g., Tribonacci and Tribonacci-Lucas sequences. For ex-
ample, some authors have give various algorithms for the determinants
and inverses of circulant matrices. The circulant matrices have been
extended in recent years in many directions. It has important appli-
cations including image processing, communications, signal processing,
encoding, solving Toeplitz matrix problems and others [1, 2, 10, 11, 12].
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The circulant and negacyclic matrices formed a square matrix for Tn

and Kn are defined to be

C(M0,M1, · · · ,Mn−1) =




M0 M1 M2 · · · Mn−1

Mn−1 M0 M1 · · · Mn−2

.

.
.
.

.

.
· · ·
· · ·

.

.
M1 M2 M3 · · · M0



,

C(K0,K1, · · · ,Kn−1) =




K0 K1 K2 · · · Kn−1

Kn−1 K0 K1 · · · Kn−2

.

.
.
.

.

.
· · ·
· · ·

.

.
K1 K2 K3 · · · K0




and

N(M0,M1, · · · ,Mn−1) =




M0 M1 · · · Mn−1

−Mn−1 M0 · · · Mn−2

.

.
.
.

. . .

. . .

.

.

−M1 −M2 · · · M0



,

N(K0,K1, · · · ,Kn−1) =




K0 K1 · · · Kn−1

−Kn−1 K0 · · · Kn−2

.

.
.
.

. . .

. . .

.

.

−K1 −K2 · · · K0




respectively, which we will use shortly C(M) = C(M0,M1, · · · ,Mn−1),
N(M) = N(M0,M1, · · · ,Mn−1) and C(K) = C(K0,K1, · · · ,Kn−1),
N(K) = N(K0,K1, · · · ,Kn−1).

The eigenvalues of a n× n circulant matrix M are

(5) λj(x) =
n−1∑

k=0

xkw
−jk,

where w = e
2πi
n , i =

√−1 and j = 0, 1, · · · , n− 1.

Theorem 1.1. [3] Let N(x) be an n× n negacyclic matrix. Then

N(x) = G diag(λ0(x), λ1(x), · · · , λn−1(x))G
∗,

where λj(x) =
n−1∑
k=0

xkw
(2j+1)k/2, j = 0, 1, · · · , n− 1.
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There are several papers on the norms of some special matrices [3,
4, 7]. Let A = (aij) be an n× n matrix. The Euclidean norm, spectral
norm, the maximum column sum norm and maximum row sum norm of
the matrix A are denoted as following respectively,

‖A‖E =




n∑

i,j=1

|aij |2



1/2

, ‖A‖2 =
(
max
1≤i≤n

λi(A
∗A)

)1/2

,

‖A‖1 = max
1≤j≤n

n∑

i=1

|aij | and ‖A‖∞ = max
1≤i≤n

n∑

j=1

|aij | .

where A∗denotes the conjugate transpose of A.
It is well known that 1√

n
‖A‖E ≤ ‖A‖2 ≤ ‖A‖E .

Lemma 1.2. Let w = e
2πi
n satisfy the n− th primitive root of unity

where i =
√−1 and j = 0, 1, · · · , n − 1 and a, b, c, d and g are complex

numbers, then

n∏

k=1

(
a− bw−k + cw−2k − dw−3k

)

= an − dn + (2−n − 21−2n)bn + 21−n

(
c− 2ad

b

)n

+ 2n
(
ad

b

)n

and
n∏

k=1

(
a− bw−k + cw−2k − dw−3k + gw−4k

)

= an + gn + 22−2n(bn + dn) + 21−3n

(
4ac+ b

a

)n

+ 22−4n

(
b

a

)n

.

2. Main Results

We present the exact formulae of determinants by some terms of
Tetranacci and Companion-Tetranacci sequences, on the basis of the
fourth-order recurrence, binet formulas, and other properties of these
two sequences. Also we deduce euclidean norm, spectral norm and
eigenvalues for the circulant and negacyclic matrices which terms are
Tetranacci and Companion-Tetranacci numbers.

In this section, we consider some algebraic properties of Mn and Kn.
We first consider the sums of them.
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Theorem 2.1. The sums of first n terms of Mn and Kn are

n∑

i=4

Mi =
1

3
(4Mn + 3Mn−1 + 2Mn−2 +Mn−3 − 25)

n∑

i=4

Ki =
1

3
(4Kn + 3Kn−1 + 2Kn−2 +Kn−3 − 43).

Proof. Notice that Mn −Mn−1 = Mn−2 +Mn−3 +Mn−4. We deduce
that

M4 −M3 = M2 +M1(6)

M5 −M4 = M3 +M2 +M1

...

Mn−1 −Mn−2 = Mn−3 +Mn−4 +Mn−5

Mn −Mn−1 = Mn−2 +Mn−3 +Mn−4

If we sum both side of (6), then we have

3(M4 +M5 + · · ·+Mn) = 4Mn + 3Mn−1 + 2Mn−2 +Mn−3 − 25.

So we get

n∑

i=4

Mi =
1

3
(4Mn + 3Mn−1 + 2Mn−2 +Mn−3 − 25)

the desired result. The other assertion can be proved similarly.

Theorem 2.2. LetMn andKn denote the nth Tetranacci and Companion-
Tetranacci sequences. Then the difference between the terms of two
sequences are

Mn−Kn = Mn+4−Mn+3−Mn+2−Mn+1−Kn+3+Kn+2+Kn+1+Kn−1.

Proof. From the defination of Mn and Kn, we know

Mn = Mn + (Mn+2 +Mn+1 +Mn−1)− (Mn−1 +Mn+2 +Mn+1)

= Mn+3 −Mn−1 −Mn+2 −Mn+1

= (Mn+3 +Mn+2 +Mn+1 +Mn)− (Mn+2 +Mn+1 +Mn +Mn−1)

−Mn+2 −Mn+1

= Mn+4 −Mn+3 −Mn+2 −Mn+1
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and

Kn = Kn − (Kn+1 +Kn−1 +Kn−2) + (Kn+1 +Kn−2 +Kn−1)

= Kn+2 −Kn−2 −Kn+1 −Kn−1

= (Kn+2 +Kn+1 +Kn +Kn−1)− (Kn+1 +Kn +Kn−1 +Kn−2)

−Kn+1 −Kn−1

= Kn+3 −Kn+2 −Kn+1 −Kn−1.

Hence we conclude that

Mn−Kn = Mn+4−Mn+3−Mn+2−Mn+1−Kn+3+Kn+2+Kn+1+Kn−1.

Now we can give the following results for circulant matrices.

Theorem 2.3. Let C(M) and C(K) denote the circulant matrices
of Mn and Kn. Then

1. The Euclidean norms are

‖C(M)‖E =

√√√√√√√√√√





n+ nX2
(

α2−α2n

1−α2

)
+ nY 2

(
β2−β2n

1−β2

)
+ nZ2

(
γ2−γ2n

1−γ2

)

+nW 2
(

δ2−δ2n

1−δ2

)

+2n

{
XY αβ−(αβ)n

1−αβ + ZW γδ−(γδ)n

1−γδ +XZ αγ−(αγ)n

1−αγ

+XW αδ−(αδ)n

1−αδ + Y Z βγ−(βγ)n

1−βγ + YW βδ−(βδ)n

1−βδ

}





‖C(K)‖E =

√√√√√√√





16n+ n
(

α4−α2n+2

1−α2

)
+ n

(
β4−β2n+2

1−β2

)
+ n

(
γ4−γ2n+2

1−γ2

)

+n
(

δ4−δ2n+2

1−δ2

)
+ 2n

{
αβ−(αβ)n

1−αβ + γδ−(γδ)n

1−γδ + αγ−(αγ)n

1−αγ

+αδ−(αδ)n

1−αδ + βγ−(βγ)n

1−βγ + βδ−(βδ)n

1−βδ

}




2. The maximum column sum matrix and the maximum row sum
matrix norms are

‖C(M)‖1 = ‖C(M)‖∞ =
1

3
(4Mn−1 + 3Mn−2 + 2Mn−3 +Mn−4 − 1)

‖C(K)‖1 = ‖C(K)‖∞ =
1

3
(4Kn + 3Kn−1 + 2Kn−2 +Kn−3 + 2).

3. The spectral norms are

‖C(M)‖2 =
1

3
(4Mn−1 + 3Mn−2 + 2Mn−3 +Mn−4 − 1)

‖C(K)‖2 =
1

3
(4Kn + 3Kn−1 + 2Kn−2 +Kn−3 + 2).
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Proof. 1. From the defination of the Euclidean norm, we get

‖C(M)‖2E = n

n−1∑

i=0

M2
i .

From (4), we obtain

n−1∑

i=1

M2
i =

n−1∑

i=1

(
Xαi + Y βi + Zγi +Wδi

)2

= X2
n−1∑

i=1

α2i + Y 2
n−1∑

i=1

β2i + Z2
n−1∑

i=1

γ2i +W 2
n−1∑

i=1

δ2i

+2XY
n−1∑

i=1

(αβ)i + 2ZW
n−1∑

i=1

(γδ)i + 2XZ
n−1∑

i=1

(αγ)i

+2XW
n−1∑

i=1

(αδ)i + 2Y Z
n−1∑

i=1

(βγ)i + 2YW
n−1∑

i=1

(βδ)i

Applying the fact that
j∑

k=1

tk = t−tj+1

1−t , hence

n−1∑

i=1

M2
i = (Xα)2

1− α2n−2

1− α2
+ (Y β)2

1− β2n−2

1− β2
+ (Zγ)2

1− γ2n−2

1− γ2

+(Wδ)2
1− δ2n−2

1− δ2
(7)

+2

(
XY αβ−(αβ)n

1−αβ + ZW γδ−(γδ)n

1−γδ +XZ αγ−(αγ)n

1−αγ

+XW αδ−(αδ)n

1−αδ + Y Z βγ−(βγ)n

1−βγ + YW βδ−(βδ)n

1−βδ

)
(8)

Therefore we get ‖C(M)‖2E = n

(
n−1∑
i=1

M2
i +M2

0

)
= n

(
n−1∑
i=1

M2
i + 1

)
.

‖C(K)‖E can be obtained similarly.
2. Since the circulant matrix C(M) is normal, there exist a uni-

tary matrix P ∈ Mn such that UHC(M)U = diag(λ1, λ2, · · · , λn)
where λi is eigenvalue of C(M). So

UH(C(M))HC(M)U = diag(|λ1|2 , |λ2|2 , · · · , |λn|2).
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The circulant matrix C(M) is given by its spectral radius. Since
C(M) is nonnegative, its spectral radius ρ(C(M)) satisfy

min
1≤i≤n

n∑

j=1

aij ≤ ρ(C(M)) ≤ max
1≤i≤n

n∑

j=1

aij

so

n∑

j=1

aij =
n−1∑

l=4

Ml =
1

3
(4Mn−1 + 3Mn−2 + 2Mn−3 +Mn−4 − 1)

for any i = 1, 2, · · · , n.

‖C(M)‖2 =
1

3
(4Mn−1 + 3Mn−2 + 2Mn−3 +Mn−4 − 1).

The other assertion can be proved similarly.

In the following theorem, we give the determinant and eigenvalues of
circulant matrices with Tetranacci and Companion-Tetranacci numbers.

We can define the identities for the following theorems

Q = αβγδ, P = α+ β + γ + δ, N = X + Y + Z +W

R = αβγ + αβδ + αγδ + βγδ, K = Xβγδ + Y αγδ + Zαβδ +Wαβγ

T = X(βγ + βδ + γδ) + Y (βα+ αδ + γδ) + Z(βα+ αδ + βδ)

+W (βα+ αδ + βγ).

Theorem 2.4. Let C(M) and C(K) denote the circulant matrices
of Mn and Kn. Then

1. The eigenvalues are

λj (C(M)) =

{
(QMn−1 −K)w−3j + (Mn + PMn+1 −Mn+2 + T )w−2j

+(PMn −Mn+1 +M1 − PN)w−j −Mn +N

}

Qw−4j −Rw−3j − w−2j − Pw−j + 1

λj (C(K)) =

{
(QKn−1 +R)w−3j + (Kn + PKn+1 −Kn+2 − 2)w−2j

+((Kn − 3)P −Kn+1)w
−j −Kn + 4

}

Qw−4j −Rw−3j + Sw−2j + Pw−j + 1
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2. The determinants are

det(C(M)) =





−(K −QMn−1)
n + (−Mn +N)n

+21−n
(
Mn+PMn+1−Mn+2+T−(2QMn−1−2K)(N−Mn)

P (−Mn+N)+Mn+1−M1

)n

+
(

(2QMn−1−2K)(N−Mn)
P (−Mn+N)+Mn+1−M1

)n

−21−2n (P (−Mn +N) +Mn+1 −M1)
n

+2−n (P (−Mn +N) +Mn+1 −M1)
n





1 +Qn + 21−3n(P − 4)n − 22−2n(Pn +Rn) + 22−4nPn

det(C(K)) =





−(−QKn−1 −R)n

+(2−n − 21−2n)(Kn+1 − (Kn − 3)P )n

+21−n
(
Kn+PKn+1−Kn+2−2−2(4−Kn)(−QKn−1−R)

Kn+1−(Kn−3)P

)n

+2n
(
(4−Kn)(−QKn−1−R)

Kn+1−(Kn−3)P

)n
+ (4−Kn)

n





1 +Qn + 22−2n(Rn + (−P )n) + 21−3n(4S − P )n + 22−4n(−P )n
.

Proof. 1. For the sequence Mn, we have

λj(C(M)) =

n−1∑

k=0

Mkw
−jk

=

n−1∑

k=0

(
Xαk + Y βk + Zγk +Wδk

)
w−jk

= X

(
(αw−j)n − 1

(αw−j)− 1

)
+ Y

(
(βw−j)n − 1

(βw−j)− 1

)

+Z

(
(γw−j)n − 1

(γw−j)− 1

)
+W

(
(δw−j)n − 1

(δw−j)− 1

)
.

Including (αw−j)n = αn , (βw−j)n = βn , (γw−j)n = γn , (δw−j)n =
δn, the equation equals

λj(C(M)) =





X(αn − 1)(βw−j − 1)(γw−j − 1)(δw−j − 1)
+Y (βn − 1)(αw−j − 1)(γw−j − 1)(δw−j − 1)
+Z(γn − 1)(αw−j − 1)(βw−j − 1)(δw−j − 1)
+W (δn − 1)(αw−j − 1)(βw−j − 1)(γw−j − 1)





(αw−j − 1)(βw−j − 1)(γw−j − 1)(δw−j − 1)
.
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For the given values we deduce the numarator
{

Xαn(βγδ)−X(βγδ) + Y βn(αγδ)− Y (αγδ)
+Zγn(αβδ)− Z(αβδ) +Wδn(αβγ)−W (αβγ)

}
w−3j

+





−Xαn(γβ + δβ + γδ) +X(γβ + δβ + γδ)
−Y βn(γα+ δα+ γδ) + Y (γα+ δα+ γδ)
−Zγn(αβ + αδ + βδ) + Z(αβ + αδ + βδ)
−Wδn(αβ + αγ + βγ) +W (αβ + αγ + βγ)





w−2j

+





Xαn(β + γ + δ)−X(β + γ + δ)
+Y βn(α+ γ + δ)− Y (α+ γ + δ)
+Zγn(α+ β + δ)− Z(α+ β + δ)
+Wδn(α+ β + γ)−W (α+ β + γ)





w−j

−Xαn +X − Y βn + Y − Zγn + Z −Wδn +W

and denominator

αβγδw−4j − αβγw−3j − αβδw−3j + αβw−2j − αγδw−3j

+αγw−2j + αδw−2j − αw−j − βγδw−3j + βγw−2j

+βδw−2j − βw−j + γδw−2j − γw−j − δw−j + 1

for λj (C(M)) . For the given values

λj (C(M)) =

{
(QMn−1 −K)w−3j + (Mn + PMn+1 −Mn+2 + T )w−2j

+(PMn −Mn+1 +M1 − PN)w−j −Mn +N

}

Qw−4j −Rw−3j − w−2j − Pw−j + 1
.

The other assertion can be proved similarly.
2. By considering the eigenvalue λjC(M) and Lemma 1.2, we have

det(C(M))

=
n−1∏

j=0

λj(C(M))

=

n−1∏

j=0

{
(QMn−1 −K)w−3j + (Mn + PMn+1 −Mn+2 + T )w−2j

+(PMn −Mn+1 +M1 − PN)w−j −Mn +N

}

Qw−4j −Rw−3j − w−2j − Pw−j + 1

=





−(K −QMn−1)
n + 21−n

(
Mn+PMn+1−Mn+2+T−(2QMn−1−2K)(N−Mn)

P (−Mn+N)+Mn+1−M1

)n

+
(

(2QMn−1−2K)(N−Mn)
P (−Mn+N)+Mn+1−M1

)n
− 21−2n (P (−Mn +N) +Mn+1 −M1)

n

+2−n (P (−Mn +N) +Mn+1 −M1)
n + (−Mn +N)n





1 +Qn + 21−3n(P − 4)n − 22−2n(Pn +Rn) + 22−4nPn
.
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The other assertion can be proved similarly.

Now we can give the following theorem for negacyclic matrices.

Theorem 2.5. Let N(M) and N(K) denote the negacyclic matrices
of Mn and Kn. Then

1. The eigenvalues are

λj(N(M)) =

{
(K −QMn−1)w

6j+3
2 + (Mn+1 − PMn +M1 − PN)w

2j+1
2

+(Mn+2 −Mn − PMn+1 − T )w2j+1 +Mn +N

}

Qw4j+2 −Rw
6j+3

2 − w2j+1 − Pw
2j+1

2 + 1

λj(N(K)) =

{
(−R−QKn−1)w

6j+3
2 +Knw

2j+1 +Kn + 4

(Kn+1 − PKn +K1 − 4P )w
2j+1

2

}

Qw4j+2 −Rw
6j+3

2 − w2j+1 − Pw
2j+1

2 + 1

2. The determinants are

det(N(M)) =

(−1)n





(−Mn −N)n − (
2−n − 21−2n

)
× (−w(Mn+2 −Mn − PMn+1 − T ))

n

−21−n








(
√
w)−1 (Mn+1 − PMn +M1 − PN)
−2

√
w(K −QMn−1)(−Mn −N)





Mn+PMn−1+T−Mn+2




n

−2n
(√

w(K−QMn−1)(−Mn−N)
Mn+PMn−1+T−Mn+2

)n

−
√
w3n(K −QMn−1)

n





{
1n +Qnw2n + 22−2n

(
(R

√
w3)n + (P

√
w)n

)

−21−3n
(
R(

√
w)−1Q−1 − 4w

)
+ 22−4n

(
RQ−1

√
w)−1

)n
}

det(N(K)) =

(−1)n





(−Kn − 4)n +
(
2−n − 21−2n

)
(−wKn)

n

−21−n
(√

w(Kn+1−PKn+K1−4P )−2
√
w3(−R−QKn−1)(−Kn−4)

−wKn

)n

−2n
(√

w3(−R−QKn−1)(−Kn−4)
−wKn

)n

−
√
w3n(−R−QKn−1)

n





{
1n +Qnw2n + 22−2n

(
(R

√
w3)n + (P

√
w)n

)

−21−3n
(
R(

√
w)−1Q−1 − 4w

)
+ 22−4n

(
RQ−1

√
w)−1

)n
} .
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Proof. 1. Using binet formulas for the sequence Mn, we get

λj(N(M)) =

n−1∑

k=0

Mkw
(2j+1)k

2

=

n−1∑

k=0

[
Xαk + Y βk + Zγk +Wδk

]
w

(2j+1)k
2

= X

(
(αw

2j+1
2 )n − 1

αw
2j+1

2 − 1

)
+ Y

(
(βw

2j+1
2 )n − 1

βw
2j+1

2 − 1

)

+Z

(
(γw

2j+1
2 )n − 1

γw
2j+1

2 − 1

)
+W

(
(δw

2j+1
2 )n − 1

δw
2j+1

2 − 1

)
.

Note that (αw
2j+1

2 )n = −αn , (βw
2j+1

2 )n = −βn , (γw
2j+1

2 )n =

−γn , (δw
2j+1

2 )n = −δn, so

λj(N(M)) =





(−Xαn −X)(βw
2j+1

2 − 1)(γw
2j+1

2 − 1)(δw
2j+1

2 − 1)

+(−Y βn − Y )(αw
2j+1

2 − 1)(γw
2j+1

2 − 1)(δw
2j+1

2 − 1)

+(−Zγn − Z)(αw
2j+1

2 − 1)(βw
2j+1

2 − 1)(δw
2j+1

2 − 1)

+(−Wδn −W )(αw
2j+1

2 − 1)(βw
2j+1

2 − 1)(γw
2j+1

2 − 1)





(αw
2j+1

2 − 1)(βw
2j+1

2 − 1)(γw
2j+1

2 − 1)(δw
2j+1

2 − 1)

=





Mn +N

+
(−Xαn−1Q− Y βn−1Q− Zγn−1Q−Wδn−1Q−K

)
w

6j+3
2

+

(
Xαn(P − α) + Y βn(P − β)
+Zγn(P − γ) +Wδn(P − δ)

)
w

2j+1
2

+





−Mn − PMn+1 +Mn+2 −X(βγ + βδ + γδ)
−Y (αγ + αδ + γδ)− Z(αβ + αδ + βδ)

−W (αβ + αγ + βγ)



w2j+1





Qw4j+2 −Rw
6j+3

2 − w2j+1 − Pw
2j+1

2 + 1

=

{
(K −QMn−1)w

6j+3 + (Mn+1 − PMn +M1 − PN)w
2j+1

2

+(Mn+2 −Mn − PMn+1 − T )w2j+1 +Mn +N

}

Qw4j+2 −Rw
6j+3

2 − w2j+1 − Pw
2j+1

2 + 1
.

The other assertion can be proved similarly.
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2. From above case, we get

det(N(M)) =

n−1∏

j=0

λj(N(M))

=

n−1∏

j=0

{
(K −QMn−1)w

6j+3
2 + (Mn+1 − PMn +M1 − PN)w

2j+1
2

+(Mn+2 −Mn − PMn+1 − T )w2j+1 +Mn +N

}

Qw4j+2 −Rw
6j+3

2 − w2j+1 − Pw
2j+1

2 + 1
.

Then multiplying numerator and denominator with
n−1∏
j=0

w−4j ,we

get

det(N(M)) =

n−1∏
j=0

w−j
n−1∏
j=0





w−3j(Mn +N)
+((Mn+1 − PMn +M1 − PN)

√
w)w−2j

+((Mn+2 −Mn − PMn+1 − T )w)w−j

+(K −QMn−1)
√
w3





n−1∏
j=0

w−4j − (P
√
w)w−3j − ww−2j −R

√
w3w−j +Qw2

.

By applying Lemma 1.2, we get the desire result.
The other assertion can be proved similarly.
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