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CIRCULANT AND NEGACYCLIC MATRICES VIA
TETRANACCI NUMBERS

ARrzU OzKOG* AND ELIF ARDIYOK

Abstract. In this paper, the explicit determinants of the circu-
lant and negacyclic matrix involving Tetranacci sequence M, and
Companion-Tetranacci sequence K, are expressed by using only
Tetranacci sequence M,, and Companion-Tetranacci sequence K, .
Also euclidean norms and spectral norms of circulant and negacyclic
matrices have been obtained.

1. Introduction

Fibonacci, Lucas and Pell numbers and their generalizations arise
in the examination of various areas of science and art. In fact these
numbers are special case of a sequence which is defined as a linear com-
bination as follows:

(1) Untk = Clantk—1 T C20ntk—2 + -+ + CiQn,

where c1,co, -+ , ¢ are real constants. The applications and identities
related with these numbers can be seen in [5]. Fibonacci numbers form
a sequence defined by the following recurrence relation: Fyp =0, F; =1
and F,, = F,,_1 + F,,—9 for all n > 2 (sequence A000045 in OEIS). The
characteristic equation of F}, is > — x — 1 = 0 and hence the roots of it

are o = 1+—2‘/5 and 8 = # Moreover its Binet formula
o — Bn
=2
n o — B
for n > 0. Lucas numbers [5, 6] L,, are defined by Ly = 2,L; = 1
and L, = Lp_1 + L,—2 for n > 2 (sequence A000032 in OEIS). There
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are a lot of algebraic identities between Fibonacci and Lucas numbers.
Some of them can be given as L, = Fj,—1 + Fp+1, Finan = W
Fpyy = E Lo lnn) 12 _ 5152 — 4(—1)" and Fy, = F, Ly,

Tetranacci sequence [9] M,, and Companion-Tetranacci sequence K,
are defined by a fourth-order recurrence

)

(2) M, = My 1+ My o+ Mn73 + M4
(3) Kn = Kn—l + Kn—2 + Kn—S + Kn—47

with initial values My =1, M1 =2, My =2, M3 =4and Ky =4, K; =
1, Ko =3, K3 =7 for n > 4. The characteristic equation of them is
z* — 2% — 22 —x — 1 = 0 and if its roots are denoted by a, 3,7 and §

then the following equalities holds

af+ad+py+pi+yi+ay = —1
(aB7)? + (2B0)* + (a0)? + (By0)* | _
+apyd)(a? + 52 + 47 + 67) -
a2(a7+75+ﬁ5)+ﬁ2(a5+75+a7) _
+72(ad + aff + BS) + 62(By + af + BY) -

Furthermore, by utilizing the method in [8], the Binet formulas for the
Tetranacci sequence is

(4) M, =Xa"+YpB" +Zy" + Wo"
for
X:a5_a4jyzﬁ5_ﬁ4’ :75_,}/47 :55_54
204 — 5 2684 —5 294 — 5 264 — 5

and the Binet formulas for the Companion-Tetranacci sequence is
Kn:an+l8n+,yn+5n

Note that Tetranacci numbers (sequence A000078 in OEIS), Companion-
Tetranacci numbers (sequence A073817 in OEIS).

There are many interests in properties and generalization of some spe-
cial matrices with Fibonacci and Lucas numbers and also third order-
recurrence, e.g., Tribonacci and Tribonacci-Lucas sequences. For ex-
ample, some authors have give various algorithms for the determinants
and inverses of circulant matrices. The circulant matrices have been
extended in recent years in many directions. It has important appli-
cations including image processing, communications, signal processing,
encoding, solving Toeplitz matrix problems and others [1, 2, 10, 11, 12].



Circulant and Negacyclic Matrices via Tetranacci Numbers 727

The circulant and negacyclic matrices formed a square matrix for 75,
and K, are defined to be

My My My -+ My
Mn—l MO M1 e Mn_2
C(MO,M17 7]\4”‘71) ey . . . . ,
L M1 MQ M3 e MO
i KO Kl K2 “ .. anl
anl KO Kl e Kn72
C(KO7K17 7Kn—1) -
and
i MO Ml e M 17
- nil MO DY Mn72
N(M07M17"'7Mn—1) = . . . ,
L —M; —My - My |
B KO Kl e Kn—l N
- n_l KO DY Kn_2
N(Ko, K1, Kp1) =
L —Ki —Ks .. Ky |

respectively, which we will use shortly C(M) = C(My, M1, , My_1),
N(M) = N(MO,M17"- 7Mn71) and C(K) = O(K(],Kl,"' 7Kn71)7
N(K) = N(KOaKh e 7Kn71)-

The eigenvalues of a n x n circulant matrix M are

n—1
(5) Aj(z) =) apw 7k,
k=0

s s

where w = 627,2' =+y/—-land 5=0,1,--- ,n—1.
Theorem 1.1. [3] Let N(z) be an n X n negacyclic matrix. Then
N(z) = G diag(Ao(z), A1 (x), -+, Ap—1(x))GT,

n—1 .
where \j(z) = Y wpwHDR2 5 =0 1,... n—1.
k=0
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There are several papers on the norms of some special matrices |3,
4, 7). Let A = (a;j) be an n x n matrix. The Euclidean norm, spectral
norm, the maximum column sum norm and maximum row sum norm of
the matrix A are denoted as following respectively,

1/2

n 1/2
2
Ale = (Sl ) 14l = (macxara)
i,7=1
n n
Al = g Sl e 141 = o 3o
i= j=

where A*denotes the conjugate transpose of A.
It is well known that ﬁ IAllg < I|All, < ||A]l g -

Lemma 1.2. Let w = e%satisfy the n — th primitive root of unity
where i = /=1 and j = 0,1,--- ,n — 1 and a,b,c,d and g are complex
numbers, then

n
H (a —bw 4w — dw_?’k)
k=1

_9 n n
= " —d"+ (2—71 _ 21—2n)bn + 21—n <C ; ad> 4on <abd)

and

n
H (a —bw ™+ cw ™ — w3k 4 gw_4k)
k=1

= "+ g" + 27"+ d") + 207 <4ac - b>n + 2% <b>n :
a a

2. Main Results

We present the exact formulae of determinants by some terms of
Tetranacci and Companion-Tetranacci sequences, on the basis of the
fourth-order recurrence, binet formulas, and other properties of these
two sequences. Also we deduce euclidean norm, spectral norm and
eigenvalues for the circulant and negacyclic matrices which terms are
Tetranacci and Companion-Tetranacci numbers.

In this section, we consider some algebraic properties of M,, and K.
We first consider the sums of them.
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Theorem 2.1. The sums of first n terms of M,, and K,, are

n
SM; = S(AMy +3My g+ 20y g+ My s — 25)
=4

- 1
YK = 5 (4K + 3K 1 + 2K 5 + Ky — 43).
=4

Proof. Notice that My, — M,,_1 = My_o+ M,,_s+ M,_4. We deduce
that

(6) My — Mz = M+ M
Ms — My = Ms+ My + M;

Mn—l - Mn—Q = Mn—3 + Mn—4 + Mn—5
My —My—1 = My o+ My 3+ M,y

If we sum both side of (6), then we have
3(My+ Ms+---+ M,) =4M,, + 3M,_1 + 2M,,_o + M,,_3 — 25.

So we get
n 1
S = §(4Mn + 3My—1 + 2My—9 + M35 — 25)
i=4

the desired result. The other assertion can be proved similarly.

Theorem 2.2. Let M,, and K,, denote the n'™ Tetranacci and Companion-
Tetranacci sequences. Then the difference between the terms of two
sequences are

M, — K, = Mn+4 _Mn+3 _Mn+2 _MnJrl _Kn+3+Kn+2+Kn+1 +Kp1.
Proof. From the defination of M,, and K,,, we know

Mn - Mn + (Mn+2 + Mn—l—l + Mn—l) - (Mn—l + Mn+2 + Mn+1)

Mn+3 - Mn—l - Mn+2 - Mn+l

= (Mn+3 + Mn+2 + Mn+1 + Mn) - (Mn+2 + Mn+1 + Mn + Mn—l)

—p42 — Mn+1
= Mn+4 - Mn+3 - Mn+2 - Mn+1
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Kn - (Kn+1 + Kn—l + Kn—?) + (Kn-i-l + Kn—2 + Kn—l)
Kn+2 - Kn—Q - Kn+1 - Kn—l
(Kn+2 + Kn—H + Kn + Kn—l) - (Kn—H + Kn + Kn—l + Kn—Q)

—HAnt41 — anl
Kn+3 - Kn—i—? - Kn+1 - Kn—l-

Hence we conclude that

M, - K, = Mn+4 _Mn+3 _Mn+2 _Mn—H _Kn+3+Kn+2+Kn+1 +Kpy1.

Now we can give the following results for circulant matrices.

Theorem 2.3. Let C(M) and C(K) denote the circulant matrices
of M,, and K,,. Then

1. The Euclidean norms are

n+nX? (aj:a%) +nY? (ﬂi:gi") +nZ? (”i:ﬁ")

o? b
w2 (=80

ICM)llp = o

aB—(aB)™ d—(y3)" ay—(ay)™
+2”{ o o (o 5>"+ ZW;l_;és >”jL i ;%“ng }
FXW o + Y Z ”1_53 +YW 55

s 4 p2n42 4 _2n+2
16n+n(a4%;+z) +n<%) +n<7 1172 )

K = afB—(ap)" Yo—(vd)" ay—(ay)™
M = 1 () e R R |
tas  t 1ot T

2. The maximum column sum matrix and the maximum row sum
matrix norms are

1

[C(M)]|; = [C(M)],, = §(4Mn71 +3My_o+ 2M, 3+ My,_4 — 1)
1

[C(K)|, = [[C(K)l, = §(4Kn +3Kp—1+2K,—9 + Ky—3 + 2).

3. The spectral norms are

1

ICADI, = @Mt +3Maos + 2My—g + Mg — 1)
1

IC(K)ly, = =(4K,+3K, 1+ 2K, o+ Kn 5+2).

3
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Proof. 1. From the defination of the Euclidean norm, we get

lcn); = HZMZ

From (4), we obtain

n— n—1
SME o= Y (Xa'+ YA+ 2y 4 W)
= =1 o o . 1
= X2 oYY AN 2N P WRY 6
i—1 i=1 i=1 i=1
n—1 n—1 n-l
+2XY Y (ap) +22W Y (10) +2X 2D (a)’
i=1 i=1 =1
n—1 n—1 n—1
+2XW Y (@) +2YZ2 Y (87) +2v W Y (86)
i=1 i=1 i=1

J )
Applying the fact that > tF = t_lt::l, hence

k=1
n—1
1— a2n—2 1— an_2 1— 72n—2
2 _ 2 2 2

YoM = (KP4 (VP + (29

1— 5271—2

27

(7) W o)

(8)

XYa’B (aﬁ) —|—ZW’Y§ (Ws) —i—XZa,y ( "
+2 —9

—|—XW 1_32) _|_Yzﬁ71_(g’v‘/) —|—YW§5 (/35)

n—1 n—1
Therefore we get HC’(M)HJZLJ =n (Z M? + Mg) =n (Z M? + 1),
i=1

i=1
|C(K)| 5 can be obtained similarly.
2. Since the circulant matrix C'(M) is normal, there exist a uni-
tary matrix P € M, such that UXC(M)U = diag(A1, X2, , An)
where )\; is eigenvalue of C(M). So

Ut e oMU = diag(IM, el Aal?).
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The circulant matrix C(M) is given by its spectral radius. Since
C(M) is nonnegative, its spectral radius p(C(M)) satisfy

< <
i Z% & mZ
SO
n n—1 1
Y ag=> M= 3 (M1 +3Mp o+ 2Mpg + Myg — 1)
j=1 =4
for anyi=1,2,---,n

1
|Gy = 5(AMay + 8Myz +2Mys + Myg = 1).

The other assertion can be proved similarly.

In the following theorem, we give the determinant and eigenvalues of
circulant matrices with Tetranacci and Companion-Tetranacci numbers.
We can define the identities for the following theorems

Q = apfyd, P=a+B+7+6, N=X+Y+Z2+W

R afy + afd + ayd + o, K = XBv6 +Yavyd + ZaBd + WaSBy

T = X(By+pP0+70)+Y(Ba+ ad+ )+ Z(Ba+ ad + 59I)
+W(Ba+ ad + ).

Theorem 2.4. Let C(M) and C(K) denote the circulant matrices
of M,, and K,,. Then

1. The eigenvalues are

{ (QMy—1 — K)w™3 + (My, + PMyy1 — Myio + T)w™%
+(PM,, — Myy1 + My — PN)w™3 — M, + N
A (C(M)) = Ow—Y — Rw-3 — w2 — Pw—i +1
(QKn—1 + R)w™ + (K, + PKpy1 — Kppa — 2)w™
+((Kn —3)P — Kpy1)w™? — K, +4
Qw4 — Rw=3I 4+ Sw=2% + Pw=J +1
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2. The determinants are

—(K — QMy1)" + (~ My + N)"
Lol-n Mn+PMn+1an+2+Tf(2QMn_1fzK)(Nan))”
P(_Mn+N)+Mn+1_M1
(2QM,,_1—2K)(N—M,) \"
+ P(—Mn+N)+Mn+1—M1>
—o1—2n (P(—Mn + N) + Mn+1 — Ml)n

+27"(P(=My + N) + My 1 — My)" )
det(C(M)) - 14+ Qn T 21—3n(P _ 4)n _ 22—2n(Pn € Rn) 4 92—4dn pn
_(_QKn—l - R)n

(27— 2172 (K — (K — 3)P)"
Lol-n Kn+PKn+1—Kn+2—2—2(4—Kn)(—QKn71—R))”
Kpi1—(Kn—3)P

n ((4=Kn)(—QKn_1—R)\" n
+2 (( Kn-‘r)l(_(Kn_:g;P ) + (4 - Kn)

14 Q" + 22-27(Rn + (—P)") + 21-3n(45 — P)n 4 22— 4n(—p)n’

det(C(K)) =

Proof. 1. For the sequence M,, we have
A(C(M)) = Myw ™"
= (Xo/f +YBF+ 298 + Wék) w Ik

Including (aw™7)" = ", (w9 = 8 , (w9 = 4", (fuwI)" =
6", the equation equals

X =1)(Bw™ = 1)(yw™ - 1)(dw™ — 1)

( (
SY(" — ){aawd — 1)(yw I — 1)(Fw — 1)
R e
+ "—1)(aw™ - 1)(fwI —1)(yw =1
M) = T T (BT — D) — ) (ow T = 1)
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For the given values we deduce the numarator

{ oot - X(oaay 4 vim(end - viond) 1o

+27"(aBd) — Z(apd) + Wo"(apy) — W(apv)

([ —Xa"(yB+ 0B +70) + X (7B + 68 + 79)
=Y " (ya + da + 9) + Y (ya + da + 70) —2j

_Zy™M(af + ab + B8) + Z(af + ab + B6)

—Wo(aB + ay + By) + W(aB + ay + B7)

[ Xa"(B+y+0) - X(B+7+90)

+Yp" (a+v+0) —Y(a+v+9) _j

+Zy"(a+B+6) —Z(a+ B +9)

Wt (a+ B +7) = W(a+B+7)

X"+ X -YB"+Y - Zy"+ Z —-W+ W

_l’_

_l’_

and denominator
afyow™ — afyw™ — aBdw™Y + afuw ¥ — aydw ™
+ayw™H + adw™ — aw™ — BydwY + fyw
+B6w™ % — Bw ™ + yéw ™ — qw ™ — sw I + 1
for X\; (C(M)). For the given values
(QM—1 — K)w=3 + (M, + PMy 44 — Myio + TYw= %
+(PM,, — My41 + My — PN)w™ — M, + N
Quw=4 — Rw=31 —w=2% — Pw=J +1
The other assertion can be proved similarly.
2. By considering the eigenvalue \;C(M) and Lemma 1.2, we have

A (C(M) = {

det(C(M))
n—1
= [Incmn)
=0
(QM,,—1 — K)w™3 + (My, + PMy 11 — My o+ T)w™%
_ ’ﬁ +(PM,, — Myps1 + My — PN)w™ — M, + N

o Qw4 — Rw=3 —w=2 — Pw=J +1

—n { Mp+PMyi1—Myio+T—(2QMp_1—2K)(N—M,)\"™
_(K_QMnfl)n+2l n +1P(—J\/J[r§+N)—|EJ\flgn+1—}\/I1 )( ))

2QMy,_1—2K)(N—M,) \" _
+ <1(3(?Mn--lN)+]\)4(n+1—M)1) —2l-%n (P(=My + N) + My — Ml)n
+27" (P(=My 4+ N) + Mypq — My)" + (=M, + N)"

14+ Qn + 21—3n(P _ 4)n _ 22—2n(Pn + Rn) + 92—4n pn
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The other assertion can be proved similarly.

Now we can give the following theorem for negacyclic matrices.

Theorem 2.5. Let N(M) and N(K) denote the negacyclic matrices
of M,, and K,,. Then

1. The eigenvalues are

(K — QM- 1)w™s" + (Mny1 — PMy + My — PN)w™s

Ai(N(M = j J
§(N(M)) QuY+? — Ruw™a" — w2+l — Pw st 4+1
(-R - Qanl)wﬁj2+3 + Kpw¥ ™t + K, + 4
241
N(N(K)) = (Kni1 — PEy + K) — 4P)w™
’ Qui+? — Rw™s" — w2+! — Puw’a +1

2. The determinants are

(=M, — N)» — (2*n _ 21—2n)
X (_w(Mn+2 — M, — PMn+1 _ T))n
{ (Vo)™ (Myyy — PM, + My = PN) }
_21—n

V(K QM1 )(—M, — N)
Myp+PMy 1+T—Mpq2

n (VO(K—QM,_1)(~M,—N)\" n n
—2 ( T 3 s v ) — Vw3 (K — QM,_1)

det(N(M)) = ; =
1" 4+ Qw4 22727 ((R\/w3)" + (Pﬁ)”)
=2 ROV QT — ) 227 (RQ V) )
(K = 4)" 4 (277 =272 (~wK,,)"
9l-n VO(Kni1—PKn+K1—4P)—2Vw?(—R—QKn_1)(—Kn,—4)\"
(_1)n o —wk,
det(N(K)) =

{ 17 4+ QA 4222 ((Rvwd)" + (Py/w)" ) }
_21—317, (R(W)—lQ—l _ 4’LU) + 22—4n (RQ_l\/’lj)_l)n
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Proof. 1. Using binet formulas for the sequence M,,, we get
n-l (2j+1)k
J
Aj(N(M)) > Mpw
k=0
nl (2j+1)k +1)k
= 3 [XaF+ v+ 29k + ot w®
k=0
_ xflew)m o (B )"~ 1
= X 2j+1 +Y 2j+1
aw 2 —1 Bw2 —1
2j+1 2j+1
2 )" —1 ow 2 )" —1
(G ()
yw 2 —1 ow 2z —1
Note that 5%1111%)” = —a" (ﬂw%;l)” = —p" 7(7w23;1) =
—" L (fw ) = =", so
(-X X)(Bwti— Jow' = = 10w s —1)
HYB —Y)(aw 2 —1)(yw 2 —1)(dw >
+(- Zv ~ Z)(aw™ —1)(Fw’T —1)(0uwE —
2541 2j41 2j+1
NN = AHEWE - Wiew - D(Bu s - s 1)
J

(0™ — 1) — (™

M, +N

a— 1Q Yﬁ” 1Q Z’}/n 1Q wen— 1Q K) 64+3
+( Xa"(P—a)+Yp™(P-0)
+Zy (P — ) + Wo™(P —6)

+ 2j+1

+(=X

2541

=Y (ay+ ad +v0) — Z(af + ad + (9)
—W(aB +ay+Bv)
T

2j+1
— Pw™2

(K — QM,—1)wSi*3 + (M 41 — PM,, + My — PN)w™3"
+(Mpyo — My, — PMyyyq — T)w? L + M, + N

. 6513 : 2541
Qwi+2 — Rw™2 — w2+l — Pw™2 +1

The other assertion can be proved similarly.
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2. From above case, we get

n—1
det(N(M)) = [ \(N(M))
j=0
{ (K— QMnil)w&f;‘? + (Mn+1 _ PMn +M1 _ PN)U}#
:if +(Mypo — My, — PMy oy — T)w?+t + M, + N
=0 Qui+2 — Rw™3® — w2+l — Pt 41

n—1 .
Then multiplying numerator and denominator with ] w ™% we

7=0
get
w™¥ (M, + N) |
nﬁlwfjnﬁl +((Mypy1 — PMy + My — PN)Jw)w™*
7=0 7=0 +((Mn+2 - Mn - PMn+1 — T)w)w‘ﬂ
+(K — QMp_1)Vw?
det(N(M)) = (K — QMp—1)Vw

n—1
[[w% — (Pyw)w=3 — ww=2 — RVw3w™7 + Qu?
=0

By applying Lemma 1.2, we get the desire result.
The other assertion can be proved similarly.
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