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In this article, we introduce a new extension of classical convexity which is called generalized exponentially (s,; #)-preinvex
functions. Also, it is seen that the new definition of generalized exponentially (s, m; #)-preinvex functions describes different new
classes as special cases. To prove our main results, we derive a new "2 g-integral identity for the twice "*2qg-differentiable function.
By using this identity, we show essential new results for Hermite—-Hadamard-type inequalities for the "2g-integral by utilizing
differentiable exponentially (s, m; #)-preinvex functions. The results presented in this article are unification and generalization of

the comparable results in the literature.

1. Introduction and Preliminaries

In mathematics, quantum calculus is equivalent to usual
infinitesimal calculus without the concept of limits or the
investigation of calculus without limits (quantum is from the
Latin word “quantus,” and literally, it means how much, in
Swedish “Kvant”). It has two major branches: g-calculus and
h-calculus. And both of them were worked out by Cheung
and Kac [1] in the early twentieth century. In the same era,
Jackson started to work on quantum calculus or g-calculus,
but Euler and Jacobi had already figured out this type of
calculus. A number of studies have recently been widely used
in the field of g-analysis, beginning with Euler, due to the
vast necessity for mathematics that models of quantum
computing g-calculus exist in the framework between
physics and mathematics. In 2013, Tariboon and Ntouyas
introduced the , Dg-difference operator [2, 3]. This inspired
other researchers, and as a consequence, numerous novel
results concerning quantum analogues of classical mathe-
matical results have already been launched in the literature.
In various mathematical fields, it has many applications,

such as theory of numbers, combinations, orthogonal
polynomials, basic hypergeometric functions and other
subjects, quantum mechanics, physics, and the principle of
relativity. Many important aspects of quantum calculus are
covered in the articles by Humaira et al. [4-7]. The quantum
calculus is currently a subfield of the more general scientific
field of time-scale calculus. New developments have recently
been made in the research and methodology of dynamic
derivatives on time scales. The research offers a consolida-
tion and application of traditional differential and difference
equations. Moreover, it is a unification of the discrete theory
with the continuous theory, from the theoretical perspective.
Recently, in 2020, Bermudo et al. introduced the notion of
the *2 Dg-derivative and integral [8]. For more details, see
[9-15] and references cited therein.

The discussion and application of convex functions has
become a very rich source of motivational material in pure
and applied science. This vision not only promoted new and
profound results in many branches of mathematical and
engineering sciences but also provided a comprehensive
framework for the study of many problems. Many scholars
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have studied various classes of convex sets and convex
functions; see [16, 17]. The concept of convexity has been
extended in several directions, since these generalized ver-
sions have significant applications in different fields of pure
and applied sciences. One of the convincing examples on
extensions of convexity is the introduction of invex function,
which was introduced by Hanson [18] Weir and Mond [19]
explored the idea of preinvex functions and actualized it to
the foundation of adequate optimality conditions and du-
ality in nonlinear programming.

The Hermite—-Hadamard inequality was introduced by
Hermite and Hadamard; see [20]. It is one of the most
recognized inequalities in the theory of convex functional
analysis, which is stated as follows.

Let f: QCH — X be a convex mapping and «, k, € @
with x; <x,. Then,

F<K1+K2>S 1 JKZF(%)dMSF(KI);F(KZ)- (1)

2 Ky — K Jx,

If f is concave, both inequalities hold in the reverse
direction.

The important objective of this paper is to introduce an
exponentially generalized definition of (s,m;n)-preinvex
functions. Furthermore, the new ™2g-integral identity is
determined. By using this new identity, we proved many new
estimates of bounds for it, essentially based on the concept of
quantum calculus.

2. Preliminaries

In this section, we derive a new definition of the generalized
exponentially (s,m;#)-preinvex function. Also, we present
all necessary concepts related to quantum calculus.

First of all, let @ ¢ %" be a nonempty set, f: @ — X be
a continuous function, and x: @ x @ x (0, 1] — A~{0}
and 9: @ x @ x (0,1] — A" be two continuous functions.

Definition 1. A set QCR" is supposed to be y-invex con-
cerning # (-, -,-) and 9(-,,-) with some fixed m € (0, 1] if

mi, + kn (k, k5, m)9(x,, x,,m) € @, (2)
for all x;,x, € @ and k € [0, 1].
If #(xy,%,,m) =1, the above equation is called the

convex set, and 9(x,,k,,m) =k, —mxk, is an invex set;
however, the reverse is not possible.

Example 1. Consider @ = [-3,-2]U [-1,2] and

K —mK, f2>x,>-1,22x2-1,

kK, —mx, if -3<K,<-2,-3<K,<-2,
9 (11, Ky, ) = .

-1-mk, if -3<x,<-2,-1<k,<2,

-3-mk, if —1<x,<2,-3<K;<-2.

(3)

As one can see, @ is also an invex set for 9, but not a
convex set.
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Definition 2. A function f: @ — X is said to be a gen-
eralized exponentially (s,;#)-preinvex function if there
exist #(-,-,-) and 9(-,-, ), y = 1, and nonpositive a such that

F (micy + kn (i), 165, m)9 (K, 165, 1))

< ksm + (1 _ k)sF (sz) (4)

for all «,k, € @ and k€ [0,1] and for some fixed
s,me (0,1].

Remark 1. In Definition 2,

(1) If we choose & = 0 or y = 1, then the definition of the
generalized exponentially (s,m;#y)-preinvex func-
tion is converted into the definition of the gener-
alized (s,m;n)-preinvex function

(2) If we choose a = 0 and 7 (k,, k,, m) = 1, then we get
the definition of (s, m)-preinvexity

(3) If we choose a =0, % (x;,k,,m) =1, and 9(x,, xk,,m) =
k, —mx,, then we get the definition of
(s,m)-convexity

(4) If we choose m =1 and 9(x;, k,,m) = 1, we get the
definition in [21]

(4) If we choose y = e, then we have the definition of
exponentially (s,m;#)-preinvex functions, stated as
tollows

Definition 3. A function f: @ — 2 is called exponentially
(s,m; n)-preinvex if there exist 7(-,-,-), 9(,-.,), and non-
positive a such that

F(miy + knp (1, 15, m)9 (i1, 15, 1))
5
B CO IR ©

= K, amK, >
e (4

for all x;,k, € @ and ke [0,1] and for some fixed
s,m € (0,1].

Many researchers proved several results about the im-
portance and development in the theory of exponentially
convex functions and their applications. For more details,
see [22-25] and references cited therein.

Jackson derived the g-Jackson integral in [12] from 0 to
K, for 0<g<1 as follows:

JOZ F(%) dq% =(1-9g)x, Z q"'r(k2q"), (6)
n=0

provided the sum converges absolutely.
The g-Jackson integral in a generic interval [k, x,] was
given by Jackson in [12] and defined as follows:

j Fo0dpe = [ poadpc [T roodp @)

K

Definition 4 (see [3]). We suppose that f: [k, x,] — R is
an arbitrary function. Then, the g, -derivative of f at
% € [K;,%,] is defined as follows:
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P00 = Fgn+(1-9)x;)
SR i [ i B

Since f is an arbitrary function from [x,x,] to &,

« Dgf (k1) =lim, . Dyr (). The function f is said to

be g-differentiable on [x;,x,] if " Dq/:(t) exists for all

n € [k, %,]. If k; = 0in (3), then (Dyr (%) = D r (%), where

Dyr (%) is a familiar g-derivative of F at x € [k, x,] defined
by the following expression (see [1]):
_F() = Fgn)

DqF () = (1_—‘1)%, n#0. 9

Definition 5 (see [8]). We suppose that r: [x;,x,] — X is
an arbitrary function; then, the g*-derivative of f at
% € [x,,k,] is defined as follows:

Flgu+ 1 —qk,) - F(%)

“p _
a0 = D (e )

(10)

, UFK.

Definition 6 (see [3]). We suppose that f: [k, x,] — F is
an arbitrary function; then, the g, -definite integral on
[k, %,] is defined as follows:

K

J P00 A= (1) (1~ 1) Y 4"F(q", + (1 - 4")ry)
1 n=0

1
=(k, — ) jo F((1 =)k, +tiey)d t.
(11)

In [10], Alp et al. established the g, -Hermite-Hadamard
inequalities for convexity, which are defined as follows.

qK, + K, K, + gK, 1
+ <
F( 2], ) F( 2], )

Ky

and

K| + K, 1 2 K Kz
F( 2 )Sz(xz—xl){jKlF(M)“lquL,F(M) dq%}

< F(x) + F(Kz).

2

(16)

Alp and Sarikaya, by using the area of trapezoids, in-
troduced the following generalized quantum integral which
we will call as «,T,-integral.

Definition 8 (see [11]). Let f: [k, k,] — R be an arbitrary
function. For x € [k, %,],

<“K2 F (1), dgn + rz F(M)szq%} <F(ry) + F(xy)s
1

Theorem 1. Let f: [k, k,] — R be a convex differentiable
function on [x,k,] and 0<q<1. Then, q-Hermite-
Hadamard inequalities are as follows:

qK, + K, 1 % ar (x)) + F(x,)
F< [Z]q > = Ky =Ky jxl F(%)Kldqxs [2]'1 .

(12)

On the contrary, the following new description and
related Hermite-Hadamard-form inequalities were given by
Bermudo et al.

Definition 7 (see [8]). Let : [«;,x,] — & be an arbitrary
function. Then, the g*2-definite integral on [«,, x,] is defined
as

| Fo0dpe=1-a) (6 - x) Y a'F (@' + (1= 4')x)
Ky n=0
1
= (x, — %) JO F(tre; + (1 =)y )d,t.

(13)

Theorem 2 (see [8]). Let r: [ky,x,] — £ be a convex
function on [k,x,] and 0<q<]1. Then, q-Hermi-
te-Hadamard inequalities are as follows:

F(K1 +%) <! J 2 F(M)szqxgi'f(xl) +4F (1)
(2], K, — K,

K [z]q
From Theorems 1 and 2, one can achieve the following
inequalities.

(14)

Corollary 1 (see [8]). For any
F: k6] — R and 0<q< 1, we have

convex  function

(15)

Ky

2 v (1-q)(x; — %)
Ll PO, dy = )

' [[Z]q Y (g e+ (1-q")x) = F (1) |
n=0

(17)
where 0 <g< 1.

Theorem 3 (g-Hermite-Hadamard; see [11]). Let
F: [, 1,] — R be a convex continuous function on [k, k, ]
and 0<q< 1. Then, we have
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Ky !
35 e [ o a3 105) O R

Ky =Ky Jx
(18)

3. A New "*2g-Integral Identity

Definition 9 (see [11]). For any real number n, the g ana-
logue of n is defined as In this section, we present a new "2g-integral identity.

[n]q = 1-q (19) Lemma 1. For m € (0,1] with 0<q<1, let there be an

arbitrary function f: @ — R such that ™2Dip is
mag-integrable on Q. Then, one has

Definition 10 (see [11]). Let k, p > 0. Then, Bq(k, p) is de-

fined by

(mxcy + 1 (5ey5 103, m)9 (i), 15, m) ) + qF (micy)
(2],

mK2Lq (k1> Ky M, x) = F

1 mi, -
- 2d
n (Kl’ Ky m)S(Kl, Ky m) Jmk2+ﬂ(Kl,Kz,m)S(Kl,Kz,m) F(x) qx (21)

qzqz(x,x,m){)z(;c,x,m) 1 )
= L2 B e J k(1 = qk)™ Dy (mic, + kn (ky, 1, m)9 Ky, 10, 1) ) k.
q 0

Proof. We suppose that
! mK; 12
Jo k(1 - k)™ Dyr (mxy + kn (ky, 1, m)9 (1, k3, m) )d k

dk

:JIkuf o 4 9 (mes + e (i 163, m) (11, 3, m)) (214 (s + gk (k1 62, m)9 (k1 K3, 1)) + (ks + K (1, 60, m)9 (k1 2, 1m1))
0 TR = @77 (kps )@ (11, 1) Kq(1= g)*n* (xy, 15, m)9” (1), 5, m)

a0 F(miy +q'n (g, 1, m)9 (g, 15,m)) = (21 520 (i + 4" 1 (k1 k3 m)9 (1, k3 m) ) 3020 F(macy +q" 70 (10, 163, m)9 (1, 65, m))
= 2 2 + 2 2
q(1 =@y (e, 10, m) 9 (i1, K5, m) q(1 = @)y (1, 163, )9 (i1, 15, m)

_ q{q(l = @ (K, Ky, m)O (K, Ky, m) 3,20 ' F (micy + G (k15 Ky, m)9 (11, Ky, 1))
q(1 = @’ (i, 10, m)9° (11, 163, m)

n+l

(21, (1 = @)y (k1. 3 m)8 (g, ey ) 20 g™ (1maey + 6 (1 o )9 (11, K0 mm))
2 2.3 3
q (1= q)n (k1 m)9" (i), 15,m)

+ (1= @) (g K3, ) (K, 103, m) 302 ‘IVHZF(sz + ‘1n+2’7 (%15 3, M) (i1, 3, m))
q (1= > (1, 16, )9 (i), 13, m)

g (F (macy + 11 (e, 105, m)9 (K1, 19, m)) = F (1)) = £ (e, + g (1, 165, )9 (K, 1y, M)
q(1- q)’72 (K1, %5, m)92 (K1, Ky, )

Fme,) 2, [

+ 2 2 23 3
q(1 =@y (ry, 10, M) (ky, 55, m) g 17 (K, 100, M) (11, 165, 1)

Flx)™dx

micy+1) (Ky,0,m) 9 (K,,06,,m)

(qz +q- 1):‘(’”"2 + 17 (1, K3, m)9 (i, 1, 11) ) + F(miy + qn (i, 65, m)9 (i, 1, 1))

q (1= (11, 13, m)9 (11, 163, m) q(1 = @’ (xy, k3 )9 (1, 15, m)
- F(mKZ + ”(Kl’ K2,1’Vl)9(K1, KZ)m)) + qA (sz) _ [2]q J’m’(2 F(x)mxzd x
qzqz (k1> %5, m)192 (1, 15, m) q2173 (k1> %55 m)S3 (1> Kyp ) J iy (i1, m)9 (1 tepm) 1

(22)
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) 2Multiplying2 both sides of the above equality by  where
?eguli'xl, Ky, m)I” (x4, Kz,m)/[Z]q, we get the requlr%i 0, = Bq (s+2,1+1), (24)
4, Hermite-Hadamard Inequalities for Q,=2"B,(2u+1)- B, (s+2,u+1). (25)

Generalized Exponentially
(s, m; n)-Preinvex Functions
Proof. By utilizing conditions of Lemma 1 and the famous
Theorem 4. We assume that the conditions of Lemma 1 with ~ power mean inequality, we obtain
x>1 and a € R hold. If Im"zD2 | is a generalized expo-
nentially (s, m;n) premvexfunctzon and u > 1, then for some
fixed s,m € (0,1], we have

x)l q n (K1=K2>m)‘92("1”‘2>m)

[Z]é—l/u

mK.
2L (Kl,Kz,m,

D2 ()

Xam i)

" Dgr (k1) ' +Q

Xoac, 2

u >1/u
>

(23)

"12’72 (%1, Kz’m)92 (kp 10om) (! M 142
= | Jo k(1 = gk)™ D F (mk; + ki (x, 1, m)9 (i, 5, m) ) K

mKZDq,f (mxy + kn (x,, ky, m)9(x,, 6y, m )|d k

2 2
qn (x,%,m )‘9 (K1, Ky, m)
< L Jk(l ak)

2 2 1-1/u
<IN ("1’“2’[2]9 (“l”‘Z””)/J kd k) (rk(l—qk)
q

1/u
e p? oF (micy + kq(xl,xz,m)S(Kl,Kz,m))| d k)

2.2 mk, 72 mx; Hu
Ky, Ky, M) (i, Ky, i D2 (1) 2 D2 (mic,)|*
<41 () 2[2]2 I/u( E) )< k(l jml V(1 -k quz d k
2.2 u mK2D2 K u mK2D2 mic u 1/u
R e U N e o R e e
(2], ' X
u\ /u
q 1 (i1, 15, )9 (1), 16y, m |mK2D2F(K1 ™ DAr (mx,)
i 91 P S v — >
(2], X
(26)
where .
:J k(25 - K) (1 - qh) d k o8
1
=j BT (- gltd k=B, (s+2,u+1),  (27) 2B, 2+ 1)~ B, (s + 2,1+ 1)20
0

due to 27— k*>0 for all k € [0,1] and s € (0, 1].
and We proved our result. O
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Theorem 5. We assume that the conditions of Lemma 1 with  exponentially (s, m;n)-preinvex function and u>1 with
x=1 and ae€ R hold. If |m"2D$F|" is a generalized  p~'+u! =1, then for some fixed s,m € (0, 1], we obtain

a1 (k1 13 m)9 (K1, 16, m) P B (2, p + 1)
(2],

"L, (k5 100, x)| <

(29)

1/u

m D2E (1) /X (21 S[s+2], —[2] |1’VIK2D2F(WIK )

y (2], aF (K1 (2 (121, q 2 )
(2],[s + 2],

Proof. By utilizing conditions of Lemma 1 and the famous
Holder inequality, we obtain

"L, (K Ky, x)|

> > 9 > > mk.
I (K1, Kpom [2] (k1. 15, m) J k(1 -qgk)™D ,r(m;c2 + ki (5 10, m)d (K, Ky, ) )d K
q

q n (KI’KZ’ )92 (Kl’KZ’m) J k(l qk)

2, mKZDq/:(mxz + k1 (k15 15, m)9 (%1, 6, m )'d k

q Ul (KI’KZ’WI)19 (Kla Kz;””)/ P Uy 1 i, 12 N 1/u
J k(1-gk)"dk ) x Jok Dq/-'(TnKz+k17(K1,K2,m)19(K1,K2,m))| dk

[2], \

1/u
q 1 (K1 K m) 9 (ki k5o m) — ak)® )Up s% _ m
2, \J k(1 —qgk),d k X Jok k +(1-k) TS d
- qn (i1, 13 m) iy, K3, m)B;/p 2,p+1) y (2], mKZDé/:(Kl)/X"“‘l ! +(21’5 [s+2], - [z]q) mKZDéF (miy) [y uy u
i 2], 21,15+ 2]

(30)

O  exponentially (s,m;n)-preinvex function and w>1 with

This completes the proof.
pl+ul =1, then for some fixed s,m € (0,1], we obtain

Theorem 6. We assume that the conditions of Lemma 1 with
x=1 and ae€ R hold. If |m"2D$F|" is a generalized

q2’12 (k1 %5, m)92 (K1 Ky 1)
2],

"L, (e Ky, x)' <

m"sz,F (1))

mi, Dy 2r (x
P

oK,

u)l/u

(31)

-<Bq(u+s+1,u+1) <(21S[EBq(u+1,u+1)—Bq(u+s+1,u+1))

Proof. By utilizing conditions of Lemma 1 and the famous
Holder inequality, we obtain
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"L, (K1, m, x)|

_ |q2’72 (Kp K2» m)SZ (Kls K2» m)

1
j k(1 - qk)™ D2 (micy + ki (i, 165, m)9 (ky, k5, m) )k
2], 0 q q

< q2’72 (k1 %5, m)92 (k1 5, m)

: 2],

1
jo k(1= k)™ D2f (i, + ki (1, 3, )9 1y, 16 m) )

1

mk. u
2D2F (mxy + kn (x1, 6, m)9 (., %5, m))‘ qu>u

u 1/u
]qu>

2 2 2 1 p 1
R (11, K5, m)9 (KpKz’m)/J 1d k x J K" (1-qgk)"
2], \Jo 0

mi, Dy (miy)

amK,

2 2 2 1 szDZ K u
LA (KK m)9 ("1"‘2’"1)*0 k"<1—qk)"[k54qf( e
0

S [Z]q chl

qu”lz (i g m) 9 (K1, Ky 1) szDéF (ky)["

(Bq(u+s+l,u+1)

[2]61 Xoacl
mi, D2 () \
+<(215Bq(u+ Lu+1)-B (u+s+Lu+ 1))‘q7 > ,
X«xmkz
where where

2B (u+ Lu+ 1) -B (u+s+Lu+1)20.  (33) g - t=a __1
1 1- qs+1 [s + l]q’
We proved our result. O

Theorem 7. We assume that the conditions of Lemma 1 with 9,=0-9) Z q'(1-q")
x=1 and o € R hold. If |””‘2D2,E|u is a generalized expo- "=
nentially (s, m; n)-preinvex functzon and u>1 with

(32)

(35)

pl+ul=1, then for some fixed s,m € (0,1], we obtain
¢ B (o 1yt ) Pr.c.)of By utiliz'ing conditiqns of Lemma 1 and the famous
ML (Kt x)| 4’ (k1K) (Kl[’;‘]z’m) g PHLP Holder inequality, we obtain
q
< o [ Dar )" 1Dl G |>
‘ x | | P |
(34)

"Ly (K, Ky, x)|

|q n (K1>K2am)9 (k1 5, m) Jlk(l

| B - qk)””‘zDZF(rmc2 + ki (k5 10, m)9 (K, &y, m) )d K
q

22 (e m) 9 (e Ko, 1
<21 (1. 5, ;[72 (1. Jok(l - gk) '"KZDZF(mKZ +k11(1<1,Kz,m)S(Kl,Kz,m))'qu
q
2.2 2 1/p 1 u 1/u
<A1 (K1,K2>g;9 (1,55, m (J kP (1 - gk)Pd k) X(JO mxsziF(mxz+k17(K1,K2,m)9(K1,K2,m))| qu>
q
2.2 2 1/p mK, 72 mi, 7y2 Hu
K1, 5, M) (k1 6,m)B Y (p+1,p+1 1 2D 2D%r (mx
S‘]W(l 2 )9 (K, 1 )q p p )x J el 2aF ) F()|* (1K F( )| dk .
[2]q 0 Xom thmk

(36)
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Applying the definition of quantum integral, we get This completes the proof. O
o= [ Kopap=2 o 1
N PR A g s+ 1]q’ Theorem 8. We assume that the conditions of Lemma 1 with

(37) x=1 and o € R hold. If I’“"ZDfi,clu is a generalized expo-

1 . ® s nentially ~ (s,m;n)-preinvex function and u>1 with

9, = .[o (1-k) odk=(1-q) Zq (1-4")". pl+u ! =1, then for some fixed s,m € (0, 1], we obtain
n=0

5 2 5 2 u i 12 u\ /u
LK, )9 L Ky mr, D2 (x 2D r (mx
szLq(KI)KZ,m,x)|Sq (K, k5. m) (l’j; > M) % w1| 2 fK ( 1)| +w2$ , (38)
[2],[p + 11 s e
where
. 1 1\t . 1\t
wlz(l_q)zqn(s+)(1_qn+ ) ,wz:(l_q)zqn(l_qn)s(l_qrﬁ) ) (39)
n=0 n=0

Proof. By utilizing conditions of Lemma 1 and Holder’s
inequality, we have

MKqu (k1> Ky, x)|

87 (k101 ) () [ :
:| L ] L J k(1 = qk)™ Dy (micy + kn (ky, 13, m)9 (K1, 100, m) )d gk
q 0

qzrlz (KI’K2>m)‘92 (Kl’Kz’m) ! mi; 1y2
< J k(1 - qk) "™ Dyr (m, + ki (i, k3, m)d (1, &5, m))|qu

(2], 0 (40)

1/u
""‘ZD;/: (mx, + kn (%1, 16, m)9(ky, &5, m))| qu>

n 1/u
]qu> .

2 2 2 Up
q 1 (ky, 1,m)9 (’Cp’fz’m)/ Yoy ! o
< 2, ([ Rd) J,a-a

u

mk2D2F (KI) mxzDZF (sz)
9 9
— 1 (k)L

amK,

< q2172 (Kl’ K> m)92 (I’jl’ K2 m) % Jl (1 _ qk)u ks
(2], v+ 11" 0

Applying the definition of quantum integral, we get

1 (oY) 1 0
w, =IOkS(l—qk)"oquz(l-q)zq"‘”“(l-q"“) ’“’ZZIO (1-k)*(1-qk)" o d k=(1-q) Y 4" (1-4")"(1-4"")".
n=0 n=0

(41)

This completes the proof. O
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Theorem 9. We assume that the conditions of Lemma 1 with
x=1 and ae€ R hold. If |’”"2D§F|“ is a generalized

a1’ (11, 12 m) 9 (11, 55, m)B;/p (Lp+ 1)

exponentially (s, m;n)-preinvex function and u>1 with
p l+u ! =1, then for some fixed s,m € (0, 1], we obtain

"L (K, K, m, X)| <
q(l 2 )' [2]q

where
1

o =—
! [s+u+1],

(43)
0, = (1 _ q) z qn(l+u) (1 _ qn)s.
n=0

"L, (K Ky, x)|

| xl, Ky, M
R [Z]q

2 2 2
Sq n (K'II’KZ’WI)9 (KI’KZ’m) J k(l _qk)
2l

q 1 (KI,KZ, )9 (Kl,KZ,m)/J (1- qk)"qu)l/px(rk“
0

[2], \

4 (s, m) (1, m) By (1 + 1)

q ! un s
. X<Jok | "

Applying the definition of quantum integral, we get

1 1
_ s+ _
_Jok odgk [s+u+l]q’

1 (&)
0_2 — JO kll (1 _ k)s Oqu — (1 _ q) Z qn(l‘f-u) (1 _ qn)s.
n=0
(45)

This completes the proof. O

5. Conclusion

In this article, we established the new definition of gener-
alized exponentially (s, m; #)-preinvex functions and proved
a new modified "™2g-integral identity. Using this new
identity, we have been able to obtain new estimates of the
quantum bounds applying the concept of generalized ex-
ponentially (s, m;#)-preinvex functions. It is worth to
mention here that if we take y = e, then all of the main results
reduce to the results for exponentially (s,;7)-preinvex
functions. For further research, we could expand the

9 Ky> Kyy M e
(117 )J k(1 -gk) 2D;F(m;cz+k;1(;c1,Kz,m)S(Kl,;cz,m))qu

’”KZDq,c(sz + kn (11, K5, m)9 (k1 Ky, m)) |d k

szDZF( 1)

|MK2DqF(K1)| ‘o |m;c2 qF(mKZ)' u) (42)
| chl | | Xamkz |

Proof. By utilizing conditions of Lemma 1 and the famous
Holder inequality, we obtain

(44)

1/u
szD;F (mxy + kn (x1, ky, m)9 (xy, K5, m))| qu>

"D (mk;y)

1 1/u
2
]qu> .

inequality-based analysis to other fields, including the in-
equality-based theory, quantum calculus, machine learning,
robotics, weather forecasting, and optimizations.

+(1-k)

Xamxz
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