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Abstract

In this paper, we introduce a new approach on fractional integration,
which generalizes the Riemann-Liouville fractional integral. We prove
some properties for this new approach. We also establish some new
integral inequalities using this new fractional integration.
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1. Introduction

Fractional calculus and its widely application have recently been paid more and
more attentions. For more recent development on fractional calculus, we refer
the reader to [7, 12, 15, 16, 19]. There are several known forms of the fractional
integrals of which two have been studied extensively for their applications [5, 10,
11, 14, 21]. The first is the Riemann-Liouville fractional integral of o > 0 for a
continuous function f on [a, b] which is defined by

J;”f(x)r(la)/z (@— )"V f(t)dt, a>0, a<z<b.

This integral is motivated by the well known Cauchy formula:

/:dtl /:1 dtg.../atn_l Fltn)dtn = F(ln)/T (5 — 8" F(t)dtin € N

The second is the Hadamard fractional integral introduced by Hadamard [9]. It is
given by:

r a—1 d
Jgf(x):ﬁ/a (log%) f(t)?t, a>0, z>a.
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The Hadamard integral is based on the generalization of the integral

/ / Tt / " (ti”)dtn: ﬁ)ﬁ / " (105 SOk

for n € N*.

n [10], Katugampola gave a new fractional integration which generalizes both
the Riemann-Liouville and Hadamard fractional integrals into a single form. This
generalization is based on the observation that, for n € N*,

/ t5dt /tl t5dts.. /tn ltSf( tn)dt, = (s ‘;(2)1 "/ (= s+1_ts+1>"*1tsf(t)dt,

which gives the following fractional version

(s+1)" /w +1_gst1yal
—_— STE —¢f t°f(t)dt
o @ ) (e,
where a and s # —1 are real numbers.
Recently, in [6], Diaz and Pariguan have defined new functions called k-gamma and
k-beta functions and the Pochhammer k-symbol that is respectively generalization
of the classical gamma and beta functions and the classical Pochhammer symbol:
1™ (nk) %1
De(z) = tim M 0RET o,

n—o00 (x)n,k

g fx) =

where (), is the Pochhammer k-symbol for factorial function. It has been

k
shown that the Mellin transform of the exponential function e~ % is the k-gamma
function, explicitly given by

o0 tk
Ti(x) = / t" e~ ®dt,x > 0.
0
Clearly, I'(z) = ’lirllle(x), Dip(z) = k*7'T(%) and Ty(z + k) = 2T (z). Further-
more, k-beta function is defined as follows
1 ! T _1 Y¥_1q
k Jo

so that By(z,y) = +B(%£,%) and By(z,y) = %
Later, under the above definitions, in [13], Mubeen and Habibullah have introduced

the k-fractional integral of the Riemann-Liouville type as follows:

kJaf(ﬂf)krklm)/om(l't)

Note that when k& — 1, then it reduces to the classical Riemann-liouville fractional
integral.

ESe)

“Lr@)dt, a>0, x> 0.

2. (k,s)-Riemann-Liouville fractional integral

In this section, we present the (k, s) fractional integration which generalizes all
of the above Riemann-Liouville fractional integrals as follows:
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2.1. Definition. Let f be a continuous function on on a the finite real interval
[a,b]. Then (k,s)-Riemann-Liouville fractional integral of f of order o > 0 is
defined by:

21) e f(@) = %/ (@ — e E e pydt, @ e [a,b),

where k > 0,s € R\{-1}.

In the following theorem, we prove that the (k,s) fractional integral is well
defined:

2.2. Theorem. Let f € Li[a,b],s € R\{—1} and k > 0. Then JO f(x) exists for
any x € [a,b],a > 0.

Proof. Let A :=[a,b] x [a,b] and P : A — R ; P(z,t) = [(:CSH — t”l)%_1 ts] .
It clear to see that P = P, + P_, where

{ (l,s-'rl_ts-i-l)%_lts 7a<t<a:<b

P+($,t) =

,a<z<t<b
and
s+1 _ s+ F L s
P*(xvt):: (t z ) 4 7a§t§$§b
0 ,a<x<t<b.
Since P is measurable on A, then we can write

¢ g (xs+1 _ as+1)% .

b T o
/ P(x,t)dt:/ P(x,t)dt:/ (5 — ) F T e =

a

By using the repeated integral, we obtain

Lb<AbP@Jﬂf@Hﬂ>dx = Lbf@n<pr@¢MOdm
k b

_ f/mwﬁl—f+ﬁ%ﬁuﬂm:

(%

k

(%

/ab|f(ac)| </abP(x,t)dt> dz
k

That is
O (e A 1 (@), (0,57 < 00

IA

o b
(bs—H _ as+1)? / |f(l‘)‘ dx.

/ab </b P, t) |f(2)] dt) dz

Therefore, the function Q : A — R; Q(x,t) := P(z,t)f(z) is integrable over A by
Tonelli’s theorem. Hence, by Fubini’s theorem f: P(z,t)f(x)dz is an integrable
function on [a, b], as a function of ¢t € [a,b]. That is, ;J¢ f(z) exists. O

Now, we prove the commutativity and the semigroup properties of the (k, s)-
Riemann-Liouville fractional integral. We have:
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2.3. Theorem. Let f be continuous on [a,bl,k > 0 and s € R\{—1}. Then,
po [RIf@)] = RISt (@) = JIE RIS f ()],
for alla> 0,8 >0,z € [a,b].
Proof. Thanks to Definition 1 and by Dirichlet’s formula, we have
w10 ()] = (sl:;ﬁ /m (25— ) e 2 g8
k) Ja

a

S % w s s T 1,s | (s - s s g-1 s
— (]:rrllj(a)k fa (x‘“ _ tk+1) R {( ]:rrlk)(ﬁ)k ft (t‘“ o 7_k+1) R f(T)dr] dt.

s R e s s T ls | (s -7 t (s s 71 s
= S J (@ et [( i S (T =TT f(T)dT] dt.
That is
(2.2)
(s+1) - w a_q g1
s 7a s 78 — s s+1 7ts+1 T 8 ts+1 s+ ET dt| dr.
kJa [ kJa f(l‘)} k2rk(04)rk(ﬁ) L T f(T) |:/7: (IE ) ( T ) T

Using the change of variable y = (¢**1 — 7°%1) / (z°*1 — 7°F1) | we can write

(2.3)
r o B8 _ ol st atB N
J e R e B L L T
oot st atB 1 o 5 e By
={ s+l) Jo(@—y) e ty=~ldy = ! 5+1) kBy(a, ).
According to the k-beta function and by (2.2) and (2.3), we obtain
1—otB T
s ya s 18 _ (S+1) k / s+1 _ __s+1 D‘Tﬂa_l s d
k‘]a [k‘]a f(fﬂ)] ka(a+ﬁ) Y (ZL' T ) T f(T) T
P Ia T f ().
This completes the proof of the Theorem 2.3. (]
2.4. Theorem. Let a, 3> 0,k > 0 and s € R\{—1}. Then, we have
8_ r ats
(2.4) ‘ZJ(? [ (J}S+1 B G,S+1) k 1} _ gk(ﬂ) ( s+1 as+1) k 1’
(s +1)F (e + B)

where I'y, denotes the k-gamma function.
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Proof. By Definition 1 and using the change of variable y = (z°t1 — ¢571) / (2°T! —a*1) ;2 €
la, b], we get

s T s s Z2-1 (S+1)17% ‘ S s F-1 s s S b
e[ - et = m@/ (@5 — ) Bl (gl o) T T gy
a+pB
—a sl s+l Kk 1 1
_ (s+1)7% (= ) / (1 —y)%_ly%_ldy
kT (a) 0
(JZS+1 _as—&-l)#_l
= = Bi(a, 3).
G+ D)) reh)
The case a = x is trivial. The proof of the Theorem 2.4 is complete. ([l

2.5. Remark. (i:) Taking s =0,k > 0 in (2.4), we obtain
£ I'x(8)

2.5 J —a)F = P (=

(25 wil@-af | = s

(¢ :) The formula (2.4) for s = 0,k = 1 becomes

Jf[(m - a)’afl} = Tard L(0) (x —a)*™7,

a+pB
atb g .

(a+5)
2.6. Corollary. Let k> 0 and s € R\{—1}. Then the formula
1 a_9
2.6 2JY(1) = = STt — sty *
26) B (s+1)zrk(a+k)( )

is valid for any a > 0.

2.7. Remark. (a:) For s =0,k > 0in (2.6), we get
1

(2.7)  kJg(1)= m (x — a)%d'
(b:) For s =0,k =1 we have
T2 (0) = o -0

3. Some new (k, s)-Riemann-Liouville fractional integral inequal-
ities
Chebyshev inequalities can be represented in (k, s)-fractional integral forms as

follows:

3.1. Theorem. Let f,g be two synchronous on [0,00), then for allt > a >0, a >
0, B> 0, the following inequalities for (k, s )-fractional integrals hold:

B1) i fe(t) = 0 Pa F(t) & Jag(t)

(32) RJafe(t) 7 (W) + R Fg(t) RIS (1) = RITF(E) RITg(t)+ RIS 9(t) R I F (1)
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Proof. Since the functions f and g are synchronous on [0, c0), then for all z,y > 0,
we have

(f(x) = f(y) (g (x) = g(y)) > 0.
Therefore

(33) f@)g@)+fwaly) =f(x)gly)+f(y)g(z)

1—-< a
Multiplying both sides of (3.3) by % (¢t — sty * ! 2%, then integrating
the resulting inequality with respest to = over (a,t), we obtain

1-% t o
S [ e e @ g @

(s+1)=% [ N
+W/a (B =) Eat f (y) g (y) do
s+ 1% [t ) g1
- (zjrkga)/a(f” — ) E e (1) g (y) de
(s+1)=% [ N
*W/a (= 2 ) F T 2 (y) g (@) da,

i.e.
(34) e f9t)+f (W) ay) wJa () =g(y) PJaf(t)+ f(y) i Jag().

) 1— a
Multiplying both sides of (3.3) by % (ts‘“1 — ySH) R y®, then integrating
the resulting inequality with respest to y over (a,t), we obtain

that is

B2 To(0) > S 1ES0) T2l

and the first inequality is proved.



7

-2 8_
Multiplying both sides of (3.3) by % (¢ — gyt " ! y®, then integrat-

ing the resulting inequality with respest to y over (a,t), we obtain

S (64 S—"_l 1_% ¢ S S £71 S
2 sa0)" krk()a) / (B )Ty
S (6 S—"_l 1_% ¢ S S 271 S
+iJs (1)7( kI‘k()a) / (T =yt (y) g (y) dy

(s +1)'~F /t +1 +1y 71
> S « S _ S k S
> RIS o) ) (t vyt g(y)dy

E I

(s+ 1)1

t
krk(a) / (terl o strl)%_l ySf (y) dy,

+ 5 Jag(t)

that is
RIS Fa) T2+ 22 fa(t) RIS (1) = RJef () 2 T0g(t)+ 5 TS g(t) 2L f(2)

and the second inequality is proved. The proof is completed. ([l

3.2. Theorem. Let f,g be two synchronous on [0,00), h > 0, then for all t >
a>0, a>0, 8>0, the following inequalities for (k, s)-fractional integrals hold:

1
(s+ 1)ETL(B+k)

(ts+1 _ as-Q—l)%_2 ngfgh(t)

1 a_9
_ 5L _ g5t E s 718 fah(t
+(3+1)?Fk(04+k) ( a ) k afg ()

> RJafh(t) (79t + RJ2gh(t) RILF(t) = RITh(t) § 7 fa(t) — RIS Fa(t) RIIA()

+ RJaf(8) RIDgh(t) + RI2g(t) 2L (D).

Proof. Since the functions f and g are synchronous on [0, 00) and h > 0, then for
all x,y > 0, we have

(f (x) = f(y) (g (x) = 9(y)) (h(z) + h(y)) = 0.

By opening the above, we get

(3.5) f@)g@)h(z)+f(y) g h(y)
> f@) g h(@) +fy)g@ h(@)—f(y)g) h(x)

—f(x)g @) h(y)+ (@) g ) h(y)+fy)g@)h(y).
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Multiplying both sides of (3.5) by (3&1)3(1;)? (¢t — gt B 2%, then integrating

the resulting inequality with respest to x over (a,t), we obtain

(s+D)'%F [t e-1
W/a(“ — ") P 2t f (2) g () h () da

=R

(s+1)'
kL ()

> g(y) <sk—;i()a;k / (£ — ) T f (@) b (2) da
+f () (Sk—;:()a;k / (ot — x8+1)%71 z°g (x) h(z)dz

i.e,

(3.6)  pJofgh(t)+ f(y) g (y) h(y) 1 J5 (1)
> g(y) o fh) + f () wJaght) — f(y) g W) wJah®) —h(y) i Ja fa(t)

+9 W) h(y) PJ @)+ f (W) h(y) 7J59().



1-8 B_
Multiplying both sides of (3.6) by % (51 — gty * ' y®, then integrating

the resulting inequality with respest to y over (a,t), we obtain

s JO (3+1)1_% /t s+1 s+1 %*1 s
k:’]a fgh(t) krk(ﬁ) Y (t Y ) Yy dy

Ih

O( s+117 S 9 £71 s
#ap D [ ) g ) hy

8

« S+117 S S 19
P I fh(t) N AOR /t“ )yt (y) dy

v

1S h()“,jriggf [ ) s G ay
— LIgh(D) (3&23;)2 [ e =) s g wyay
R e L
e LTI
10 CEDE [ e ),

that is
P Fh(0)3 0 (1) 45 IS (D30 fgh(t) > 3J2fh(t) 3 I0g(t) + FJT5gh(t) 30 f(2)

— RJaeh(t) 22 Fa(t) — RIS Fa(t) RITN()

+ RIS () BT gh(t) + 1S g(t) (I8 FR()
which this completes the proof. (Il

3.3. Corollary. Let f,g be two synchronous on [0,00), h > 0, then for all t >
a >0, a>0, the following inequalities for (k,s)-fractional integrals hold:

1 s+1 s+1 %_2 s JO¢
o - J h t
DI R ¢ @) gk

> RS Th() 5 g(8) + RIS gh(t) RIGF(8) = RIGh(E) TS fa(t).

3.4. Theorem. Let f,g and h be three monotonic functions defined on [0,00)
satisfying the following

(f () = () (9 () = 9(y)) (h(2) = h(y)) =0
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for all x,y € [a,t], then for allt > a >0, a >0, 8> 0, the following inequalities
for (k,s)-fractional integrals hold:
1
(s +1)%T4(B + k)
1

. s+1 _ s+1 %_2 s 108
ST LA S E0

(terl o as+1)%_2 ZJ(‘ffgh(t)

> RJEfR() (29t + RIgh(t) RILF(t) = RITh(t) R L Fa(t) + RIS Fa(t) RIIR()

=R e f(0) RI2gh(t) = §I3a() L fh().
Proof. The proof is similar to that given in Theorem 3.2. ]
>

3.5. Theorem. Let f and g be two functions on [0,00), then for all t > a
0, a >0, B >0, the following inequalities for (k, s)-fractional integrals hold:
1

(s+ 1)ETL(B+ k)

(37) (terl o as+1)%_2 ngfz(t)

_ tSJrl* s+1 %_2 SJ,B 2t
+(5+1)?Fk(a+k)< a ) ka9~ (t)

> 2300 f(1) 2 T0g(t)
(38) RIS RIIG () + RIS S RISGP(H) = 2 3T fa(t) 2 T2 fo(t).
Proof. Since,

(f(z) —g(y)* >0

then we have
(3.9)  f*(2) +¢*(y) = 2f(x)g(y)-

1-¢ a_ -2 B _
Multiplying both sides of (3.9) by % (51 — o)k ' 2% and % (51 — gty F ! ys,

then integrating the resulting inequality with respest to « and y over (a,t) respec-
tively, we obtain (3.7).
On the other hand, since

(f(2)g(y) — fy)g(x))* >0

then under procedures similar to the above we obtain (3.8). O

3.6. Corollary. Let f and g be two functions on [0,00), then for all t > a >
0, a > 0, the following inequalities for (k, s )-fractional integrals hold:
1
(s +1)%Tp(a+ k)

(5 — @Y E2 [RIe 20 + 3067 ()]

> 25 JOf(t) 3J0g(t)
RSP TSGR () > [T fa(t)
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3.7. Theorem. Let f: R — R and defined by
f(z) = /w tf(t)dt, >a>0, seR\{-1}
then for a > k>0
V@) = ¢ 1T )

Proof. By definition of the (k, s)-fractional integral and by using Dirichlet’s for-
mula, we have

S T £ _ ( +1)1 k s+1 s+1 %*1 s ! s

plaflx) = TkTr(a) /a (z°th —toth) t /a u® f (w)dudt
_ (s DF "ol _ sty 1
iy / W) [t =) e

- G [ e s

= kI ().
This completes the proof of Theorem 3.7. d

We give the generalized Cauchy-Buniakovsky-Schwarz inequality as follows:

3.8. Lemma. Let f,g,h: [a,b] — (0,00) be three functions 0 < a <b. Then

b b b . 2
(/ gm(t)h“:(t)f(t)dt) (/ gn(t)hy(t)f(t)dt> > </ g (t)h’-’(t)f(t)dt> '

where m,n,x,y arbitrary real numbers.

(3.10)

Proof.

b b b 2
/ {w%)hz(t)f(t)\/ / gﬂ(t)hg(t)f(t)dt—\/gnu)hy(t)f(zev / gfﬂ(t)hf(t)f(t)dt] dt >0

b

b b
/ [gmu)hf(t)f(t) / G (O (E) F(£)dE + g ()Y (£) £ (1) / g (OB (1) F (1)t

a

—2¢"2" (1) \/ / m(t)he (i dt\/ / t)hy(t )dt] dt

0

v
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b

b
2 / g (R (1) F (1)t / g (DY (£) (D)t

b - b b
_ / o= (OB (1) £ (1)t ¢ / gfﬂ(t)h-f(t)f(t)dt\/ / g (O (£) £ (£)dt
which this give the requair inequality. ([

3.9. Theorem. Let f € Li[a,b]. Then

311 (R EI ) (e () = (T )

for k,m,n,r,p>0 and a > 1.

Proof. By taking g(t) = (z°*! — ts“)%_l, f(t) = % and h(t) = f(t) in
(3.10), we obtain

S 1-% v m(¢— S 1-% ® n(e—

sHDITE [T ey TG D s e i
- <(ka()a)/ (a7 =) e (bt

which can be written as (3.11). O

3.10. Remark. For k£ =1 in (3.11), we get the following inequalities

m+4n

(J(’ln(afl)Jrlfr(m)) (kjg(aq)ﬂfs@)) > (kJa + (a—1)+1fr2ﬁ(x)>2
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