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Abstract In this paper, we have introduced the new upper bounds for Ostrowski-type integral inequalities
by using conformable fractional integral. In accordance with this purpose, we have benefited from the Taylor
expansion for conformable fractional derivatives which was introduced by Anderson.
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1 Introduction

In the history of development calculus, integral inequalities have been thought of as a key factor in the theory of
differential and integral equations. The study of various types of integral inequalities has been the focus of great
attention for well over a century by a number of scientists, interested both in pure and applied mathematics.
One of the many fundamental mathematical discoveries of Ostrowski [13] is the following classical integral
inequality associated with the differentiable mappings.
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Let f : [a, b]— R be a differentiable mapping on (a, b), whose derivative f . (a, b)— R is bounded on

(a, b), ie., \f/”OO = SUDP;c(q.p) |f’(t)| < 00. Then, the inequality holds:
L al < | Ly )" b / 1.1
f(x)—m/f(t)f_ é_l+(b——a)2 (—a)HfHoo (1.1)

for all x € [a, b]. The constant }1 is the best possible.

Moreover, fractional derivative and integration have a number of fields of application such as control
theory, computational analysis and engineering [12], see also [14]. Thus, a number of new definitions have
been introduced to provide the best method for fractional calculus. For instance, recently, a new local limit-
based definition of a conformable derivative has been introduced in [1,10], with several follow-up papers
[3-7,9,11,15-20].

Some authors have argued that conformable derivatives are not considered as fractional derivatives in the
fractional calculus community; it is an interesting derivative that enables to derive with respect to arbitrary
order but without memory effect. This question seems today to still be open, and perhaps, it is a philosophical
issue. Such derivative makes it possible to generalize many mathematical concepts depending on ordinary
derivatives. For instance, it contributes in generalizing certain mathematical inequalities [2]. It also contributed
to of general form of Sturm-Liouville problems [21]. Conformable local-type derivatives also make it possible
to obtain generalized-type fractional derivatives by iterating their corresponding integrals [22,23]. Conformable
(fractional) derivatives have the drawback that the limiting case « — 0 does not give us the function itself.
To improve this drawback, Anderson [24] made use of proportional calculus to define better well-behaved
derivatives in the limiting case, and therefore, he improved conformable (fractional) derivatives.

In this study, we present new Ostrowski-type conformable fractional integral inequalities using the rules
of conformable fractional calculus and Taylor formula for conformable fractional derivatives.

This work is organized as follows: in Sect. 2, the conformable fractional derivatives and integrals are
summarised. In Sect. 3, the new upper bounds for Ostrowski-type inequalities with the help of conformable
fractional calculus are introduced. Application to numerical integration is given in Sect. 4, while some con-
clusions and further directions of research are discussed in Sect. 5.

2 Definitions and properties of conformable fractional derivative and integral

The following definitions and theorems with respect to conformable fractional derivative and integral [1,6,11]
are summarised.

Definition 2.1 [11] (Conformable fractional derivative) “Given a function f : [0, 00) — R. Then, the
conformable fractional derivative” of f of order « is defined by

ft+e'™) = f()

€

Dy (f) (1) = lirrz) (2.1

forallt > 0, a € (0, 1). If f is a-differentiable in some (0, @), a > 0, lim,_ o+ £@ (¢) exists, then define

f@ ) = lim F@@. 2.2)
t—0t

We can write @ (1) for Dy (f) (¢) to denote the conformable fractional derivative of f of order . In addition,
if the conformable fractional derivative of f of order « exists, then we simply say f is a-differentiable.

Theorem 2.2 [11] Let « € (0, 1] and f, g be a-differentiable at a point t > 0. Then

i. Dy (af +bg)=aDy(f)+bDy(g), foralla,beR,
ii. Dy (A) = 0, for all constant functions f (t) = A,
iii. Dy (fg) = fDu(g) +8Du(f),
D (f) _ fDa () —gDu (f)

g2

1v.
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If f is differentiable, then

d
Do (f) (1) = r‘—“d—f (t). (2.3)

Definition 2.3 [11] (Conformable fractional integral) Leta € (0, 1]and 0 < a < b. A function f : [a, b] —
R is a-fractional integrable on [a, b] if the integral

b b
/f(x)dax :=/ f(x)x*ldx (2.4)

exists and is finite. The set of all «-integrable functions on [a, b] is indicated by Lé ([a, b]).

Remark 2.4 [11]

EHo=1"""f)= / ){1(_)2 dx,

where the integral is the usual Riemann improper integral, and o € (0, 1].

Theorem 2.5 [11] Let f : (a, b) — R be differentiable and 0 < o < 1. Then, for all t > a, we have
IgDyf (1) = f (1) = f(a). 2.5)

We will also use the following important results, which can be derived from the results above.

Lemma 2.6 [1] Let the conformable differential operator D* be given as in (1.1), where o € (0, 1]andt > 0,
and assume the functions [ and g are o-differentiable as needed. Then

i. DY(nt) =t % fort >0
ii. D [f;f(t,s)das] = F(t. 0+ [ DYLF (£, 5)dys
ii. [7f () D*(g) (¥)dex = fgl2 — [” g (x) D (f) (x) dyx.

Theorem 2.7 [1] Let f : [a, o0) — R, such that f(") () is continuous and o € (n,n+ 1). Then, forallt > a
we have

Doly f ()= f(1).
We can give the Holder’s inequality in conformable integral as follows:

Lemma 2.8 Let f,g € Cla,b], p,q > 1 with % + % =1,. Then

b b 5[ b
/If(x)g(x)ldax =< /If(X)I”dax flg(X)lq dx

Remark 2.9 If we take p = ¢ = 2 in Lemma 2.8 then, we have the Cauchy—Schwartz inequality for con-
formable integral.

The following lemma and theorems are given by Anderson in [3].

Theorem 2.10 (Taylor Formula) [3] Let « € (0, 1] and n € N. Suppose f is n + 1 times «- fractional
differentiable on [0, 00) , and x¢, x € [0, 00). Then, we have

"1 [x® — x2\K 1 ’ x% — 7%\"
o=y — ( 0 ) Dt f(xo) + = / ( ) DI (f) (2)dgt. (2.6)
g k! o n!xo o

Using Taylor’s Theorem, we define the remainder function by

R_1 7(.,8) = f(s),

@ Springer



Arab. J. Math.

and forn > —1,

n

1 a __ JaN\k
Ruf(t,5) = f(s)—ZEC - ) DEf(s)
k=0 "

t

_ 1 (ﬂx_fa>n0“4fuyir 2.7

! o * “ ’
N

Lemma 2.11 [3] (Montgomery Identity) Let a,b,t,x € Rwith0 < a < b, and let f : [a,b] — R be
a-fractional differentiable for o € (0, 1]. Then

b b
o o
fo = s / FOdat + 2 / p(x, 1) Dy f(1)dat (2.8)
a a
where
% —a”*
, a<t<x
P =1 o%
x <t <bh.

o

Theorem 2.12 [3] Leta,b,x € Rwith0 < a < b andlet f : [a,b] — R be an a- fractional differentiable
Junction for a € (0, 1]. Then

b
o M @ _ o2 (e _ o2
fx) — he _ @ /f(t)dozf = m[(x —a ) +(b —X ) ], 2.9)

where

M = sup [Dq (f) (x)].
x€(a,b)

This inequality is sharp in the sense that the right-hand side of (2.9) cannot be replaced by a smaller one.

Now, we present the main results:

3 Ostrowski-type inequalities for conformable fractional integral

Theorem 3.1 Let f : [a,b] — R be an a-fractional differentiable function for o« € (0, 1], Do(f) €
Lé ([a, b)), p,q > 1 and % + é = 1. Then for all x € [a, b], we have the following inequality:

b
o) - “aaffmdar < Ayt ) IDu (D],

b —

where

A .- 1 1 bY — g a(g+1) 5—}_
ot b —a® \a(g+1) 2
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Proof Denote

F(x) =/f(t)dat.

From (2.6), we have

1
b*—x)
b* — x§ ( " b* —x§ —t* ) o ot
F(b) = F(xo) + . Dy F(x0) + / — ) e (% +x5) ) dot
0
which gives

1 o _ O o o é
F(b):F<<a erb ) )+<b Zaa )f((a erb ) )

2T (e
0

Using the change of variable t* = t% + #, we obtain

1 1 b
a“ +b*\« b* —a” a® +b*\ « 1 o o
F(b):F(( 5 ) >+( e )f(( 5 ) )+E / (b% —1%) Do (f) (1) dgt.

1
a% b2\ @
2

(3.1
Similarly, from (2.6), we have

1
(a*—x5)®

F(a) = F (x0) + (aa ;xo ) Dy F(x0) + / ("a_’;—o_fo[> D (F) ((.L,a +x3‘)5> ot

0

which implies that

F(a)=F(<aa;ba>"‘)+<aa2—aba)f((aa—;ba>a)
I a— b, a4 b\«
o ( 2 ")D“(f)<<’+ 2 ))d
0

Then, we get

Fla) = F ((aa _2|_ba>

2

) () (( ;b«)a) L B GEC EAGIOT

‘ 32)

1
a%+b% ) o

R—
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Using the identities (3.1) and (3.2), we obtain

b 1
o2 (755
o 2

b

+l / (b* — 1) Do (f) () dat

o
1
a% b\ @
2
1
a®b% \ @
2

/ (t“ — a*) Dy (f) () dat. (3.3)

a

1
o
Using the change of variable u® = a* 4 b* — t*, we have

b (#52)*
[ - penwan= | (za_aa)Da(f)((auba—ta)«i)dar. (3.4)

1 a
a%+b* \ @
(=)

Moreover, we have

a% + b* a r
f(X)—f<( > ) ) = / Dy (f) (2) dgt. (3.5
(e522)
Thus, putting the identities (3.4) and (3.5) in (3.3), we deduce

X

b
FO) = / FD)dat = / Du (f) (1) dat
—a

1
a%+b® \ @
2

1 (“4)” |
s [ =[P (@ =) ) < Do | au

a

That is,

X

< / D (f) (1) dat

a%+b® \ @
2

o b
FO) = g / F@0)dgt
—a

1 (“5*) l
t e / (1" —a") [Da N ((a"‘ + % — t“)a) — Dy (f) (r)} dt|.

a
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Using Holder’s inequality, we have
1
(aa;ba ) o
1
/ (t* —a®) [Da )] ((a“er“—t“)") — Do (f) (t)] dot
a

1
a®+p% @
2

= [ -

a

1
(4)*
+ / (t* —a®) | Do (f) ()] dat

a

dyt

D(x (f) ((aa +ba _ tﬂl)cl()

1

1 q 1
a®4b* \ @ a%4+p* \ @
2 2

=

p
| [ -y / Da(f)<(aa+ba—ta)i) dut
! 7 I 7
sy [ penora
(g+1) i
1 (b — g\ @D\
< IDa (Pl (a(q+1)( . ) )
and similarly
1 1
[ pepoar | [ 1 [ penora

1 1 1
a%+b% \ @ a%+b% \ @ a% b2\ @
2 2 2
1

1 b P
l(w-“ +b )’ (/wa(f)(mpdar)
o 2

1
o b(x =
(x“ _at )‘ 1Da (P,

IA

Thus, we obtain the inequality

b
) = s / FD)dgt
—da

1
1 ] b — g@\*@tD\ e 1 a® + b* 7
S{ba‘““ <a<q+1>< 2 ) * 5<xa_ 2 )‘ 1Pe (P

which completes the proof. O
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Corollary 3.2 If g — oo, then Ay(x, q) — 2%([)0‘ —a®)* ! 41 for each x € [a, b]. Thus, we have

fx) —

1
=< [2—a(b°‘ —a®)* " + 1] Do ()l -

Remark 3.3 If « = 1, then Theorem 3.1 reduces to Theorem 2 obtained by Huy and Ngo in [8].

1
Corollary 3.4 Under the assumption of Theorem 3.1 with x = (#) “ we have

o g po é 1 1 ql b — g® a(l+1/9)—1
((=52)) 3(eas) (555" o,

Theorem 3.5 Let o € (0,1], f : [a,b] — R be an twice a-fractional differentiable function, Dé( f) €
L (la, b)), p.q > 1 and % + % = 1. Then, for all x € [a, b], we have the following inequality

fx) —

(xa _a +b“> f®) = f(@)
a

VIO D] < gy 021,

where

b* — aoz)a(q+1) é 1 b* — aa)a(2q+1) %
Bu(q) = +
2a a(g+1) 2a0 (b% — a%) a(2qg+1)

Proof From (2.6), we have

w (F(b) = F(a))

_ b* —a” 2
—f(a)+( 7 ) af()'FW/ Df(t)df~ (3.6)
Similarly, we get
x* —a” 1 r o o\ 2
fx) = f(a)+ ( . )Daf (a) + - f (x® —1*) D5 f (1) dat 3.7
and )
aw =D, f (a)+ ! / (b —1*) D5 f (1) dot. (3.8)
bO{ — aﬁt bD{ — aOt

Therefore, using (3.6)—(3.8), we obtain

( o« a” +b°‘> f(b) — f(a)
2 be — q¥

. 2 2
_ a/( ) D2f () dat — 5 (ba_aa)/ > DX f () dat

X% — a“+b* b
2

- 2 o La 2
2" a9 (b* —1*) DG f (1) dgt|.

a

; = @ Springer
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From Holder’s inequality, we have the following inequalities:

/(x“—z“)Dgf(z)dar < f(x“—t“)qdat /|D§f(t)|pdat
a ( +1) N a a

b* — a*)*1 a
(TS e,

b 1
" o (ba _ aa)a(2q+1) q

a

and
o o b b
Xt — b* — %) D2 f (1) dyt| < ! ) D2 f (1) dat
—_— J— t —_—
e [ 0 =) D2 0 da| < 2a/ 2
a
1 (ba _ aa)ot(q-H) 5
<5 ||Daf||,,
2a a(q—i—l)

Thus, using these inequalities, we obtain

« @ +DY\ f(b) - f(a)
Jx) <x > ) g
1 1
i (b“ _ aa)oz(qul) q N 1 (ba _ aa)oz(Zqul) q “ D2f||
20 a(g+1) 2o (b — a%) a2q+1) o lpe
which completes the proof. O

Corollary 3.6 If g — oo, then

3 1
Bo(q) — —(b% — a®)* + — (b% — a*)>*~!
200 2a

for each x € [a, b]. Thus, we have

fx

B (x“ o +b°‘) F) - f@
¢ 2 b — a®
< [i(ba _ a()l)a + L(ba o aa)2a1j| “ D2 (f) ”
~ |2« 2a “ I

Remark 3.7 If o = 1, then Theorem 3.5 reduces to Theorem 4 obtained by Huy and Ngo in [8].

1
Corollary 3.8 Under the assumption of Theorem 3.5 with x = (“agba ) “ we have
o + bOl L
a

3 (ba _ aoz)oz(q+1) é 1 (bot o aa)a(2q+1) é
2a a(g+1) t e (" —a%) a(2q+ 1) 1D (Dl -

R

; = @ Springer
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4 Applications to numerical integration

We now deal with applications of the integral inequalities involving conformable fractional integral
Consider the partition of the interval [a, b], given by

In:a=xg<x1<---<xp_1<x,=b,i1=0,....,n—1
such that h; = (x}" 1 x{). Define the quadrature:
TR S (ﬂ> @
e ._ai=0 l 2 .

wherei =0,...,n— 1.
Theorem 4.1 Let f : [a,b] — R be an a-fractional differentiable function for o € (0, 1], Do(f) €

Ll ([a, b)) p,q > land % + % = 1. Then, we have the representation

b
/f(t)dat = Soz(f, In) + Rot(fv In)

where Sq(f, I,) is as defined in (4.1) and the remainder satisfies the estimation

1 7 i\ @A+
| Re (f1)|_—<m> o Xn 1 <E> ||Da(f)||p

Proof Applying Corollary 3.4 on the interval [x;, x4 ], we obtain

. . { | i (h a(l+1/q)
(s ) / rou| =3 (caip) (5) e

o

foralli =0,...,n — 1. Summing over i from 0 to n — 1 and using the triangle inequality, we obtain

A\ e(1+1/9)
) 1D () ]

(o) £
a\a(g+1) = 2

NN e
5<a(q+1)> e =1 (3) 1De (O

[a,b] — R be a twice a-fractional differentiable function, Dg( f) €

IA

|R(f7 Ina g)'

IA

O

which completes the proof.

Theorem 4.2 Let a € (0,1], f :
LY ([a,b]), p,q > 1 and % + é = 1. Then, we have the representation

b
/ f O dat = So(f, In) + Ra(f, 1n)

where Sq(f, I,) is as defined in (4.1) and the remainder satisfies the estimation

R W/ < hi | 44—
Ra(f W)l = 5 o™ V" \ @+ D

peQatD \ 4
M D, .
_ (a(2q n 1)) [1De (I,

) max
20¢ i€{0,1,...,
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Proof Applying Corollary 3.8 on the interval [xl-, xi+1], we obtain

1 Xit+1
hi LR
—f\— - / S ()dat
o 2
xi
1 1
_ al@g+) \ 7 aq+1) \ ¢
S L U D e N R .
| 222 \a(g+1) 202 \a (2g + 1) pi[xixig ]
foralli =0,...,n — 1. Summing over i from O to n — 1 and using the triangle inequality, we obtain
3 n—1 hq(q+1) %
Ra(fo Il < 5= > hi | ) 1Da (Dl [ar0111]
2% P a(g+1)
et 7
t o Z( 2q + 1)) 1D (O i1
< w (2N Vi
=20 ety |\ e @ + 1 o IMp
e AN i,
202 ico X a(2q+1) a (Dl
which completes the proof. O

5 Concluding remarks

New upper bounds of Ostrowski-type integral inequalities are proposed and tested in this paper. To this purpose,
the rules of conformable calculus and Taylor formula for conformable derivatives are used into calculation. To
verify our findings, we have presented some applications. Thus, this study should help to decide upper bounds
for non-integer order of integral inequalities.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 International License (http:/
creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, provided
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and indicate
if changes were made.

References

1.

Abdeljawad, T.: On conformable fractional calculus. J. Comput. Appl. Math. 279, 57-66 (2015)

2. Abdeljawad, T.; Alzabut, J.; Jarad, F.: A generalized Lyapunov-type inequality in the frame of conformable derivatives. Adv.

Nowns

10 00

10.

Differ. Equ. 2017, 321 (2017). https://doi.org/10.1186/s13662-017-1383-z

Anderson, D.R.: Taylor’s formula and integral inequalities for conformable fractional derivatives. In: Pardalos, P.M., Rassias,
T.M. (eds.) Contributions in Mathematics and Engineering, pp. 25-43. Springer, Switzerland (2016)

Anderson, D.R.; Ulness, D.J.: Results for conformable differential equations (2016) (preprint)

Atangana, A.; Baleanu, D.; Alsaedi, A.: New properties of conformable derivative. Open Math. 13, 889—-898 (2015)
Hammad, M.A.; Khalil, R.: Conformable fractional heat differential equations. Int. J. Differ. Equ. Appl. 13, 177-183 (2014)
Hammad, M.A.; Khalil, R.: Abel’s formula and Wronskian for conformable fractional differential equations. Int. J. Differ.
Equ. Appl. 13, 177-183 (2014)

Huy, V.N.; Ngo, Q.A.: New bounds for the Ostrowski-like type inequalities. Bull. Korean Math. Soc. 48, 95-104 (2011)

. lyiola, O.S.; Nwaeze, E.R.: Some new results on the new conformable fractional calculus with application using D’ Alambert

approach. Progr. Fract. Differ. Appl. 2, 115-122 (2016)
Katugampola, U.: A new fractional derivative with classical properties. arXiv:1410.6535v2



http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1186/s13662-017-1383-z
http://arxiv.org/abs/1410.6535v2

Arab. J. Math.

11.
12.
13.
14.
15.
16.
17.
18.
19.
20.
21.
22.

23.
24.

Khalil, R.; Al Horani, M.; Yousef, A.; Sababheh, M.: A new definition of fractional derivative. J. Comput. Appl. Math. 264,
65-70 (2014)

Kilbas, A.A.; Srivastava, H.M.; Trujillo, J.J.: Theory and Applications of Fractional Differential Equations. Elsevier B.V,
Amsterdam (2006)

Ostrowski, A.M.: Uber die absolutabweichung einer differentiebaren funktion von ihrem integralmitelwert. Comment. Math.
Helv. 10, 226-227 (1938)

Samko, S.G.; Kilbas, A.A.; Marichev, O.1.: Fractional Integrals and Derivatives: Theory and Applications. Gordonand Breach,
Yverdon et alibi (1993)

Sarikaya, M.Z.: Gronwall type inequality for conformable fractional integrals. Konuralp J. Math. 4(2), 217-222 (2016)
Usta, F.; Sarikaya, M.Z.: On generalization conformable fractional integral inequalities (2016) (preprint)

Sarikaya, M.Z.; Usta, F.: On comparison theorems for conformable fractional differential equations. Int. J. Anal. Appl. 12(2),
207-214 (2016)

Sarikaya, M.Z.; Budak, H.: New inequalities of Opial type for conformable fractional integrals. Turk. J. Math. 41(5), 1164—
1173 (2017)

Usta, F.; Sarikaya, M.Z.: Explicit bounds on certain integral inequalities via conformable fractional calculus. Cogent Math.
4(1), 1277505 (2017). https://doi.org/10.1080/23311835.2016.1277505

Zheng, A.; Feng, Y.; Wang, W.: The Hyers-Ulam stability of the conformable fractional differential equation. Math. Aeterna
5(3), 485-492 (2015)

Al-Rifae, M.; Abdeljawad, T.: Fundamental results of conformable SturmLiouville eigenvalue problems, Complexity, vol.
2017, Article ID 3720471. https://doi.org/10.1155/2017/3720471

Katugampola, U.N.: New approach to generalized fractional integral. Appl. Math. Comput. 218, 860-865 (2011)

Jarad, F.; Uurlu, E.; Abdeljawad, T.; Baleanu, D.: On a new class of fractional operators. Adv. Differ. Equ. 2017, 247 (2017)
Anderson, D.R.; Ulness, D.J.: Newly defined conformable derivatives. Adv. Dyn. Syst. Appl. 10(2), 109-137 (2015)

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

@ Springer


https://doi.org/10.1080/23311835.2016.1277505
https://doi.org/10.1155/2017/3720471

	New bounds for the Ostrowski-type inequalities  via conformable fractional calculus
	Abstract
	1 Introduction
	2 Definitions and properties of conformable fractional derivative and integral
	3 Ostrowski-type inequalities for conformable fractional integral
	4 Applications to numerical integration
	5 Concluding remarks
	References




