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1. Introduction

The inequalities discovered by Hermite and Hadamard for convex functions are very important in the literature (see,
e.g.[1, p. 137], [2]). These inequalities state that if f:I — R is a convex function on the interval I of real numbers and
a,b € I witha < b, then

b
2 —aJ, 2

Both inequalities hold in the reversed direction if f is concave. We note that Hadamard’s inequality may be regarded as
a refinement of the concept of convexity and it follows easily from Jensen’s inequality. Hadamard’s inequality for convex
functions has received renewed attention in recent years and a remarkable variety of refinements and generalizations have
been found; see, for example, [3-6,2,7-11,1,12,13] and the references cited therein.

The classical Hermite-Hadamard inequality provides estimates of the mean value of a continuous convex function
f:la,b] —> R.

Definition 1. The function f: [a, b] C R — R, is said to be convex if the following inequality holds
FOx+ A —=2y) <Af @)+ 1 —0f)
forallx,y € [a, b] and A € [0, 1]. We say that f is concave if (—f) is convex.

In [7], Dragomir and Agarwal proved the following results connected with the right part of (1.1).
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Lemma 1. Let f:1° C R — R be a differentiable mappingonI°, a, b € I° witha < b.If f € L[a, b], then the following equality
holds:

f@+f®b)
2

1 [ b—a (! ,
/ f)dx = 7/ (1 —=2t)f"(ta+ (1 —t)b)dt. (1.2)
b—a a 2 0

Theorem 1. Let f:I° € R — R be a differentiable mapping on I°, a,b € I° witha < b. If !f/‘ is convex on [a, b], then the
following inequality holds:

f(a)+f(b) 1 ’
‘ 5 _b—a/,; f(x)dx

In the following, we will give some necessary definitions and mathematical preliminaries of fractional calculus theory
which are used further in this paper. For more details, one can consult [ 14-16].

=

(b—a
8

(IF@]+f®»]). (1.3)

Definition 2. Letf € Li[a, b]. The Riemann-Liouville integrals J7, f and J; f of order « > 0 with a > 0 are defined by

o _; * _ a1
100 = 1 f (=" f(O)dt, x> a

al‘ld
-]b rw( ) ) <

respectively. Here, I" («) is the Gamma function and j&f(x) = ]l?_f *x) =f(x).

For some recent results connected with fractional integral inequalities, see [17-23].
The aim of this paper is to establish Hermite-Hadamard'’s inequalities for Riemann-Liouville fractional integral and some
other integral inequalities using the identity is obtained for fractional integrals.

2. Hermite-Hadamard’s inequalities for fractional integrals
Hermite-Hadamard’s inequalities can be represented in fractional integral forms as follows.

Theorem 2. Let f: [a, b] — R be a positive function with0 < a < band f € Ly]a, b]. If f is a convex function on [a, b], then
the following inequalities for fractional integrals hold:

f<a+b>5 I'a+1)
2 2(b—a)

Ui+ s@] < O 2.1)

with o > 0.

Proof. Since f is a convex function on [a, b], we have for x, y € [a, b] with A = %

f (X +y> < f®+fB) (22)
2 2
i.e,withx =ta+ (1 —t)b,y = (1 — t)a + tb,
2f <a;b> <fta+A—=0b)+f((1—-1t)a+th). (2.3)

Multiplying both sides of (2.3) by t*~!, then integrating the resulting inequality with respect to t over [0, 1], we obtain

1 1
Ef (a+b> 5] t“_]f(ta+(1—t)b)dt+/ t*7If (1 — t)a + th) dt
o 2 0 0

/ﬂ(b-u)“f() du +/b<v—a>“‘f() dv
» \b—a ua—b . \b—a vb—a
I'(a)

= b Jed O+ @]
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a+b Fa+1) , "
f( > ) < T6=o° e f(b) + i f (@]

and the first inequality is proved.
For the proof of the second inequality in (2.2) we first note that if f is a convex function, then, for A € [0, 1], it yields

fta+ (1 —0)b) < tf(a) + (1 —)f (b)

and

fA=ta+th) < (1-0f(a)+tf(b).

By adding these inequalities we have
fta+ A —=t)b)+f((1—t)a+th) <tf(a)+ (1 —t)f (b) + (1 —t)f(a) + tf (b). (2.4)

Then multiplying both sides of (2.4) by t*~! and integrating the resulting inequality with respect to t over [0, 1], we obtain

1 1 .
/fa_lf(faﬂl—f)b)dw/ fa_lf((l—f)a+tb)dt§[f(a)+f(b)]/ t*dt
0 0 )

I'(a)
(b—a)*

Ui+ s @] < 19O

The proof is completed. O

Remark 1. If in Theorem 2, we let « = 1, then inequality (2.1) become inequality (1.1) of Theorem 1.

3. Hermite-Hadamard type inequalities for fractional integrals
We need the following lemma.

Lemma 2. Let f:[a, b] — R be a differentiable mapping on (a, b) with a < b. If f" € L|a, b], then the following equality for
fractional integrals holds:

f@+fb) TI'e+1)
2 2(b— a)®

h— 1
e f )+ f@] = TG/O [(1—0)* — t*]f (ta + (1 — t)b) dt. (3.1)

Proof. It suffices to note that

1
I = / [(1—=0)* —t*]f (ta+ (1 — t)b) dt
0

1 1
= [/ (1—=0)*f (ta+ (1 —1t)b) dt} + [—/ t“f" (ta+ (1 —t)b) dt]
0 0
=L +5h. (3.2)
Integrating by parts
1
L =/ A =0)*f (ta+ (1 —t)b)dt
0

1 1
WIM +/ a(l_t)awdt
a—>b o Jo a—>b

f(b) a / (a —x)“‘l f
= - dx
b—a b—alJ, \a—b>b a—>b
_f) T+,
= (b—a)"‘“]b_f(a) (3.3)

= 0=
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and similarly we get,
1
L =— f t*f" (ta+ (1 — t)b) dt
0

a _ 1 1 —
t f(ta+ (1—1t)b) n a/ t“‘1f (ta+ (1 —1t)b) dt
0 0

a—>b

f(a) a‘F<%mY4f®
= — dx
b—a b-—a b—a a—b>b

_J@ e+

a—b

b—a (b-— a+1j arf (D). "
Using (3.3) and (3.4) in (3.2), it follows that
_f(a)+f(b) Fa+1) .
= =0 o SO HES@].

Thus, by multiplying both sides by % we have conclusion (3.1). O
Remark 2. If in Lemma 2, we let « = 1, then equality (3.1) becomes equality (1.2) of Lemma 1.
Using this lemma, we can obtain the following fractional integral inequality.
Theorem 3. Let f:[a, b] — R be a differentiable mapping on (a, b) witha < b. If |f/| is convex on [a, b], then the following

inequality for fractional integrals holds:

f@+fb) F(a—l—l) N b—a 1
3 T 20— S Ue b+ f@]| < 2@t 1) (1 2a> [f'@ +f'(b)]. (35)

Proof. Using Lemma 2 and the convexity of |f’|, we find
f@+fb) F(Ol+1)
2 20—

< b% |(1 =0 — t*]|f' (ta+ (1 — t)b)| dt

S Pesm) + I f @]

< _“/|U—o Y[t @]+ (1 =0 | ®)|]de

b—
= > a :/O [(1— f)a Ot] [t ‘f’(a)‘ +(1-1) ‘f/(b)’] dt

1
+ﬁh“%%ﬂﬂwﬂm+ﬂ—ﬂﬂmwﬂ

2
b—a
= T(Kl +K3). (3.6)

Calculating K; and K3, we have

r .1 1 1 1
Ky = |f'(a)] /2 t(1—t)%dt —/2 t°‘+1dt:| + |f' ()| {/2(1 —t)o‘+ldt—/2(1 —t)t"‘dt:|
0 0 0 0
] 1 @) 1@
_|f(a)|_(a+l)(ot+2)_a+l + )l @+2)  a+i (37)

and

M 1 1 1 1
K = |f'(0) / t““dt—ﬁ t(1—1t)* dti| + |f' ()| [ﬁ (1—t)t"‘dt—/l (l—t)‘”'ldt:|
2 2 2 2

1 a+1
() } . (3.8)

L r 1 ( )CH»]
_Vmﬂ_w+2> a+1}+v(”La+nw+a)_a+1
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Thus if we use (3.7) and (3.8) in (3.6), we obtain the inequality of (3.5). This completes the proof. O

Remark 3. If we take @ = 1in Theorem 3, then inequality (3.5) becomes inequality (1.3) of Theorem 1.
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