
Turk J Math
(2022) 46: 2690 – 2700
© TÜBİTAK
doi:10.55730/1300-0098.3295

Turkish Journal of Mathematics

http :// journa l s . tub i tak .gov . t r/math/

Research Article

Spinor representation of framed Mannheim curves

Bahar DOĞAN YAZICI1,∗, Zehra İŞBİLİR2, Murat TOSUN3
1Department of Mathematics, Faculty of Sciences and Arts, Bilecik Seyh Edebali University, Bilecik, Turkey

2Department of Mathematics, Faculty of Sciences and Arts, Düzce University, Düzce, Turkey
3Department of Mathematics, Faculty of Sciences and Arts, Sakarya University, Sakarya, Turkey

Received: 09.10.2021 • Accepted/Published Online: 20.06.2022 • Final Version: 05.09.2022

Abstract: In this paper, we obtain spinor with two complex components representations of Mannheim curves of framed
curves. Firstly, we give the spinor formulas of the frame corresponding to framed Mannheim curve. Later, we obtain the
spinor formulas of the frame corresponding to framed Mannheim partner curve. Moreover, we explain the relationships
between spinors corresponding to framed Mannheim pairs and their geometric interpretations. Finally, we present some
geometrical results of spinor representations of framed Mannheim curves.
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1. Introduction
The theory of spinors, especially used in applications to electron spin and theory of relativity in quantum me-
chanics, was expressed by B.L. van der Waerden in 1929. In three dimensions, spinors are used to describe
the spin of the nonrelativistic electron and other spin-1/2 particles. They are also used to describe the state
of relativistic many-particle systems in quantum field theory. Nowadays, spinors have a wide place in physics
applications, mathematics, differential geometry, topology, and complex algebraic geometry. Spinors were first
studied by Élie Cartan in a geometrical sense [1]. Cartan gave spinor representations of basic geometric struc-
tures. Therefore, this became an important reference for the geometric structure of spinors. Other important
studies in terms of geometrical analysis of spinors were given by Vivarelli, and del Castillo and Barrales [2, 17].
Vivarelli, introduced spinor representations of rotations in three-dimensional Euclidean space and gave the re-
lations between quaternions and spinors. On the other hand, del Castillo and Barrales expressed the spinor
formulas of the Frenet frame of curves, which is an important structure in differential geometry. After this
pioneering work of del Castillo and Barrales, researchers gave spinor representations of regular curves according
to Darboux, Bishop, and Sabban frames [11, 14, 16].

Spinor representations of curves with respect to different frames are given for regular curves. This is
due to the inability to construct an orthonormal frame for singular curves. Therefore, the natural structure of
spinors cannot be constructed. However, recently, so-called “framed curves” in space have been introduced by
Honda and Takahashi to study singular curves [7]. Framed curves are smooth curves that can be defined by a
moving frame, although they have singular points. Framed curves have become quite popular in the literature.
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In fact, framed curves can be thought of as the construction in space of Legendre curves or spherical Legendre
curves in plane and space [6, 12, 15]. In the literature, there are many studies about existence and uniqueness
conditions of framed curves [5], framed special curves [18–20], the surfaces created with framed curves [8, 10].
One of these studies is Bertrand and Mannheim curves of framed curves in space were given by Honda and
Takahashi [9]. A Mannheim curve is a space curve whose principal normal line is the same as the binormal line
of another curve [13]. In [9], in addition to the singular Bertrand and Mannheim curves, the regular Bertrand
and Mannheim curves were evaluated by adding the condition of being nondegenerate. It is also shown that
framed Bertrand curves are also framed Mannheim curves. This is an interesting characterization as there is
no such result for regular curves.

In this paper, we give spinor with two complex components representations of Mannheim curves of
framed curves in Section 3.1. We obtain the spinor formulas for frame of framed Mannheim curve, (Theorems
4.2 and 4.3). Later, we give the spinor formulas of the frame corresponding to framed Mannheim partner curve,
(Theorems 4.4 and 4.5). Moreover, we investigate the relationships between spinors corresponding to framed
Mannheim pairs (Theorem 4.6). Finally, we give some geometrical interpretations of spinor representations of
framed Mannheim curves.

2. Spinors

A spinor can be represented by

ε =

(
ε1
ε2

)

for

x+ iy = εtσε, z = −ε̂tσε, (2.1)

where the reel vectors x, y, z and the “t” denotes transposition and ε̂ is the conjugate and ε is the complex
conjugation of ε , as follows:

ε̂ = −
(

0 1
−1 0

)
ε = −

(
0 1
−1 0

)(
ε1
ε2

)
=

(
−ε2
ε1

)
.

Moreover, σ = (σ1, σ2, σ3) is a vector whose cartesian components are the complex symmetrics 2× 2 matrices

σ1 =

(
1 0
0 −1

)
, σ2 =

(
i 0
0 i

)
, σ3 =

(
0 −1
−1 0

)
.

For the isotropic vector x+ iy = (a1, a2, a3) , we can write:

a1 = εtσ1ε = ε21 − ε22,

a2 = εtσ2ε = i(ε21 + ε22),

a3 = εtσ3ε = −2ε1ε2.
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For the real vector z = (b1, b2, b3) , we can write:

b1 = ε̂tσ1ε = ε1ε2 + ε1ε2,

b2 = ε̂tσ2ε = i(ε1ε2 − ε1ε2),

b3 = ε̂tσ3ε = |ε1|2 − |ε2|2.

Then, x+ iy ∈ C3 and z ∈ R3 are given as follows:

x+ iy = (ε21 − ε22, i(ε
2
1 + ε22),−2ε1ε2),

z = (ε1ε2 + ε1ε2, i(ε1ε2 − ε1ε2), |ε1|2 − |ε2|2).
(2.2)

Since the vectors x + iy ∈ C3 and z ∈ R3 , it can be seen easily that the vectors x , y , and z are mutually
orthogonal vectors, really we get:

⟨x+ iy, x+ iy⟩ = ⟨x, x⟩+ 2i⟨x, y⟩ − ⟨y, y⟩ = 0,
⟨x, x⟩ = ⟨y, y⟩, ⟨x, y⟩ = 0,
⟨x+ iy, z⟩ = ⟨

(
ε21 − ε22, i

(
ε21 + ε22

)
,−2ε1ε2

)
,
(
ε1ε2 + ε1ε2, i (ε1ε2 − ε1ε2) , |ε1|2 − |ε2|2

)
⟩ = 0,

⟨x+ iy, z⟩ = ⟨x, z⟩+ i⟨y, z⟩ = 0,
⟨x, z⟩ = ⟨y, z⟩ = 0.

Moreover, since ∥z∥ = (|ε1|2 + |ε2|2) , and ∥x + iy∥2 = ⟨x + iy, x + iy⟩ = 2(|ε1|2 + |ε2|2)2 , we get ∥x + iy∥2 =

∥x∥2 + ∥y∥2 = 2(|ε1|2 + |ε2|2)2 and ∥x∥ = ∥y∥ = ∥z∥ = εtϵ and ⟨x ∧ y, z⟩ = det(x, y, z) > 0. Conversely, if
the vectors x , y and z one another orthogonal vectors of same magnitude (det(x, y, z) > 0) , then there is a
spinor defined up to sign such that the equation (2.2) holds. The correspondence between the spinors and the
orthogonal bases (for the equation (2.2)) is two-to-one because the spinors ε and −ε correspond to the same
ordered orthogonal bases {x, y, z} with ∥x∥ = ∥y∥ = ∥z∥ and det(x, y, z) > 0 . Moreover, the ordered triads
{x, y, z}, {y, z, x}, {z, x, y} correspond to different spinors. The set {ε̂, ε} is linearly independent for the spinor
ε ̸= 0 [1, 2]. In addition, the following proposition can be given:

Proposition 2.1 [2] Let ε and ϱ be arbitrary spinors and λ1, λ2 ∈ C . Then, we get:

i. ϱtσε = −ϱ̂tσε̂ ,

ii. (λ1ϱ+ λ2ε)̂ = λ1ϱ̂+ λ2ε̂ ,

iii. ̂̂ε = −ε ,

iv. ϱtσε = εtσϱ .

3. Framed curves
Let γ : I → R3 be a curve with singular points. To construct framed curves, a three-dimensional smooth
manifold structure is defined as follows:

∆2 = {µ = (µ1, µ2) ∈ R3 × R3 | ⟨µi, µj⟩ = δij , i, j = 1, 2}.

The vector ν is a unit vector defined by ν = µ1∧µ2 . Hence, the definition of a framed curve is given as follows:
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Definition 3.1 (γ, µ1, µ2) : I → R3 × ∆2 is called a framed curve if ⟨γ′
(s), µi(s)⟩ = 0 for all s ∈ I and

i = 1, 2 . γ : I → R3 is said that a framed base curve if there exists (µ1, µ2) : I → ∆2 such that (γ, µ1, µ2) is a
framed curve [7].

Moreover, {ν, µ1, µ2} is a moving frame for (γ, µ1, µ2) : I → R3 × ∆2 and the Frenet-type formulas are as
follows:  ν

′
(s)

µ
′

1(s)

µ
′

2(s)

 =

 0 −m(s) −n(s)
m(s) 0 l(s)
n(s) −l(s) 0

 ν(s)
µ1(s)
µ2(s)

 . (3.1)

Here it is clearly seen that l(s) = ⟨µ′

1(s), µ2(s)⟩ , m(s) = ⟨µ′

1(s), ν(s)⟩ and n(s) = ⟨µ′

2(s), ν(s)⟩ . Moreover, a
smooth mapping α : I → R characterizing the singular points of the curve is given as

γ
′
(s) = α(s)ν(s).

In addition, s0 is a singular point of the framed curve γ if and only if α(s0) = 0 . The mapping (l,m, n, α)

are called the curvature of the framed curve (γ, µ1, µ2) . Moreover, the existence and uniqueness theorems for
these curvatures are given in [5]. Moreover, the (µ̆1, µ̆2) ∈ ∆2 is defined by(

µ̆1(s)
µ̆2(s)

)
=

(
cosψ(s) − sinψ(s)
sinψ(s) cosψ(s)

)(
µ1(s)
µ2(s)

)
(3.2)

where ψ(s) is a smooth function. By using (3.2), the Bishop frame of the framed curves with the condition
l(s) = ψ

′
(s) and the Frenet frame with the condition m(s) sinψ(s) + n(s) cosψ(s) = 0 are obtained. See

[5, 7, 18] for a detailed review of framed curves.

3.1. Mannheim curves of framed curves
Definition 3.2 [9] Let (γ, µ1, µ2) and (γ, µ1, µ2) : I → R3 × ∆2 be framed curves. If there exists a smooth
function λ : I → R such that γ(s) = γ(s) + λ(s)µ1(s) and µ1(s) = µ2(s) for every s ∈ I , the framed curves
(γ, µ1, µ2) and (γ, µ1, µ2) are called Mannheim mates. Here, the curves (γ, µ1, µ2) and (γ, µ1, µ2) are called
as framed Mannheim curve and framed Mannheim partner curve, respectively.

Additionally, the following equation holds since µ1(s) = µ2(s) :(
ν(s)
µ1(s)

)
=

(
cosψ(s) − sinψ(s)
sinψ(s) cosψ(s)

)(
µ2(s)
ν(s)

)
. (3.3)

On other respect, the following relations are satisfied between the framed Mannheim mates:

l(s) = −l(s) sinψ(s)−m(s) cosψ(s),

m(s) = ψ
′
(s)− n(s),

n(s) = l(s) cosψ(s)−m(s) sinψ(s),

α(s) = λl(s) cosψ(s)− (α(s) + λm(s)) sinψ.

(3.4)
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Theorem 3.3 Let (γ, µ1, µ2) : I → R3×∆2 be a framed curve with the curvature (l,m, n, α) . Then (γ, µ1, µ2)

is a Mannheim curve if and only if there exist a nonzero constant λ and a smooth function ψ : I → R such
that

λl(s) sinψ(s) + (α(s) + λm(s)) cosψ(s) = 0 (3.5)

for all s ∈ I [14].

4. Spinor formulations of framed Mannheim curves

In this section, firstly, we investigate the spinor formulations of Mannheim partner curves of framed curves in
the three dimensional Euclidean space.

Definition 4.1 Let (γ, µ1, µ2) : I → R3×∆2 be a framed Mannheim partner curve, and the spinor ξ corresponds
to the triad {ν, µ1, µ2} . Then, the following equations

ν + i µ1 = ξtσξ (4.1)

and
µ2 = −ξ̂tσξ (4.2)

can be written. Here ξ
t
ξ = 1 .

Now, we present the following theorem:

Theorem 4.2 Let (γ, µ1, µ2) : I → R3×∆2 be a framed Mannheim partner curve and the spinor ξ corresponds
to the triad {ν, µ1, µ2} . Then, the following single spinor equation which contains the curvatures of Mannheim
curves of framed curves is satisfied:

dξ

ds
=

1

2

(
imξ +

(
n− il

)
ξ̂
)
. (4.3)

Proof Via differentiation of the equation (4.1) with respect to s , then we get,

dν

ds
+ i

dµ1

ds
=

(
dξ

ds

)t
σξ + ξtσ

(
dξ

ds

)
. (4.4)

In other respect, the following equation can be written because of the fact that {ξ, ξ̂} is a basis for spinors.

dξ

ds
= fξ + gξ̂ (4.5)

where f and g are any complex valued functions. According to equation (4.4), by using the equations (3.1),
(4.1), (4.2), and (4.5), we get:

(−mµ1 − nµ2) + i
(
l µ2 +mν

)
=
(
fξ + gξ̂

)t
σξ + ξtσ(fξ + gξ̂),

im (ν + i µ1) +
(
−n+ i l

)
µ2 = 2f (ν + i µ1)− 2gµ2.
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From the last equation, the following can be written:
f =

im

2
,

g =
n− i l

2
.

(4.6a)

(4.6b)

That is,
dξ

ds
=

(
im

2

)
ξ +

(
n− i l

2

)
ξ̂.

2

Theorem 4.3 Let (γ, µ1, µ2) : I → R3×∆2 be a framed Mannheim partner curve and the spinor ξ corresponds
to the triad {ν, µ1, µ2} . Then, the spinor equations of the framed vectors are given as follows:

ν =
1

2

(
ξtσξ − ξ̂tσξ̂

)
,

µ1 = −
i

2

(
ξtσξ + ξ̂tσξ̂

)
,

µ2 = −ξ̂tσξ̂.

Proof Suppose that the spinor ξ corresponds to the triad {ν, µ1, µ2} of the framed Mannheim partner curve
(γ, µ1, µ2) . According to the equation (4.1), we get ν = Re(ξtσξ) and µ1 = Im(ξtσξ) . Then,

µ1 = −
i

2

(
ξtσξ − ξtσξ

)
and

ν =
1

2

(
ξtσξ + ξtσξ

)
are written. By using the equation φtσξ = −φ̂tσξ̂ , we obtain:

µ1 = −
i

2

(
ξtσξ + ξ̂tσξ̂

)
and

ν =
1

2

(
ξtσξ − ξ̂tσξ̂

)
.

In addition to these, we know already µ2 = −ξ̂tσξ from the equation (4.2). 2

Now, let us think the framed Mannheim curve (γ, µ1, µ2) . The spinor φ corresponds to the triad
{µ2, ν, µ1} of the curve. Therefore,

µ2 + iν = φtσφ, (4.7)

µ1 = −φ̂tσφ, (4.8)

where φtφ = 1 Then, the following theorem can be given.
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Theorem 4.4 Let (γ, µ1, µ2) : I → R3×∆2 be a framed Mannheim curve and the spinor φ corresponds to the
triad {µ2, ν, µ1} . Hence, the following single spinor equation that includes the curvatures of framed curves is
written as:

dφ

ds
=

1

2
[(−i n)φ+ (l + im) φ̂] .

Proof By differentiation of the equation (4.7), we get:

dµ2

ds
+ i

dν

ds
=

(
dφ

ds

)t
σφ+ φtσ

dφ

ds
. (4.9)

Moreover, since {φ, φ̂} is a basis of the spinors, the following equation can be obtained:

dφ

ds
= fφ+ gφ̂. (4.10)

where f and g are any complex valued functions. According to equation (4.9), by using the equations (3.1),
(4.7), (4.8), and (4.10), we get:

(−l µ1 + n ν) + i (−mµ1 − nµ2) = (fφ+ gφ̂)
t
σφ+ φtσ(fφ+ gφ̂),

−i n (µ2 + i ν) + (−l − im)µ1 = 2f (µ2 + i ν)− 2gµ1.

Hence, we have: 
f =

− i n

2
,

g =
l + im

2
.

Consequently, we get:
dφ

ds
=

1

2
[(−i n)φ+ (l + im) φ̂] .

2

Theorem 4.5 Let (γ, µ1, µ2) : I → R3×∆2 be a framed Mannheim curve and the spinor φ corresponds to the
triad {µ2, ν, µ1} . Then, the spinor equations for the framed vectors are as follows:

ν = −
i

2

(
φtσφ+ φ̂tσφ̂

)
,

µ1 = −φ̂tσφ,

µ2 =
1

2

(
φtσφ− φ̂tσφ̂

)
.

Proof By using the equation (4.7), we have µ2 = Re(φtσφ) and ν = Im(φtσφ) . Then, we can write:

ν = −
i

2

(
φtσφ− φtσφ

)
,

µ2 =
1

2

(
φtσφ+ φtσφ

)
.
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Therefore, similar to Theorem 4.3, by using the equation φtσφ = −φ̂tσφ̂ , desired is achieved, and the proof is
completed since µ1 = −φ̂tσφ from the equation (4.8) we know already. 2

Theorem 4.6 Let (γ, µ1, µ2) and (γ, µ1, µ2) be framed Mannheim mates, and the spinors ξ and φ correspond
to triad {ν, µ1, µ2} and {µ2, ν, µ1} , respectively. Then, the following relation is satisfied:

ξ = ±ei
ψ
2 φ (4.11)

where ψ is an angle between the ν and µ2 .

Proof According to equation (3.3), we know the following equations:

ν = cosψµ2 − sinψν,

µ1 = sinψµ2 + cosψν.

In that case, for the vector ν + i µ1 ∈ C3 , we get:

ν + i µ1 =(cosψµ2 − sinψ) ν + i (sinψµ2 + cosψν) ,

=(− sinψ + i cosψ) ν + (cosψ + i sinψ)µ2,

=i (cosψ + i sinψ) ν + (cosψ + i sinψ)µ2,

=(cosψ + i sinψ) (µ2 + iν)

=eiψ (µ2 + iν) .

Then, we have:
ν + i µ1 = eiψ (µ2 + iν)

where ψ is an angle between the ν and µ2 . Hence,

ξtσξ = eiψ
(
φtσφ

)
can be written. Considering that

ξtσξ =
(
ξ21 − ξ22 , i

(
ξ21 + ξ22

)
,−2ξ1ξ2

)
,

φtσφ =
(
φ2
1 − φ2

2, i
(
φ2
1 + φ2

2

)
,−2φ1φ2

)
,

then we get ξ21 = eiψφ2
1 and ξ22 = eiψφ2

2 . Therefore,

ξ = ±ei
ψ
2 φ

can be seen. 2

Corollary 4.7 Let (γ, µ1, µ2) and (γ, µ1, µ2) be framed Mannheim mates, and the spinors ξ and φ correspond

to triad {ν, µ1, µ2} and {µ2, ν, µ1} , respectively. Then, the angle between ξ and φ is
ψ

2
.
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Corollary 4.8 Let (γ, µ1, µ2) and (γ, µ1, µ2) be framed Mannheim mates and the spinors ξ and φ correspond
to triad {ν, µ1, µ2} and {µ2, ν, µ1} , respectively. The relation between conjugations of the spinors is

ξ̂ = ±e−i
ψ
2 φ̂. (4.12)

Proof By taking the conjugation of the equation of the equation (4.11), then we get:

ξ̂ = (±ei
ψ
2 φ)̂.

Additionally, by using the equation (λφ+ µξ)̂ = λφ̂+ µξ̂ , we get the equation (4.12). 2

Corollary 4.9 Let (γ, µ1, µ2) and (γ, µ1, µ2) be framed Mannheim mates and the spinors ξ and φ correspond

to triad {ν, µ1, µ2} and {µ2, ν, µ1} , respectively. While there exists a rotation with the angle
ψ

2
between spinors

ξ and φ , there exists a rotation with the reverse angle
ψ

2
between the spinors ξ̂ and φ̂ .

Corollary 4.10 Let (γ, µ1, µ2) and (γ, µ1, µ2) be framed Mannheim mates and the spinors ξ and φ correspond
to triad {ν, µ1, µ2} and {µ2, ν, µ1} , respectively. Then, the following equation holds:

dξ

ds
=

1

2

[
i
(
ψ

′
− n

)
ξ + eiψ (l + im) ξ̂

]
. (4.13)

Proof Let the spinors ξ and φ correspond to triad {ν, µ1, µ2} and {µ2, ν, µ1} , respectively. With the help
of the equation (4.3) and (3.4), we get:

dξ

ds
=

1

2

[
i(ψ

′
− n)ξ + (l cosψ −m sinψ − i(−l sinψ −m cosψ))ξ̂

]
=

1

2

[
i(ψ

′
− n)ξ + (l(cosψ + i sinψ)−m(sinψ − i cosψ))ξ̂

]
=

1

2

[
i(ψ

′
− n)ξ + l(cosψ + i sinψ) + im(cosψ + i sinψ)ξ̂

]
=

1

2

[
i
(
ψ

′
− n

)
ξ + eiψ (l + im) ξ̂

]
.

2

Corollary 4.11 Let (γ, µ1, µ2) and (γ, µ1, µ2) be framed Mannheim mates and the spinors ξ and φ correspond
to triad {ν, µ1, µ2} and {µ2, ν, µ1} , respectively. If the angle between the ν and µ2 is ψ , then the angle between
dξ

ds
and ξ̂ is also ψ provided that ψ′

= n .

Corollary 4.12 Let (γ, µ1, µ2) and (γ, µ1, µ2) be framed Mannheim mates and the spinors ξ and φ correspond

to triad {ν, µ1, µ2} and {µ2, ν, µ1} respectively. In that case, the angle between the spinors
dξ

ds
and φ̂ is

ψ

2
on

condition that ψ′
= n .
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Proof According to the equation (4.13), we have:

dξ

ds
=

1

2

[
i(ψ

′
− n)ξ + eiψ(l + im)ξ̂

]
.

Then, by the equation (4.11) and (4.12), we obtain:

dξ

ds
= ±

1

2

[
i(ψ

′ − n)e
iψ
2 φ± eiψ(l + im)e

−iψ
2 φ̂

]
= ±

1

2

[
i(ψ

′ − n)e
iψ
2 φ± (l + im)e

iψ
2 φ̂
]

= ±
1

2
e
iψ
2

[
i(ψ

′ − n)φ+ (l + im)φ̂
]
.

2

Remark 4.13 Let (γ, µ1, µ2) and (γ, µ1, µ2) be framed Mannheim mates and the spinors ξ and φ correspond
to triad {ν, µ1, µ2} and {µ2, ν, µ1} , respectively. It can be written in terms of spinor equations (l,m, n, α) using
the equation (3.4) and the Theorem 3.3. Therefore, spinor equations can be expressed according to the function
α that characterizes the singular points.

5. Conclusion
In this study, spinor representations of Mannheim curves of singular curves are explained with the help of framed
curve theory. In addition, some geometric interpretations of these representations are given. Similarly, spinor
formulas for Bertrand curves of framed curves can be given based on the study [9] for framed curves and the
study [4] for regular curves, and spinor formulas for involute-evolute curves of framed curves can be given using
[3] study. Moreover, some physical results can be obtained according to the physical structure of spinors.
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