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a b s t r a c t 

In this paper, we find new travelling wave solutions to the nonlinear electrical transmission line model. Ex- 

ponential function method is applied. This model is used to the voltage behaviors in electrical transmission 

lines. Under a suitable choice of control parameters, we plot the figures along with contour surfaces of new 

solutions by using computational programs such as Mathematica, Maple and Matlab. Some information about 

the behavior of voltage on the electrical lines is extracted. The hyperbolic, periodic or singular properties are 

reported. 
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. Introduction 

In modern century, energy transfer systems (ETS) play an impor-

ant role in applied science such as engineering, physics, optics and so

n. Such models are based on the network line with various param-

ters. Many scientists studied on the various forms of ETS. Further-

ore, with the help of newly developed tools for network line, new

TS were explored. Moreover, many new real world problems includ-

ng network line and ETS were symbolized by using mathematical mod-

ls ( Chikalova-Luzina, Samosvat, Vyatkin, & Zegrya, 2019 ). One of such

roblems is the nonlinear electrical transmission line model in (2 + 1) di-

ensions. Kumar et al. have investigated the complex structures of non-

inear transmission line model ( Kumar, Seadawy, & Chowdhury, 2018 ).

elap & Faye have presented the new soliton solutions of electrical trans-

ission line model ( Pelap & Faye, 2005 ). Further, researches of electri-

al model were presented by Marquie et al. with theoretical applica-

ions ( Marquie, Bilbault, & Remoissenet, 1995 ). They focused on the

onlinear behavior of the electrical lattice model. Moreover, they sub-

itted some important simulations of electrical lattice behavior. Cian-

io et al. presented the important properties of wave propagation in

hermo visco elastic model ( Ciancio, Ciancio, & Farsaci, 2007 ) and a

ybrid model for tumor-immune system ( Ciancio & Quartarone, 2013 ).

iancio et al. investigated the thermo mechanical model in elastic media

 Ciancio, Ciancio, & Farsaci, 2008 ). Seadawy searched for ion-acoustic

aves in a magnetized and in quantum plasma ( Seadawy, 2014 , 2016 ,

017 ). Dusunceli and his team observed the high-order linear com-
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lex differential equations with variable coefficients ( Dusunceli, 2017 ).

ome important properties of the fractal distribution of primes and

rime-indexed were observed by Cattani and Ciancio (2016) . Bulut

tudied on the Cahn-Allen model, generalized double Sinh-Gordon and

(m,n) equation ( Bulut, 2017 , 2013 , 2015 ). Many other nonlinear par-

ial differential equations ( Antuña, Guirao, & López, 2021 , 2020 , 2014 ;

askonus & Bulut, 2015 ; Baskonus & Cattani, 2018 ; Baskonus, Bu-

ut, & Sulaiman, 2019 ; Bienvenue, Gambo, Mibaille, Hammouch, &

ouwe, 2019 ; Khalique, 2018 ; Cattani, 2012 ; Cattani, 2003 , 2003 ;

attani, Pierro, & Altieri, 2012 ; Cattani, Sulaiman, Baskonus, & Bulut,

018 , 2018 ; Demir & Sungu, 2009 ; Eskitascioglu, Akta ş , & Baskonus,

019 ; Hammouch, Mekkaou, & Agarwal, 2018 ; Ilhan, Esen, Bulut, &

askonus, 2019 ; Kaya & Yokus, 2012 ; Moleleki, Motsepa, & Khalique,

018 ; Sulaiman, Bulut, Yokus, & Baskonus, 2019 ; Touchent, Ham-

ouch, Mekkaoui, & Unlu, 2019 ; Uddin, Hafez, Hammouch, & Baleanu,

020 , 2021 ) used to symbolize important physical properties of real

ord problems were investigated. 

One of such models is the (2 + 1)-dimensional nonlinear electrical

ransmission line model (NETLM) defined as ( Tala-Tebue & Zayed, 2018 ;

ala-Tebue, Tsobgni-Fozap, Kenfack-Jiotsa, & Kofane, 2014 ) 

 𝑡𝑡 − 𝛼( 𝑣 2 ) 𝑡𝑡 + 𝛽( 𝑣 3 ) 𝑡𝑡 − 𝜛 

2 
0 𝛿

2 
1 𝑣 𝑥𝑥 − 𝜛 

2 
0 

𝛿4 1 
12 

𝑣 𝑥𝑥𝑥𝑥 − 𝜔 

2 
0 𝛿

2 
2 𝑣 𝑦𝑦 − 𝜔 

2 
0 

𝛿4 2 
12 

𝑣 𝑦𝑦𝑦𝑦 = 0 , 

(1) 

here 𝛼, 𝛽, 𝜛 0 , 𝛿1 , 𝛿2 are real constants with non-zero. 𝑣 = 𝑣 ( 𝑥, 𝑦, 𝑡 ) is de-

endent function of 𝑥, 𝑦, 𝑡 . Eq. (1) is used to symbolize the voltage in
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lectrical transmission line and also is used to describe the wave propa-

ation in the network line. In Tala-Tebue and Zayed (2018) , Tala-Tebue

t al. investigated new jacobi elliptic function properties of Eq. (1) . 

This paper is organized as follows. The main properties of the method

re given in Section 2 . In Section 3 , we apply the exponential function

ethod (EFM) to the NETLM. We present a comprehensive conclusion

n the last section. 

. General properties of EFM 

In this section, exponential function method is presented in detail. 

Step 1: Let’s consider the nonlinear partial differential equation as 

𝑃 
(
𝑢, 𝑢 𝑥 , 𝑢 𝑦 , 𝑢 𝑡 , 𝑢 

2 , 𝑢 𝑥𝑥 , ⋯ 

)
= 0 , (2)

n which 𝑢 = 𝑢 ( 𝑥, 𝑦, 𝑡 ) is an unknown function, 𝑃 is a polynomial in 𝑢 .

aking the travelling wave transformation ( Baskonus & Bulut, 2015 ) 

 ( 𝑥, 𝑦, 𝑡 ) = 𝑈 ( 𝜉) , 𝜉 = 𝑘 ( 𝑥 + 𝑦 − 𝑐𝑡 ) , (3)

𝜕𝑢 

𝜕𝑥 
= 𝑘𝑈 

′, 

𝜕𝑢 

𝜕𝑡 
= − 𝑐𝑈 

′, 

⋮ 

(4) 

here 𝑘, 𝑐 are real constants and non-zero, Eq. (2) can be converted into

onlinear ordinary differential equation (NODE) as following, 

𝑂𝐷𝐸 

(
𝑈 , 𝑈 

′, 𝑈 

′′, 𝑈 

′′′, ⋯ 

)
= 0 , (5)

here 𝑁𝑂𝐷𝐸 is a polynomial of 𝑈 = 𝑈 ( 𝜉) . 
Step 2: We suppose the test function of solution formula to Eq. (5) as

 = 

𝑁 ∑
𝑖 =0 

𝐴 𝑖 

[
exp ( −Ω( 𝜉) ) 

]𝑖 = 𝐴 0 + 𝐴 1 exp ( −Ω( 𝜉) ) + ⋯ + 𝐴 𝑁 

exp ( − 𝑁Ω( 𝜉) ) , 

(6) 

n which 𝐴 𝑖 ( 0 ≤ 𝑖 ≤ 𝑁 ) are real-constants with non-zero. Here, Ω = Ω( 𝜉)
atisfies the following differential equation 

′ = 𝜇 exp ( Ω) + exp ( −Ω) + 𝜆. (7)

q. (7) has of the following results 

Family-1: If 𝜇 ≠ 0 , 𝜆2 − 4 𝜇 > 0 , 

( 𝜉) = ln 

( 

− 

√
𝜆2 − 4 𝜇
2 𝜇

tanh 

( √
𝜆2 − 4 𝜇
2 

(
𝜉 + 𝑐 1 

)) 

− 

𝜆

2 𝜇

) 

, (8)

amily-2: When 𝜇 ≠ 0 , 𝜆2 − 4 𝜇 < 0 , 

( 𝜉) = ln 

( √
− 𝜆2 + 4 𝜇
2 𝜇

tan 

( √
− 𝜆2 + 4 𝜇

2 
(
𝜉 + 𝑐 1 

)) 

− 

𝜆

2 𝜇

) 

, (9)

amily-3: When 𝜇 = 0 , 𝜆 ≠ 0 , and 𝜆2 − 4 𝜇 > 0 , 

( 𝜉) = − ln 

( 

𝜆

exp 
(
𝜆
(
𝜉 + 𝑐 1 

))
− 1 

) 

, (10)

amily-4: When 𝜇 ≠ 0 , 𝜆 ≠ 0 , and 𝜆2 − 4 𝜇 = 0 , 

( 𝜉) = ln 

( 

− 

2 𝜆
(
𝜉 + 𝑐 1 

)
+ 4 

𝜆2 
(
𝜉 + 𝑐 1 

) ) 

, (11)

amily-5: When 𝜇 = 0 , 𝜆 = 0 , and 𝜆2 − 4 𝜇 = 0 , 

( 𝜉) = ln 
(
𝜉 + 𝑐 1 

)
, (12)

eing 𝐴 , 𝐴 , 𝐴 , ⋯ 𝐴 , 𝑐 , 𝜆, 𝜇 are real-constants and non-zero. 
0 1 2 𝑁 1 

209 
Step 3: Setting Eqs. (3 ), and (4) into Eq. (2) , we find a polynomial

f e −Ω( 𝜉) with various power. Considering all the coefficients of same

ower of e −Ω( 𝜉) to zero gives a system of algebraic equations. By solving

his system, we can obtain the solutions to the Eq. (2) . 

. Application of EFM 

In this section, we apply EFM to the Eq. (1) as following. Let’s con-

ider the travelling wave transformation formula 

 = 𝑣 ( 𝑥, 𝑦, 𝑡 ) = 𝑉 ( 𝜉) , 𝜉 = 𝑘 ( 𝑥 + 𝑦 − 𝑐𝑡 ) , (13)

here 𝑘, 𝑐 are real constants and non-zero. Substituting Eq. (13) into

q. (1) , we obtain following nonlinear ordinary differential equation 

𝑐 2 − 𝜔 

2 
0 𝛿

2 
2 − 𝜛 

2 
0 𝛿

2 
1 
]
𝑘 2 𝑉 ′′ − 2 𝛼𝑘 2 𝑐 2 

[
𝑉 𝑉 ′

]′ + 3 𝛽𝑘 2 𝑐 2 
[
𝑉 2 𝑉 ′

]′
− 

[
𝜛 

2 
0 𝛿

4 
1 + 𝜔 

2 
0 𝛿

4 
2 
]𝑘 4 
12 

𝑉 ( 4 ) = 0 . (14) 

f we integrate this model twice by getting to zero of integration con-

tants, Eq. (14) can be rewritten as 

2 
[
𝑐 2 − 𝜛 

2 
0 𝛿

2 
1 − 𝜔 

2 
0 𝛿

2 
2 
]
𝑉 + 12 𝛽𝑐 2 𝑉 3 − 12 𝛼𝑐 2 𝑉 2 − 𝑘 2 

[
𝜛 

2 
0 𝛿

4 
1 + 𝜔 

2 
0 𝛿

4 
2 
]
𝑉 ′′ = 0 . 

(15) 

alancing among 𝑉 ′′ and 𝑉 3 , we obtain the value of 𝑁 as 

 = 1 , (16)

hich produces the text function of solution as 

 = 𝐴 0 + 𝐴 1 exp ( −Ω) , (17)

ith 

 

′ = 𝐴 1 e ( −Ω) 
(
− 𝜇e ( Ω) − 

e ( −Ω) − 𝜆
)
, 

 

′′ = ⋯ , 

⋮ 
(18) 

here 𝐴 1 ≠ 0 . Using Eqs. (17 ) and (18) into Eq. (15) gives a system of

lgebraic equations. Solving this system gives many new travelling wave

olutions to the Eq. (1) as following cases. 

Case-1. If 

 0 = 

𝛼 + 

√ 

𝛼2 + 9 𝛽2 𝜇𝐴 

2 
1 

3 𝛽
, 𝑐 = 3 

√ 

− 𝛽
(
𝑤 

2 
0 𝛿

2 
1 + 𝛿2 2 𝜔 

2 
0 
)

√
2 𝛼2 − 9 𝛽

, 

= 

2 
√ 

𝛼2 + 9 𝛽2 𝜇𝐴 

2 
1 

3 𝛽𝐴 1 
, 𝑘 = 

3 𝑖 
√
6 𝛽𝐴 1 

√ 

𝑤 

2 
0 𝛿

2 
1 + 𝛿2 2 𝜔 

2 
0 √ (

2 𝛼2 − 9 𝛽
)(
𝑤 

2 
0 𝛿

4 
1 + 𝛿4 2 𝜔 

2 
0 
) , 

(19) 

e find the new complex solution to the Eq. (1) under the terms of

amily-1 being 𝜇 ≠ 0 , 𝜆2 − 4 𝜇 = 

4( 𝛼2 +9 𝛽2 𝜇𝐴 2 1 ) 

9 𝛽2 𝐴 2 1 
− 4 𝜇 > 0 , as 

 1 = 

𝛼 + 

√
𝜌

3 𝛽
+ 

6 𝛽𝜇𝐴 

2 
1 

−2 
√
𝜌 − 𝜑 tanh 

⎛ ⎜ ⎜ ⎝ 𝑐 1 𝜅 + 𝑖𝜏𝜅𝑥 + 𝑖𝜏𝜅𝑦 − 3 𝑖𝜏𝜅

√ 

− 𝛽
(
𝑤 2 0 𝛿

2 
1 + 𝛿

2 
2 𝜔 

2 
0 

)
√
2 𝛼2 −9 𝛽

𝑡

(20) 

here 𝜑 = 

√ 

4 𝜌 − 36 𝛽2 𝐴 

2 
1 𝜇, 𝜏 = 

3 
√
6 𝛽𝐴 1 

√
𝑤 2 0 𝛿

2 
1 + 𝛿

2 
2 𝜔 

2 
0 √

( 2 𝛼2 −9 𝛽)( 𝑤 2 0 𝛿
4 
1 + 𝛿

4 
2 𝜔 

2 
0 ) 
, 𝜅 = 

1 
2 

√
4 𝜌−36 𝛽2 𝐴 2 1 𝜇

3 𝛽𝐴 , 𝜌 = 𝛼2 + 9 𝛽2 𝜇𝐴 

2 
1 . 
1 
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Fig. 1. The 3D graphs of Eq. (20) . 

Fig. 2. The 2D graphs of Eq. (20) . 
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w  √
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𝑐

𝑘

w  

t

𝑣

Case-2. When 

 = −3 

√ 

− 𝛽
(
𝑤 

2 
0 𝛿

2 
1 + 𝛿2 2 𝜔 

2 
0 
)

√
2 𝛼2 − 9 𝛽

, 𝐴 1 = 

𝑖 

√ 

𝛽𝐴 0 
(
2 𝛼 − 3 𝛽𝐴 0 

)
√
3 𝛽

√
𝜇

, 

 = 

3 
√
2 
√ 

𝛽𝐴 0 
(
2 𝛼 − 3 𝛽𝐴 0 

)√ 

𝑤 

2 
0 𝛿

2 
1 + 𝛿2 2 𝜔 

2 
0 √ (

2 𝛼2 − 9 𝛽
)
𝜇
(
𝑤 

2 
0 𝛿

4 
1 + 𝛿4 2 𝜔 

2 
0 
) , 𝜆 = 

2 𝑖 
√
𝜇
(
𝛼 − 3 𝛽𝐴 0 

)√ 

6 𝛼𝛽𝐴 0 − 9 𝛽2 𝐴 

2 
0 

, 

(21) 

hese produce another new dark complex solution to the Eq. (1) under

he terms of Family-1 which 𝜇 ≠ 0 , 𝜆2 − 4 𝜇 = −4 𝜇 − 

4 𝜇( 𝛼−3 𝛽𝐴 0 ) 2 

6 𝛼𝛽𝐴 0 −9 𝛽2 𝐴 2 0 
> 0 , as 

 2 = 𝐴 0 + 2 𝑖𝜗 
(
−2 𝑖𝛽

√
3 𝜇𝜍 − 𝛽𝜓 

√
3 tanh 

(1 
2 
𝑐 1 𝜈 + 

1 
2 
𝜛𝜈𝑥 

+ 

1 
𝜛 𝜈𝑦 + 

3 
𝜛 𝜈𝑡𝜁

))−1 
, (22) 
2 2 

210 
here 𝜛 = 

3 
√
2 
√
𝛽𝐴 0 ( 2 𝛼−3 𝛽𝐴 0 ) 

√
𝑤 2 0 𝛿

2 
1 + 𝛿

2 
2 𝜔 

2 
0 √

( 2 𝛼2 −9 𝛽) 𝜇( 𝑤 2 0 𝛿
4 
1 + 𝛿

4 
2 𝜔 

2 
0 ) 

, 𝜓 = 

√ 

−4 𝜇 − 

4 𝜇( 𝛼−3 𝛽𝐴 0 ) 2 

6 𝛼𝛽𝐴 0 −9 𝛽2 𝐴 2 0 
, 𝜈 =

 

−4 𝜇 − 

4 𝜇( 𝛼−3 𝛽𝐴 0 ) 2 

6 𝛼𝛽𝐴 0 −9 𝛽2 𝐴 2 0 
, 𝜍 = 

( 𝛼−3 𝛽𝐴 0 ) √
6 𝛼𝛽𝐴 0 −9 𝛽2 𝐴 2 0 

, 𝜁 = 

√
− 𝛽( 𝑤 2 0 𝛿

2 
1 + 𝛿

2 
2 𝜔 

2 
0 ) √

2 𝛼2 −9 𝛽
, 𝜗 = 

𝜇𝛽𝐴 0 ( 2 𝛼 − 3 𝛽𝐴 0 ) . 
Case-3. Considering other coefficients as 

 = 3 

√ 

− 𝛽
(
𝑤 

2 
0 𝛿

2 
1 + 𝛿2 2 𝜔 

2 
0 
)

√
2 𝛼2 − 9 𝛽

, 𝐴 1 = − 

𝑖 

√ 

𝛽𝐴 0 
(
2 𝛼 − 3 𝛽𝐴 0 

)
√
3 𝛽

√
𝜇

, 

 = − 

3 
√
2 
√ 

𝛽𝐴 0 
(
2 𝛼 − 3 𝛽𝐴 0 

)√ 

𝑤 

2 
0 𝛿

2 
1 + 𝛿2 2 𝜔 

2 
0 √ (

2 𝛼2 − 9 𝛽
)
𝜇
(
𝑤 

2 
0 𝛿

4 
1 + 𝛿4 2 𝜔 

2 
0 
) , 𝜆 = 

−2 𝑖 
√
𝜇
(
𝛼 − 3 𝛽𝐴 0 

)√ 

6 𝛼𝛽𝐴 0 − 9 𝛽2 𝐴 

2 
0 

, 

(23) 

e obtain the another novel complex dark solution to the Eq. (1) with

he terms of Family-1 which 𝜆2 − 4 𝜇 = −4 𝜇 − 

4 𝜇( 𝛼−3 𝛽𝐴 0 ) 2 

6 𝛼𝛽𝐴 0 −9 𝛽2 𝐴 2 0 
> 0 , as 

 3 = 𝐴 0 − 2 𝑖𝜗 
(
2 𝑖𝛽

√
3 𝜇𝜍 − 2 𝛽𝜓 

√
3 tanh 

(
𝑐 1 𝜓 − 𝜛 𝜓𝑥 − 𝜛 𝜓𝑦 + 3 𝜛 𝜓𝑡𝜁

))−1 
, 
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Fig. 3. The contour graphs of Eq. (20) . 

Fig. 4. The compilation of contour graphs of both side of Eq. (20) . 
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here 

 = 

3 
√
2 
√ 

𝛽𝐴 0 
(
2 𝛼 − 3 𝛽𝐴 0 

)√ 

𝑤 

2 
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1 + 𝛿2 2 𝜔 

2 
0 √ (

2 𝛼2 − 9 𝛽
)
𝜇
(
𝑤 

2 
0 𝛿

4 
1 + 𝛿4 2 𝜔 

2 
0 
) , 

𝜓 = 

1 
2 

√ √ √ √ √ −4 𝜇 − 

4 𝜇
(
𝛼 − 3 𝛽𝐴 0 

)2 
6 𝛼𝛽𝐴 0 − 9 𝛽2 𝐴 

2 
0 

, 

𝜍 = 

(
𝛼 − 3 𝛽𝐴 0 

)√ 

6 𝛼𝛽𝐴 0 − 9 𝛽2 𝐴 

2 
0 

, 

𝜁 = 

√ 

− 𝛽
(
𝑤 

2 
0 𝛿

2 
1 + 𝛿2 2 𝜔 

2 
0 
)

√
2 𝛼2 − 9 𝛽

, 𝜗 = 

√ 

𝜇𝛽𝐴 0 
(
2 𝛼 − 3 𝛽𝐴 0 

)
. 

. Conclusions 

In this study, we have successfully applied EFM to find new com-

lex, dark, and hyperbolic function solutions to the Eq. (1) . Entirely
211 
ew travelling wave solutions were obtained. Under a suitable choos-

ng of parameters, we plotted the Figs 1 , 2 , 5 , 6 , 9 , 10 and contour surfaces

 3 , 4 , 7 , 8 , 11 ). The strain conditions for family-1 were also presented. 

From the Figs. 1 , 2 , 5 , 6 , 9 , 10 , physically, it can be observed that volt-

ge levels with wave propagation in nonlinear electrical transmission

ine have the same travelling wave properties. From contour surfaces

 3 , 4 , 7 , 8 , 11 ), it can be observed that these voltage levels have periodi-

al and travelling wave behaviors in electrical transmission line in high

nd lower point. Moreover, contour surfaces have also the similar wave

ropagation in the network line. 

These results are entirely new wave propagation by comparing with

he existing results in literature. From these results, it can be said that

FM is a powerful and efficient mathematical tool to solve other non-

inear models arising in nonlinear sciences. 
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Fig. 5. The 3D graphs of Eq. (22) . 

Fig. 6. The 2D graphs of Eq. (22) . 

Fig. 7. The contour graphs of Eq. (22) . 
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Fig. 8. The compilation of contour graphs of both side of Eq. (22) . 

Fig. 9. The 3D graphs of Eq. (24) . 

Fig. 10. The 2D graphs of Eq. (24) . 
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Fig. 11. The contour graphs of Eq. (24) . 
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