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Abstract: Recently, there has been a strong push toward creating and expanding quadrature inequal-
ities in quantum calculus. In order to investigate various avenues for quantum inquiry, a number
of quantum extensions of midpoint estimations are studied. The goal of this research article is to
discover novel quantum midpoint-type inequalities that are twice q%2-differentiable for («, m)-convex
functions. Firstly, we obtain novel identity for g% -integral by employing quantum calculus tools.
Then by using the auxiliary identity, we formulate new bounds by taking into account the known
quantum Holder and Power mean inequalities. An example is provided with a graphical representa-
tion to show the validity of obtaining results. The outcomes of this study clarify and expand earlier
research on midpoint-type inequalities. Analytic inequalities of this type as well as particularly
related strategies have applications for various fields where symmetry plays an important role.

Keywords: quantum derivative; quantum integral; quantum midpoint inequalities; («, m)-convex

functions

MSC: 26D07; 26D10; 26D15; 26 A33

1. Introduction

Calculus without limits, or quantum calculus, is an infinitesimal calculus that has a
number of applications. Due to the vast number of applications in areas of mathematics
such as fundamental hypergeometric functions, number theory, combinatorics, orthogonal
polynomials, physics, relativity, and quantum science, g-analysis has recently been the topic
of a lot of research [1-4]. It is believed that Euler invented this branch of mathematics by
utilizing the g-parameter in Newton'’s infinitive series work. Jackson was the one who first
introduced the g-calculus [1]. Jackson [3] introduced g-definite integrals in the nineteenth
century and started his work in a symmetrical fashion. Agarwal [5] initially presented the
g-fractional derivative in 1969.

The science of differential equations heavily relies on integral inequalities. Numerous
academics have investigated applications of integral inequality in both conventional and
quantum calculus. Tariboon et al. in [6] uses & Dq-difference operator and provided
applications to impulsive difference equations on finite quantum intervals. In light of
the historical knowledge of the importance of mathematical inequalities. Tariboon et al.
in [7] introduced the quantum variants of well know integral inequalities such as Hermite-
Hadamard, Jensen, Ostrowski, Cebysev and Griiss type inequalities as they performed an
essential role in quantum calculus.

The connection between inequalities and convex functions has been discovered to
be extremely useful in developing new integral inequalities along with their significant
applications [8-10]. A convex function plays a notable role in both theoretical and applied
sciences. Convexity also has the finest effect on our daily life through countless implemen-
tations in medicine, industry, and business. Due to the wide range of implementations,
it is among the most advanced branches of mathematical modelling. In literature, serval
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kinds of convexities are introduced depending on their useful strengths and general nature.
However, our study requires the classical convex functions and (&, n)-convex functions
defined as:

Definition 1 ([8]). If & : [¢1,{2] € R — R is convex, then the inequality
G(Ar+ (1-A)y) <AS(r) + (1 -A)6(y)
is valid for all t,y € [¢1,G2] and A € [0,1].
Definition 2 ([11]). If & : [0,&) — Ris called («, m)-convex, then the inequality
G(Ar+m(1—A)y) <AS(x) +m(1 - A%)&(y)
holds for all x,y € [0,G2),A € [0,1], (&, m) € (0,1].

In order to move further we required some basic notions and background of quantum
calculus.

2. Description of Quantum Calculus

Some basic known definitions of g-calculus are presented below:
Definition 3 ([4,7]). If & : [&1, 2] — mathbbR, the qg, -derivative of & at € [Gq, (2] is defined as:

_6() —6(qr+ (1—q)¢1)
aDa®®) === ay

Ifr = 1, we define &, Dqp(81) = ling & Dq@(r) if it exists.
=61

r# G M

Rajkovic [12] defined the Riemann g-integral which was then generalised to Jackson
g-integral on [¢1, &2):

/6 S L ate@ (- aE), relbnl @

n=0

Definition 4. If&; = 0in (2), then

r
/@ MA—/é dyA,
0

where f ®(A)dqA is q-definite integral on [0, 1] and defined as [4]:

r
/Qj JodqA = /Q5 YdqA = 1—quq“Q§q;). 3)
0

If c € (&1,x), then the q-definite integral on [c, ] is expressed as:

L

r c
JoMdor = [ 60— [ S(M)gdq2. @)
¢ & &1
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In [13], g-Hermite-Hadamard inequality was established by Alp et al. and stated as:

Theorem 1. Let & : [¢1,Er] — R be a convex function on [&1, 8] and q € (0,1), we have

)
6(¢l§1+§2) < gzigl /ﬁ(x)gldqlﬁ < q(’5(§1)+@(§2)_
¢1

1+q 1+q

In [14], authors presented some new definitions of quantum calculus and also pre-
sented a novel variant of Hermite-Hadamard inequality:

Definition 5 ([14]). If & : [&,&] — R be a function, then q%2-definite integral on [&1, &) is
expressed as:

&) o
S(1)2dgr=1-q)(&—&) Y "6 " &+ (1—q")5)
1 n=0

1
= (&2-&1) [ (& + (1 - Ve)dg). ©)
0

Definition 6 ([14]). If & : [¢1,&] — R be a function, then q%2-derivative of & at ¢ € [&1, &) is

expressed as:
G(qr + (1 —a)5) — 6(r)

(1—-a)(G2—1x)

Theorem 2 ([14]). Let & : [¢1,&] — R is a convex function on [§1, 2] and q € (0,1), then
q-Hermite—Hadamard inequalities are given bellow:

2D,6(x) = , r# .

1)
&1 +4a82 1 & &(61) +98(S2)
6( 1+q )ng—eﬁ/@(;) dar < 1+q ' (©)

The following notations were frequently used:

n—1
[n]q = q
i=0
and )
Q=M= an=]]0-4d41), ?)
i=0
where q € (0,1).
Lemma 1 ([13]). Following equality holds:
; (s =)
/(A - gl) g‘ldq}\ = W, (8)

&1
forw € R\{—1}.
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Lemma 2 ([15]). Following equality holds:

1 (1_ﬁ)3+1
. n _ q
/ (1= aA)qdel n+1]4
1/[2]q

The g-analogues of integral inequalities are a subject of utmost interest while con-
centrating on the exhilaration and enchantment of the emergence of g-calculus and its
applicability in mathematical physics. Taking into account ¢ Dq-derivative, q¢, -integral,
62D4-derivative and g%2-integral, quantum variants of notable integral inequalities have
been investigated pertaining various kinds of convexity (see [7,16-19]). Some quantum
inequalities for coordinate convex functions can be seen in [20,21]. However, the notable
bounds via g-midpoint inequalities can be observed in [13,15,22].

The compelling goal of this study, which was inspired by the current trend, is to
set new limits for g-midpoint inequalities. Firstly, we established an auxiliary identity
pertaining to twice different quantum functions. Then, by employing («, m)-convexity
to this identity, we gain some new results for quantum midpoint inequalities for twice
g-differentiable functions. By choosing « = 1, m = 1 and taking ¢ — 17, we can also
recapture the findings in a classical sense.

3. New Quantum Midpoint Type Identity for Twice q-Differentiable Functions

We will demonstrate equality in this section which help us in achieving our main
goals.

Lemma 3. Let & : [&1, 8] — R be a g-differentiable function on (&1, &). If &2 DEIQS is continuous
and integrable on [&1, &o|, we attain the identity:

1/[2]q

2 \2
W@z[z]qlfl) 0/ q3)\2§2péq5()\§1+m(1—/\)§2)dq)‘

1
+ (1—qA)3 2D3G(AE + m(1 — A)&2)dgA

1/12]q
méo
_ 1 mizg \_ g ST M2
(”ﬁh-éﬁ)!mm at 6( [2]4 )

Proof. By using Definition 6, we attain the following equality

2DIB(AG +m(1—A)E)
=82Dg(2Dq (S (A& +m(1 — A)E)))
G(gA5 +m(1—gM)G) — B(AG +m(1—A)E)

_ Cqu(

1

(1—q)(52—3¢1)A >

(1—q)(G2—3G1)A
~ ®(gAg1 +m(1 —qA)ga) — B(AG +m(1 = A)Ga)

[6(&61 +m(1—Ag?)&2) — 6(gAds +m(1 —gA)p)
(1—a)a(é2—3&1)A

(R } )

~ 6(PA8 +m(1— Ag*)E2) — 6(gAdy + m(1 — gA)&2)

_ B(qAG +m(1—gA

(1—q)2q(82 — &1)%A*

)G2) — B(AZ +m(1—A)Co)
)

(1—a)%(82 = 1)A?
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&(q?A81 +m(1 = Ag*)&2) — (1+q)6(gAé1 + m(1 — gA)&2) + q®(AZ1 + m(1 — A\)md>)
(1=a)?a(62 = 61)2A? '

From (9) and using the fundamental properties of g-integral, we have

1
1/2]
/0 " PARRD2B (G + m(1— A)Ea)dg) + / (1— gA)22D26(AZ, + m(1 — A)&)dgA
1/[2]q
12,

= / PA2DIG(AZ) +m (1 — A)Ga)dgA + / (1—qA)32DIB(AE + m(1— A)&)d,

1/[2111

— [ (1= a)3RD2B(E +m(l - 1)2)der
0

1
:/ A2ED2G(AE + m(1— A)E)dgA
0

1/[2]4
+ ./ (322 = (1= )22 DIB(AE: +m(L = A)2)do
0
1

1—q/\
— o | o (elag 1 - )

0

—ﬂlﬂ@w (1= qA)G) + OG-+ (1~ A)32) Jdgh

1 VPl (P22 = (1—aM)2) /1., , .
+ (1—q)2(més — &)2 / 22 <q®((q Ag1+m(1—q°A)G2))

—ﬂﬁ(qx\é‘l +m(1—qA)&2) + B(Ag +m(1 — A)§2)>dq)‘

_ [I; + Ip]
(1—q)2(m&y —&1)*

Calculate the values of integrals I and I in the following way:

1—qA)2
L= / ( /\j Js (:IQ5<CI2/\§1 +m(1— qu)fz) - 1qﬂ 6(gA1 +m (1 —aA)Ga)

0
(A€1+m(1— A)G2))dq

=(1—q) Z " _qq) {3®(q2q“§1+M(1—q2q")Cz)
1+qq5

(99" +m(1—qq™)32) + &(q"G1 +m(1 - q”)éz)}
e q>{q o “_q‘l‘”@(( w22, 4 mb(1— 42)))

C1+4q & (1-a9")
B T

) _ n)2
+) 4 qiq )q®(qn§1 +m(1— qn)éz)}

n=0

16 (g™ e + m(1—q"1)E,)
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o o aan—2)\2
= 00§ 0 K+ w1 - q7)62)

_ a0+ ¢ (1o qi‘fl)%' B(q"E1 + m(1— q")Ea)

q n=1
+(1—4q) io & _qiqn)%‘ &(q"¢1 +m(1—q")¢2)
- Eo < ‘qﬁ'f'fz (4" + m(1 — 0")2)
Seny L. D gy +m(1 - "))
g 3 O L S KL RLSLUR R
SO g gy O O g (g m1 - g)22)
_a _q)ﬁo{ (1 qciq“l N (1:q) (1 —qiq“llﬁ L a —qiq"ﬁ}

X B(q"¢1 +m(1—q")¢2)
+ (1= )1 —aa )3 — a1 - a)(1 - aa 2)3]6(&)
—(1—a)(1—qq )36 (a1 +m(1 —q)52)

=(1+q)(1—q)*(1—q) i q"®(q"¢1+m(1—q")%2)

n=0
(1+q)(1—9q)° q)* / Ay
= dgA.
(mga — &1) |
1
Similarly,

YT @A - 1) (1
b= | (Sl + (1 - )2)

0

I g+ m(1 — aA)E) + 6(AG + m(1 —A)@))qu

BCETES (s - 2B (- a))

B 2]4 n=0 qn
1 qn+2 CIn+2 1+Cl l:|n4r1 qn+1
x( Qﬁ(m §1+m(1[z]q>§2)q®<mq §1+m(1 mq)é‘z)
“5<mfl*’”< o, )5»

_ (1—q) i <q3q2n—[2}q<1—q[2]q)j>®(qn+2§1+m<1 qn+2>‘§2>

2ly a2 gt 2l 2]

3.on _ [12(1_ g9 \?
ooy (B0 (oo,

"1 2] C 2l

q n=0 q
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a2
(1—9q) i (q3q2“—[2]q(1 q[g]ﬂ)q)@<qn§ —i—m(l qn>§>
2, = q" 2], 2], )
2\ 2
_<1—q>§(°‘3“2”‘pﬁ(l ‘*PJq)J@(q"“ < qn>€>
T, A "1 2], 2], )%
= (qPern2 2]2(1_qﬁ)2
(1-q(+aq) <q°' 2l 2y /g (q" (J“) )
R - e\
3. 2n 2 2
(1—q) & (qq _[2]“<1 qmq)q> (q” m( _q”> )
mL, L = olere i a )

<wnﬁ<wzﬁ>z>@<m>

C(A=a) [ 3 2 2 _ﬂz 961 +méy
2, (” m“<l °'mq>q)®< 2, )

2l

[
182
(1—q) (1+Q)<q3q—2—[2]é(1—¢fﬁ)q) }®<§1+qm§2>
2 R
3 _ 44

=—(1-9°(1+q)6 (Cl E?mé‘z)

q

Thus, we have

1/[2]q 1
| erEDieae +m1-N@)dd+ [ (1-a)3RDR6(AG +m(1 — 1))
0 1/[2]q

méa

G

(1—q)2(mé2—¢1)? méy — G1 .
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mgy
= [2]q 1 mga _ e[ Lt amé
(m&y — &1)* ("@251 C{ BT g ®< 2]4 >)’

which completes the proof. [

Remark 1. By setting q — 1~ and m = 1, then we have

(52*‘:1 |:/)\2Q5" AG+ (1= A)&E) d/\+/ @//(A§1+(1A)§2)d/\]

1/2

52—51 /(15 Jar - Qj(gl;gz)’

which was given in [23].

Remark 2. By choosing m = 1, we recapture ([22], Lemma 5).

Quantum Midpoint Type Inequalities

Theorem 3. Let the assumptions of Lemma 3 hold. If | Dﬁ@] is (a, m)-convex on [&1, &), we
have the inequality

més
1 mér gy g [ 61T M
més — 1 / ()" 6( 2], >‘

[3]q| D36 ( +m([2]ﬁ[“+3]q—[3]q)|52D§,Q5(€z)|>

mCz —&)?

<2]“+3 06+3 21573 3] [ + 3]
mgz—gl ([[2 [ +3]q ”‘“[OH—Z] q[2]“+2[a+1] )

”‘*3 [ + g o + 2] o + 3]

[2]2[ [Dé—i—l} [04—1-2} ) q [0(4_2] ([2 tx+3 1) :
" [31“3[ P NN e e R LY
a2]ale+1]q — [2)5T +1 (20 +¢%)[2]% [ +2]g — ([2]472 = 1)[2]4
I 2]5 1[06—0—1] q[Z]q< 2 ]a+3[a +2, >

5 (2187 = 1)[3]q — (39 + 3% + ¢°) [2]% [« + 3]4
[2}ﬁ+3[3]q[0‘+3]q

4 ¢2D§®(§2)‘ . (10)

Proof. Taking modulus on Lemma 3, we get

mgy
1 méy 5 4 g [ 61T qME
méy — 1 / L) 6( 2], )‘

1

B 5 1/(2]q
<(m€2[2]q§1){0/ A2 ézpﬁ(tj()\gl —i—m(l—)\)gz)’dq)\

1
+ [ -3

1/[2]q

2DI6(AG +m(1 - A)gz))qu] :
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By using (a, m)-convexity of |¢2D?

, We can write

més

i | oo (M)

¢1

1/[2
<4 mé‘z*ﬁl / Azx—&-z 52Dﬁ®(§1)’+m(/\272\“+2) §2D§@(§2)qu,\ (11)
(g — &) c /
(m& —
o [ (= an2]eD2e ()| +m1 - 1%)(1 - qA)2[ED26(E)| ) daA
1/[2]q
We have the facts that
1/[2]4 1
/\cher A= — - 12
/ 2P+, .
A2 = A3 d A = — , (13)
0/ ( ) T RPBE, 24P+ 3]

205 + 3]q (2157 & + 2] — al2]5 72 [a + 1]q)
2053 [a + 1 q[a + 2]q[a + 3]q

1
/ A*(1— qA)2dg =

1/[2]q
[23[x +3q(ale +1]g — [0 +2]q) | a’la+2qla+1q (2157 1) 14)
[2]§+3[“+1]q[“+2]q[“+3}q [2]a+3[ a+1]qla +2]q[a +3]q
and
1 o a+1
A1 — aa2dn < A2ale g — 2057 41
- =
(29 + q2)[2)% [a + 2]q — ([2]872 - 1)[2],
~a S e

g [([2%*3 —1)[3]q — (39 + 34 + ) [2)3[x + 3]
2157 [3]qla + 34

By putting (12)—(15) into (11), we can achieve the required results. [

Remark 3. By taking limit ¢ — 1~ and « = m = 1 in Theorem 3, we attain

)
1 PSR
L e e(252)

which was given in ([23], Theorem 3).

- 2
< (52 4851) (]6”(@‘1)\+|Q5”(§2

)

Remark 4. By choosing & = 1 and m = 1, we recapture ([22], Theorem 3).

For more clarity of results obtained, we provide the following example with graphs
ensuring the correctness of the bounds obtained.
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Example 1. Let consider the function & : [0,1] — R defined by &(&) = &% and let m = } and
o = 1. Under these assumptions, we have

més
/ B(A)"2dg) = /01/2 (> 2dqg :11? [1 - [2?] + [3?] - [41]0‘]

& q q

and

2026 (2) = (4, +al2l, )&+ 2+a) (1 - o).

It is clear that|%? Dﬁ@f is convex on [0, 1]. So we can apply Theorem 3 to the function defined
by &(&) = &3. Thus, the left hand side of the inequality (10) reduces to

méo
1 mér gy o [ G1Hamé
maz—alé/w‘) %a “5< 2, )

N PO T B O B
B 8[1 2, "1, [4%] s |

1

On the other hand, since we have the facts that

236 ()| = 2+a)(1-?),
and
2D36(22)| = 3[2],-
then the right hand side of the inequality (10) reduces to

q3(m§z—€1)2< (84| D3& (81)) +m(P]ﬁ[fHﬂq—[3]q)|CZD§(’5(€‘z)I)
[2]q (20572 [3]q[a + 3]q (2152 [3q[a + 3]

(02— o) ( [+ 3g (2157 e+ 20, — aly e+ 1))
2]q (2473 + 1 gl + 2] q [ + 3]q
[2)3[a +3]q(ale + 1)q — [« +2]q) Cla+2q([257°-1) e,
B ot e 1 Bt gle t 2y 3l || Dae@)
a2t 1g - RIT41 f(at @R 2y - (2852 - 1),
T R a1 m“’( 2w+ 2,

([2057° = 1)[3]q — (3a+34” + ) [215[a +3]q | |4,
B P Bl 3 gDﬁ@@D
_ 30 ([2lala — Bla) |, 2491 —g)a’
8[215[3lq4]q 4[2]34lq
LCera-a) (Bla—ally 1 @ (2 1)
4 2lqBls  [213[3]q 213[4]4
L3 (a-D2F+1  a2g+¢*)[3]q— [2]5+1
2 23 [2]4[3]4
_q3([2] 1)[3]q — (39 + 3¢ +¢° )[Z]q[4]q]
[213(3]4(4]4 '

By the inequality (10), we have the inequality
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sl By Bl W] sy
< 32(2af4la — Bla) | 2+9)(1 -0’
= BRI BlaH 423,

R+q)1—q) [Blg—al2; 1 P ([2]2 - 1)
R 2Bl 2RBL 25, (10
L3[a-DRE+T aa+a?)Ble - 205 +1

2| B 214031,
_ o (5 = DBla — (30 + 36+ q3>[z1q[41q]

PHERCE |

Ome can see the validity of the inequality (16) in Figure 1.

0.8 T T T T T T T T T

—— The left term
0.7 —— The right term |

051 4

04r 1

03 4

0.2 4

0.1F 1

O T 1 1 1 1 1 1 1 1
0 0.1 02 03 04 05 06 07 08 09 1

g values

Figure 1. An example to Theorem 3, depending on g, computed and plotted with MATLAB.

Theorem 4. With the suppositions of Lemma 3, if |C2 Dﬁ@ el, 0 > 1, is (&, m)-convex function

on (&1, &2], we have

mé
1 wing 1 o[ St amE
maz—glé/ﬁ“) %o “5< 2, )|

P (mé — &)*

— f+atl | 205+1 éL 1

2lg T a1 2+ 1)

1

El) A

2026(z)| "+ m([24la +1]g 1)

2Dj6(22)

(17)

(‘1+D(+1 1
2y T [+ 1] 26 + 1]

1
1

1

0\ f
7

. (([z]”:.“ ~1DR6 @) +m(al2ila+1q - (2057 +1)

“DI6(52)
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1 1 _
wherea—b—g—l.

Proof. By implementing Holder’s inequality on Lemma 3, we attain

méy

méy — &1 2],
G1
/0) & (10 0
1/[2 2 [ 1/]2 |
a2 q q ‘
< (M —&)” / 224 / 2D26(Aa+ m(1 - A)E2)| 'dg
2], / /
1 1
2 1 ) 1 . 5
méy — /
T ( 62[2} &) / (1—-qA)q2dqA / 2DIG(AZ +m(1—A)E2) {dgA
| /12, /12,
Since |C2 Dé@‘zl is («, m)-convex on [{1, {2, we have
¢ ¢ ¢
“2D2G(AE +m(1— A)az)] faan ¢2D§®(gl)] Cbm(1— A% 2p2e(2,) '

By Lemma 2, we get

mép
1 méy 3 4 g [ 61T MG
T /QS(A) dyA 6([2] )

¢1 q
(mCz—Cl)z 3( 1 )flz
= q
2] 222260, + 1],
1/[24 , Z %
X / (A"‘ CZDﬁQﬁ(Cl)‘l+m(1—/\“) 2D26(%2) 1>qu
0
. (m&s — &) (1— ﬁ)ﬁfz+l 23
[z}q [2‘€Z+1]q
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: ( g o) ) <§2D%®<¢1>\€1 T (|2 + 1] — 1)|2D26 (&) )
2 " 24 26+1]¢
(mé2 = 61)* (1= g )q 2
+ 310, 1
2y 26 +1]¢
X (([2]g+1 1) §2D2 (51)" (q[z}‘;[zx+1]q - [2]g+1+1) gZD§®<§2) &)fl

This completes the proof. [

Remark 5. Taking limit ¢ — 1~ and o« = m = 1 in Theorem 4, we attain

52-@1/6 Jar - ®(§1+€2)

(C gl) // 1 " )
- f&@+m@{@w " +le"@)")

1
[4

(el +lee )" ),

which was given in ([24], Theorem 3).

Remark 6. By choosing o« = 1 and m = 1, we recapture ([22], Theorem 4).

Theorem 5. With the assumptions of Lemma 3, if ‘52 Dé@i |él, 01 > 1, is (&, m)-convex on [¢1, &),
then we have the inequality

més

1 més g v g [ G ame
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TRl gt 2gln + 3y 2Pt gla + 2gfa 3l || a0

+m<mpmm+u — 2057 + D) [2]5[a + 2]
263 o+ 1] [+ 2],
q[2]qle + 1429 + ¢%) [2]5[a + 2] (2572 — 1)[2]4)
2164w+ 1] [ + 2],
5 (257 = 1)[3]q — (30 +3¢° +¢°) 2]q["‘+3]q>

- R3]l + 3],

)

2D36(8)
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Proof. Using Power-mean inequality on Lemma 3 and then also using («, m)-convexity of
|€2D(2](’5 |£1, we get
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This completes the proof. [
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Remark 7. Choosing limit as ¢ — 1~ in Theorem 5, we obtain

- 5/6 YA — ®<Cl+§2>
2— 81

) 5(22451)) {(lo@ +afo"@)| ")+ (3lo"@0" +sle @] ")

which was given in ([24], Theorem 4).

S
~

Remark 8. By choosing & = 1 and m = 1, we recapture ([22], Theorem 5).

4. Concluding Remarks

We conclude our paper by saying that there is not much literature present while
dealing with quadrature inequalities for twice quantum differentiable convexities, as
they are not easy to work on. Thus, in this study, we give new extensions of quantum
midpoint inequalities by employing 2 D,-derivative and 4% -integral under the influence
of twice quantum differentiable (&, m)-convex functions. As a result, several fresh estimates
of midpoint inequalities are achieved by utilizing quantum Holder and Power mean
inequalities. As an example, we provide graphical analysis to explain the correctness of
our results. As a special cases for m = 1 and quantum parameter 4 = 1, we recapture
results in quantum and classical calculus. This idea may also be expanded to obtain
other quadrature inequalities i.e Simpson and Newton type pertaining twice quantum
differentiable convexities. One may also think about the case for £ D;-derivative and g, -
integral. In future, we aim to work on such estimations of quantum midpoint inequalities by
employing Mercer’s scheme. It is pertinent to mention that such extensions are quite open
to discovery in (p, g)-calculus and for co-ordinated convex functions in quantum calculus.
A good open problem is to investigate fractional quantum midpoint-type inequalities.
We think it is an intriguing and fresh subject for academics, who can produce equivalent
inequalities using various convexities.
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