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Abstract

In this study, we define new paranormed sequence spaces by the sequences
of Fibonacci numbers. Furthermore, we compute the a—, 5— and y— duals
and obtain bases for these sequence spaces. Besides this, we characterize
the matrix transformations from the new paranormed sequence spaces to the
Maddox’s spaces cy(q), c(q), £(q) and £+ (q).
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1. Preliminaries,background and notation

By w, we shall denote the space of all real valued sequences. Any vector
subspace of w is called as a sequence space. We shall write /., ¢ and ¢ for the
spaces of all bounded, convergent and null sequences, respectively. Also by
bs, cs, {1 and ¢, ; we denote the spaces of all bounded, convergent, absolutely
and p— absolutely convergent series, respectively; 1 < p < oo.

A linear topological space X over the real field R is said to be a para-
normed space if there is a subadditive function g : X — R such that g(0) =
0, g(x) = g(—x) and scalar multiplication is continuous,i.e., |, —a| — 0 and
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g(x, —x) — 0 imply g(a,z, — axr) — 0 for all &/s in R and all x’s in X,
where 6 is the zero vector in the linear space X.

Assume here and after that (pg) be a bounded sequences of strictly pos-
itive real numbers with suppy = H and M = max{1, H}. Then, the linear
spaces ¢(p), co(p), leo(p) and £(p) were defined by Maddox [, 2] (see also
Simons [3] and Nakano [4]) as follows:

c(p) = {1' = (x)) € w: lim |z — [|P* = 0 for some [ € (C} ,
k—o00
co(p) = {:c = (o) €w: Jim || = 0} 7

) = fio= () € suplad < oo
keN

and

Up) = {x = (@) ew: Y |l < oo},

which are the complete spaces paranormed by

1/M
hy(z) = sup |z [P*/M iff inf > 0 and ho(z) = (Z ‘xk‘pk> ;
k k

keN p

respectively. We shall assume throughout that p, ' + (p,)~" = 1 provided
1 <infp, < H < oo. For simplicity in notation, here and in what follows,
the summation without limits runs from 0 to co. By F and Ni, we shall
denote the collection of all finite subsets of N and the set of all n € N such
that n > k, respectively. We write by U for the set of all sequences u = (uy,)
such that u,, # 0 for all n € N. For v e U, let 1/u = (1/u,).

For the sequence spaces X and Y, define the set S(X,Y") by

S(X,)Y)={z=(2) : 22 = (vx2x) € Y for all z € X}. (1)

With the notation of (II), the a—, 3— and y— duals of a sequence space X,
which are respectively denoted by X®, X# and X, are defined by

X*=8(X,6), X’ =9(X,cs) and X7 = S(X,bs).

Let (X, h) be a paranormed space. A sequence (by) of the elements of X
is called a basis for X if and only if, for each x € X, there exists a unique
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sequence (qy) of scalars such that

h<z—2akbk) —0 as n — oo.

k=0

The series Y axby which has the sum z is then called the expansion of x with
respect to (b,) and written as © = ) agbg. Let X, Y be any two sequence
spaces and A = (a,;) be an infinite matrix of real numbers a,;,where n, k €
N. Then, we say that A defines a matrix mapping from X into Y, and we
denote it by writing A : X — Y, if for every sequence x = (x) € X the
sequence Ax = ((Az),), the A-transform of x, is in Y, where

(Az), = aprr, (n€N). (2)

By (X :Y), we denote the class of all matrices A such that A : X — Y. Thus,
A € (X :Y) if and only if the series on the right-hand side of (2]) converges
for each n € N and every z € X, and we have Ax = {(Ax), }neny € Y for all
x € X. A sequence z is said to be A- summable to « if Ax converges to «
which is called as the A- limit of x.

For a sequence space X, the matrix domain X4 of an infinite matrix A
is defined by

Xa={r=(xp) ew: Az e X}

The approach constructing a new paranormed sequence space by means of the
matrix domain of a particular limitation method has recently been employed
by Malkowsky [5], Altay and Basar |6, [7], F. Bagar et al., [§], Aydin and
Basar [9, [10].

Define the sequence {f,}22, of Fibonacci numbers given by the linear
recurrence relations

fO:flzlandfn:fn—1+fn—27 nZQ

In modern science and particularly physics, there is quite an interest in the
theory and applications of Fibonacci numbers . The ratio of the successive
Fibonacci numbers is as known golden ratio. There are many applications of
golden ratio in many places of mathematics and physics, in general theory
of high energy particle theory [11]. Also, some basic properties of Fibonacci
numbers [12] are given as follows:

i frt1 _1+\/3_
im =

am =T a (golden ratio)




- 1
Z Je = fas2 —1 (neN) and Z — converges
k=0 —~ fr

focifosr — f2= (=D (n>1) (Cassini formula).

Substituting for f,;; in Cassini’s formula yields f2 |+ f, foo1—f> = (—=1)""L.
Let f, be the nth Fibonacci number for every n € N. Then, the infinite
Fibonacci matrix F' = (f,x) is defined by

_fn—i—l (k::n—l),

. fn
=y I ),
fn-‘,—l
0 (0<k<n—1lork>n)

where n, k € N [13].

The main purpose of this study is to introduce the sequence spaces
co(F,p),c(F,p) Ls(F,p) and £(F, p) which are the set of all sequences whose
F—transforms are in the spaces ¢o(p), ¢(p), lso(p) and £(p), respectively. Also,
we have investigated some topological structures, which have completeness,
the a—, f— and y— duals, and the bases of these sequence spaces. Besides
this, we characterize some matrix mappings on these spaces.

2. The Paranormed Fibonacci Difference Sequence Spaces

In this section, we define the new sequence spaces co(ﬁ . D), c(]3 ,D) ,Eoo(ﬁ ,D)
and K(ﬁ,p) by using the sequences of Fibonacci numbers, and prove that
these sequence spaces are the complete paranormed linear metric spaces and
compute their a—, f— and y— duals. Moreover, we give the basis for the
spaces co(F,p),c(F,p) and £(F,p) .

For a sequence space X, the matrix domain X4 of an infinite matrix A
is defined by

Xa={r=(xp) ew: Az e X} (3)

In [14], Choudhary and Mishra have defined the sequence space ¢(p) which
consists of all sequences such that S-transforms are in ¢(p), where S = (1)
is defined by

1, (0<k<n),
0, (k> n).



Bagar and Altay [15] have recently examined the space bs(p) which is for-
merly defined by Basar in [16] as the set of all series whose sequences of partial
sums are in £, (p). More recently, Altay and Bagar have studied the sequence
spaces rf(p), L (p) in [17] and ri(p),r§(p) in [18] which are derived by the
Riesz means from the sequence spaces £(p), {s(p), ¢(p) and co(p) of Maddox,
respectively. With the notation of (3]), the spaces £(p), bs(p), r'(p), rt (p), r(p)

and r(p) may be redefined by

U(p) = [L(p)]s, bs(p) = [luc(p)]s, 7(p) = [l(p)] e,

% (P) = [loo(D)]re, 7e(p) = [e(p)]re, 79(P) = [co(p)]Re-

Following Choudhary and Mishra [14], Bagar Aand AltAay [15], AAltay and
Basar |17, 18], we define the sequence spaces c¢o(F, p), c(F,p) Ll (F,p) and
((F',p) by

In . Jn1 pPn _ 0}

Xz Tp—1
fn+1 " fn "

n—oo

co(F,p) = {x:(zk)ew: lim

fl _ _ . . fn fn—l—l pn -
c(F,p) = {x =(zp) €w:eC> nh—>r20 fn+1xn i Tpoy — 1| = O}
o fn fn+1 pn
oo (F, = qr=(x) Ew:su Ty — —— Ty < 0
( p) { ( k) nGII\)T fn—l—l fn ! }
and
B _ _ X fn fn-‘,—l pn
E(F>p) - {ZE = (zk) cw: g fn_Hl'n - Tl'n_l < OO}

n

= e = (1,1,1,...), the sequence spaces co(ﬁ,p),c(ﬁ,p)
,EOO(Z/?\ ,p) and E(ﬁ ,p) are , respectively, reduced to the sequence spaces
co(F), c(F), lo(F) and Ep(ﬁ) which are introduced by E.E.Kara [13] and
M. Bagarir et al. [19].

With the notation (B]), we may redefine the spaces CO(F\, D), c(ﬁ, p) ,600(1/7’\, p)
and ((F, p) as follows:

In the case (p)

co(F.p) = {co(p)yp,  e(F.p) = {e(p)} 5

loo(F,p) = {los(p)} 5, UF,p) = {l(p)} 5

b}



Define the sequence y = (yi), which will be frequently used as the
F—transform of a sequence x = (zy,), i.e

fo o Jim
firi © fa

Since the proof may also be obtained in the similar way as for the other
spaces, to avoid the repetition of the similar statements, we give the proof
only for one of those spaces. Now, we may begin with the following theorem
which is essential in the study.

Yr = ﬁk(l‘) =

Lk—1, (k‘ € NO) (4)

Theorem 1. (i) The sequence spaces co(ﬁ,p),c(ﬁ,p) and Eoo(ﬁ,p) are the
complete linear metric spaces paranormed by g, defined by

_ Ji Jrr pe/M
g(z) = sup Tk — Th_1
keN | frt1 Ix

g is a paranorm for the spaces o(F,p) and (o (F, p) only in the trivial case
inf py, > 0 when o(F, p) = ¢(F) and lo(F,p) = loo(F).
(i) Cy(F F) is a complete linear metric space paranormed by

(Z ’ ka fk+ll'k_1 pk) l/M.

ProOOF. We prove the theorem for the space co(ﬁ,p). The linearity of
co(F, p) with respect to the coordinatewise addition and scalar multiplication

follows from the following inequalities which are satisfied for z, z € CO(F\ ,D)
(see 20, p.30]):

pr/M pr/M
sup Ji ——(xr + ) — @(xk 1+ 2p-1) < sup L T — fk+155k—1
keN | fret1 fr keN | fr1 fr
f Jr+1 pr/M
+ Sup |—2r — 5 Zk-1
keN | i1 Ix

and for any a € R (see [2]),

o7 < max{1, |a|*}. (6)



It is clear that g(f) = 0 and g(z) = g(—z) for all z € ¢o(F,p). Again the
inequalities (Bl) and ([6]) yield the subadditivity of g and

g(ax) < max{1, |al}g(z).

Let {z"} be any sequence of the points 2" € co(F, p) such that g(z" —z) — 0
and (a,,) also be any sequence of scalars such that «,, — «. Then, since the
inequality

g(z") < g(x) + g(a" - x)
holds by the subadditivity of g, {g(«")} is bounded and we thus have

K Jit1 pi/M
glapz™ —ax) = sup |—(apx} — axy) — ——(,rp_; — axk_1)
keN | 1 i

< lan —af g(z") +|a| g(a" —x),

which tends to zero as n — oco. That is to say that the scalar multiplication
is continuous. Hence, g is a paranorm on the space co(F, p).

It remains to prove the completeness of the space CO(F\ ,p). Let {z'} be
any Cauchy sequence in the space cq(F, p), where x* = {x((f), xﬁ”, ...}. Then,
for a given ¢ > 0 there exists a positive integer ng(e) such that

. . <
A _ ] < _
g(z" —a7) 5

for all i, 7 > ng(e). We obtain by using definition of g for each fixed k € N
that

[{Fa'} = {Fa? 1M < sup [{Fa'}y — {Fal by
keN
€
< = 7

: @
for every i, j > ng(e), which leads us to the fact that {(Fz®)y, (Fa')y, ..} is a
Cauchy sequence of real numbers for every fixed k € N. Since R is complete,
it converges, say o R

{F!L’Z}k — {Fl’}k

as i — oo. Using these infinitely many limits (Fz)o, (Fz)1, ..., we define the
sequence {(F'z)o, (Fx)y,...}. We have from (7)) with j — oo that

{Fa'b = {Fah*™ < 2 (6 2 nofe)) (®)



~

for every fixed k € N. Since ' = {z\"} € ¢o(F, p),
{Frhf™ <

for all k£ € N. Therefore, we obtain () that
{Feh ™™ < [{Fad — (Fa b o [{Fa)
< e (1>mn(e)).

This shows that the sequence {Fz} belongs to the space cy(p). Since {a'}

was an arbitrary Cauchy sequence, the space ¢y(F',p) is complete and this
concludes the proof.

Therefore, one can easily check that the absolute property does not hold
on the spaces co(F, p),c(F,p) , lso(F,p) and ((F,p) that is h(z) # h(|z|)
for at least one sequence in those spaces, and this says that co(ﬁ, D), c(ﬁ, p)
,€m(ﬁ,p) and K(ﬁ,p) are the sequence spaces of non-absolute type; where

|z = (|z])-

Theorem 2. The sequence spaces co(ﬁ,p), c(ﬁ,p) ,foo(l*q,p) and E(ﬁ,p) are
linearly isomorphic to the spaces co(p), c(p), loo(p) and €(p), respectively, where
0<pr. <H<.

PRrROOF. We establish this for the space 600(1/7’\ ,p). To prove the theorem, we
should show the existence of a linear bijection between the spaces Eoo(ﬁ ,D)
and lw(p) for 0 < pr < H < oo. With the notation of (), define the
transformations 7' from Eoo(ﬁ ,p) to leo(p) by  +— y = T'z. The linearity of
T is trivial. Further, it is obvious that z = 6 whenever T'x = 6 and hence T
is injective.

Let y = (yx) € loo(p) and define the sequence x = (xy) by

N Jin
Ty = jz; fgfg+1y]7 (k e N).

Then, we get that

B Ir Jr1 pr/M
g(x) = sup T — Th—1
keN | i1 Ix
k 2 pr/M
= sup fk Z fk—i—l . fk+1z Ui
keN fk-l—l f]f]—i—l f]f]—i—l

= iuplyklpk/M hi(y) < oo.
eN



Thus, we deduce that z € Eoo(ﬁ ,p) and consequently 7' is surjective and is
paranorm preserving. Hence, T' is a linear bijection and this says us that the
spaces {o(F, p) and ¢ (p) are linearly isomorphic, as desired.

We shall quote some lemmas which are needed in proving related to the
duals our theorems.

Lemma 1. [21, Theorem 5.1.1 with g, = 1] A € (co(p) : £(q)) if and only if

supz Za L BY/PE

KeF =7 lkek

<0, (3BeN,). (9)

Lemma 2. [21, Theorem 5.1.9 with g, = 1] A € (¢o(p) : ¢(q)) if and only if

supz |ank| B~V/P < 00 (3B € Ny), (10)
neN
() CR> 1im |ane —ag| =0 for all k €N, (11)

Iaw) CRsup Y Jan, — ag[ B <00, (IB € Ny) (12)

neN L

Lemma 3. [21, Theorem 5.1.13 with g, = 1] A € (co(p) : Lo(q)) if and only
if
Supz |lank| B~V < 00, (3B € Ny) (13)

neN

Lemma 4. [21, Theorem 5.1.0 with ¢, = 1](i) Let 1 < p < H < oo for all

k € N. Then, A € (U(p) : £1) if and only if there exists an integer B > 1 such
that

/

sup Z

KeF

(ii) Let 0 < pp <1 for all k € N. Then, A€ (Up): £y) if and only if

E Qnk

< 0. (14)

sup sup
KeF keN

(15)




Lemma 5. [21, Theorem 1 (i)-(ii)] (i) Let 1 < pp < H < oo for all k € N.
Then, A € (U(p) : ) if and only if there exists an integer B > 1 such that

sup Z |ankB_1|p;v < 0. (16)
neN &

(i) Let 0 < pp <1 for all k € N. Then, A € ({(p) : b)) if and only if

sup |an|P* < oo. (17)
n,keN

Lemma 6. [21, Corollary for Theorem 1] Let 0 < pr < H < oo for all
k€ N. Then, A € ({(p) : ¢) if and only if {14), (I7) hold, and

lim ay,, = B, (k‘ S N) (18)
n—oo
also holds.

Theorem 3. Let K* = {k e N: 0 <k <n}nNK for K€ F and B €
)

Ny. Define the sets Fi(p), Fa(p), Fs(p), Fa(p), F5(p), Fs(p), Fx(p) and F(p)
as follows:

Fi(p) = U{a— Ew: supZ‘ka}:; .‘B—l/pk<oo}

B>1 neN

Fy(p) = {a = (ag) € w: ’Z fk]f—]:-l‘rl <oo forall ke N}
I 1 Pk
Fs(p) = BL>J1 {a =(ag) €w:Iax) CR> ilelg ) ]Z fk}—l:-',-l )B bk oo}
Fy(p) = {a:(ak)EW:HQGRBJLIEO‘Zka}Z; ; ‘:O}
Fi(p) = {a = (ax) € w: sup z":z": fi < oo}
neN fkfk—i—l
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Then, R R R R R
(i) {co(F, p)}* = Fi(p) (i3) {c(F,p)}* = Fi(p) N F2(p)

(iii) {co(F,p)}" = Fs(p) N Fa(p) 0 F5(p)
(iv) {c(F.p)}" = {eo( F.p)} 0 Fi(p)

() {eo(F.p)} = Fs(p)  (vi) {e(F.p)}" = Fa(p) N Fr(p)

PROOF. We give the proof for the space co(F, p). Let us take any a = (a,) €
w and define the matrix C' = (¢,;) via the sequence a = (a,) by

2

g, 0<k<n,

Cok = Sfufes1
k> n,

where n, k € N. Bearing in mind () we immediately derive that

We therefore observe by (IIQI) that az = (ana,) € £, whenever z € co(F,
if and only if C'y € ¢; whenever y € cy(p). This means that a = (a

)
{co(F,p)}* whenever z = (z,) € co(F,p) if and only if C' € (¢o(p) : ¢
Then, we derive by Lemma [I] that

{Co(ﬁp)}a = ]31(29)-

Consider the equation for n € N,

n n f2
;W’“ B Z“@ )

p)
€
1)-

k=0
n n 2+1
_ j )
= Yk
; ( fkfk—i—l
where D = (d,;) is defined by
noo2
j+1
aj, 0<k<n,
dui = § o Tifrn
0, k> n,

11



where n, k € N. Thus, we deduce from Lemma 2 with (20) that ax = (apzy) €
cs whenever = () € co(F,p) if and only if Dy € ¢ whenever y = (y,) €

co(p). This means that a = (a,) € {co(F,p)}* whenever z = (z,,) € co(F, p)
if and only if D € (co(p) : ¢). Therefore we derive from Lemma [2 that

{co(F,p)}’ = Fy(p) N Fa(p) N E(p).

As this, we deduce from Lemma Bl with ([20) that ax = (arxy) € bs
whenever z = (z) € co(F,p) if and only if Dy € lo whenever y = (yx) €
co(p). This means that a = (a,) € {co(F,p)}” whenever z = (z,,) € co(F, p)
if and only if D € (co(p) : ls). Therefore we obtain Lemma B] that

{co(F,p)}" = Fi(p)
and this completes the proof.

Theorem 4. Let K* ={k e N:0<k<n}NK for K€ F and B € Ns.
Define the sets Fs(p), Fo(p), Fio(p) and Fi1(p) as follows:
< o)

Fy(p) = ﬂ {a = (ag) € w: sup Z‘ Z i ka+1 a,; B/
ﬁg(P) = ﬂ {a = (ar) € w : sup ‘ Z fij ’Bl/Pk < oo}

Bl rer S fes1 7
nEN fk-l—l

B>1
F = a=(a;) €w:Iag) CR> lim } ]H ; }Bl/”’c—O
10(p) Brjl{ ( k‘) ( n—)ooz Z fkfk+1 }
F = a=(a;) €w:su ‘ JH ’Bl/pk<oo
he) = o= ew sy Z Fufi j
Then,

(i) {loo(F,p)}* = Fx(p)
(i1) {loo(F,p)}? = Fo(p) N Fio(p)

(iii) {Lo(F,p)}7 = Fia(p).

ProOF. This may be obtained in the similar way, as mentioned in the proof
of Theorem [B] with Lemmas @l(i), Bl(i), [l instead of Lemmas [IH3l So, we omit
the details.
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Theorem 5. Let K* ={k e N:0<k<n}NK for K€ F and B € N;.
Define the sets Fio(p), Fi3(p), Fia(p), Fi5(p) and Fis(p) as follows:

1312(})) = {a = (ax) € w: sup SUP’ Z Z fk]f—l:—I

KeF keN nek*

n pk
F {a = (ax) : sup ’ ]H < oo}
15(p BL>J1 Ke}'z ;{; Fifert
Fap) = U i Xn: fia g
1a(p a = (ay) : sup ’ a; < oo}
et neN 4= 1 = Jefkn !
~ 2 Pk
Fis5(p) = {a = (ar) € w: sup Jin a;| < oo}
n,keN fkfk—l—l
F = {a = . lim fin ; exists}
lﬁ(p) ( n—00 Z fkfk—l—l
Then,
(i) i
~ <
(U(Fpyr = T2 0= ps]
13(p), 1<ppr <H<o0

(ii)
{E(Z3 )} = fjm(p), 0<pp <1
| Fiy(p), 1<ppy <H <oo0.

(7i) Let 0 < pp < H < 0o. Then,
{¢(F,p)}Y? = Fulp) N Fi5(p) N Fis(p).

ProOOF. This may be obtained in the similar way, as mentioned in the proof
of Theorem [Bl with Lemmas [J(ii), Bl(ii), [6 instead of Lemmas[IH3l So, we omit
the details.

Now, we may give the sequence of the points of the spaces CQ(F\ ,p), L (13 ,D)

and c(ﬁ ,p) which forms a Schauder basis for those spaces. Because of the
isomorphism 7', defined in the proof of Theorem [2, between the sequence

spaces co(ﬁ,p) and c¢y(p), E(ﬁ,p) and {(p), c(ﬁ,p) and c¢(p) is onto, the

13



inverse image of the basis of the spaces co(p), £(p) and c(p) is the basis for
our new spaces ¢o(F, p), £(F,p) and c¢(F, p), respectively. Therefore, we have:

Theorem 6. Let py, = (F\x)k for all k € N. We define the sequence b*) =
{bslk)}neN for every fived k € N by

2
n+1
b n Z k?
bgzk) = Trfrs
0, n <k.

Then,
(a) The sequence {b™)Yicn is a basis for the space co(F,p) and any x €
co(F,p) has a unique representation in the form

x = Z pb®).
k

(b) The sequence {b®)} ey is a basis for the space ((F,p) and any z € ((F, p)
has a unique representation in the form

k

(c) The set {z, 0%} is a basis for the space C(F\,p) and any x € C(F\,p) has
a unique representation in the form

r=1lz+Y (e —1p®
k

where | = limy,_,oo(F2)), and z = (23,) with

k 2
= Z fk—i—l
= fifin

3. Some Matrix Mappings on the Sequence Spaces cO(IA?’, D), c(ﬁ’, D)
s £oo (F', p) and £(F', p)

In this section, we characterize some matrix mappings on the spaces
co(F,p),c(F,p),ls(F,p) and £(F,p). Firstly, we may give the following the-
orem which is useful for deriving the characterization of the certain matrix
classes.
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Theorem 7. [22, Theorem 4.1] Let \ be an FK-space, U be a triangle, V be
its inverse and p be arbitrary subset of w. Then we have A € (A\y : p) if and

only if

EM =(")ye(X:c¢) forall neN (21)
and
E = (em) € (A 1) (22)
where .
(n) Zanjv]k, 0<k<m,
emk = j=k
0, k> m,
and

o
enk = Zanjvjk for all k,m,n € N.
j=k

Now, we may quote our theorems on the characterization of some matrix
classes concerning with the sequence spaces co(F,p),c(F,p) and o (F,p).
The necessary and sufficient conditions characterizing the matrix mappings
between the sequence spaces of Maddox are determined by Grosse-Erdmann
[21]. Let N and K denote the finite subset of N, L and M also denote
the natural numbers. Prior to giving the theorems, let us suppose that (g,)
is a non-decreasing bounded sequence of positive numbers and consider the
following conditions:

1 j+1 —e, 23
ml_l;I(:l)OZ fkfk+1 - Cnk ( )
Z |eni| LYPE < o0, (24)
k

3 cRahm) Jin —oz‘—O forall k€N, 25
(a m—00 Z fkfk—i—l g (25)
M, sup ’ i i | M™YPE < o0, 26
meN £ ]z; fiferr (26)

m 2
VL, 3M, sup ) it an»‘Ll/q”M_l/pk < oo, 27
meN £ ]Z:;fkfk—i-l ! (27)



lim 3| fin i—al =0, 28
m—”’oz Z fkfk—l—l (28)
VL, su eni| LY+ < o0, 29
neng nk| (29)
lim e, = ay forall keN, (30)
n—oo
1/pk
VL, nh—EEOZ |enk| L/PF < o0, (31)
1/pk
VL, nh_)ngoz lenk| LV = 0, (32)
M, sup (Z |€nr| M~ l/p’“> "< 00, (33)
neN keK
lim |e,,|™ =0, forall keN, (34)
n—oo
VL,3M, supz e | LY M~YVPE < 0, (35)
neN
lim |e,, — ak|q" =0, forall keN, (36)
n—oo
M, su ene| MY/PE < 0, 37
neng nk| (37)
VL,3dM, sup Z |eni — agp| LY M~YPe < o0, (38)
neN
dn
sup Zenk < 00, (39)
neN k
dn
Jim | e =0 ()
Jim [ e —af" =0 2

Theorem 8. (i) A € ({o(F,p) : lso) if and only if (Z3),(Z4) and (29) hold.

(ii) A € (los(F.p) : ¢) if and only if (23),(24), (30) and (31) hold.
(iii) A € (boo(F,p) : ¢o) if and only if (Z3),(Z4) and (33) hold.
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Theorem 9. (i) A € (co(F,p) : lo(q)) if and only if (Z5), (20), (27) and
(33) hold.

() A€ (lFr) s ) o and outy f @, @), @B @ and (@

(iii) A € (co(F,p) : c(q)) if and only if (23), (28), (27, [@8), (F7) and
(33) hold.

Theorem 10. (i) A € (C(F\,p) : Uso(q)) if and only if (23), (24), (27), (23),
(33) and (39) hold.

(ii) A € (c(F,p) : co(q)) if and only if {23), (28), (Z7), (23). (). (@)
and ({40) hold.

(iii) A € (c(F.p) : clq)) if and only if (23), (20), @), @8), (@5), @),
(38) and ({41) hold.
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