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1 | INTRODUCTION

Quantum calculus or g-calculus is sometimes referred to as calculus without limits. In this, we gain g-analogues of math-
ematical items that may be got back as g — 1. There are two kinds of g-addition, the Nalli-Ward-Al-Salam g-addition
(NWA) and the Jackson-Hahn-Cigler g-addition (JHC). The first one is commutative and associative, at the same time as
the second one is neither. That is why from time to time, multiple g-analogues exist. These operators form the basis of the
technique which unites hypergeometric collection and g-hypergeometric collection and which gives many formulations
of g-calculus a natural shape. The past of quantum calculus may be traced back to Euler (1707-1783), who first added
the g in the tracks of Newton's infinite series. In recent years, many researchers have shown an eager hobby in studying
and investigating quantum calculus; accordingly, it emerges as an interdisciplinary subject. This is of course because of
the fact that quantum analysis is very helpful in several fields and has huge applications in various areas of natural and
carried-out sciences such as computer science and particle physics and additionally acts as an critical tool for researchers
operating with analytic number theory or in theoretical physics. Quantum calculus can be considered as a bridge among
mathematics and physics. Many scientists who use quantum calculus are physicists, as quantum calculus has many appli-
cations in quantum group theory. For some recent trends in quantum calculus, involved readers are referred to other
studies.!®

Math Meth Appl Sci. 2020;1-26. wileyonlinelibrary.com/journal/mma © 2020 John Wiley & Sons, Ltd. 1


https://doi.org/10.1002/mma.7048
https://orcid.org/0000-0001-5341-4926
https://orcid.org/0000-0001-8843-955X
https://orcid.org/0000-0001-7070-2532
https://orcid.org/0000-0001-8855-9260

2 Wl LEY ALIET AL.

In recent decades, the idea of convex functions has been drastically studied because of its fantastic significance in
numerous fields of pure and applied sciences. Theory of inequalities and concept of convex functions are closely related
to each other; thus, diverse inequalities can be found within the literature which are proved for convex and differentiable
convex functions of single and double variables, see other studies.”!3

Simpson's rules are well-known techniques for the numerical integration and the numerical estimations of definite
integrals. This method is known to be developed by Thomas Simpson (1710-1761). However, Johannes Kepler used a
similar approximation about 100 years ago, so this method is also known as Kepler's rule.

Simpson's quadrature formula (Simpson's 1/3 rule) is stated as

[F(a)+4F<a;b> +F(b)] .

N

1 b
—/ F(x)dx ~
b-a/,

There are a large number of estimations related to these quadrature rules in the literature, one of them is the following
estimations known as Simpson's inequality:

Theorem 1. SupposethatF : [a,b] — Risa four times continuously differentiable mapping on (a, b), and let ||| =

sup [F®(x)| < co. Then, one has the inequality
x€(a,b)

< 53w
2880

2 2 F(4)Hoo(b -

b
1 [F(a)+F(b)+2F<a+b>] 1 / Foods
3 b-a a

In recent years, many authors have focused on Simpson type inequalities for various classes of functions. Specifically,
some mathematicians have worked on Simpson and Newton type results for convex mappings, because convexity the-
ory is effective and is a strong method for solving a great number of problems which arise different branches in pure
and applied mathematics. For example, Dragomir et al.!® presented new Simpson type results and their applications to
quadrature formula in numerical integration in their study. What is more, some inequalities of Simpson type for s-convex
functions are deduced by Alomari et al.?® Afterwards, Sarikaya et al. observed the variants of Simpson type inequali-
ties based on s—convexity in their study.?! Kunt et al. also gave the Simpson's type inequalities for the functions of two
variables. 2

Inspired by this ongoing studies, we establish some new quantum analogues of Simpson's inequalities for
g-differentiable coordinated convex functions. This is the primary motivation of this paper. The ideas and strategies of the
paper may open new venues of further research in this field.

2 | PRELIMINARIES OF Q-CALCULUS AND SOME INEQUALITIES
In this section, we present some required definitions and related inequalities about g-calculus. For more information
about g-calculus, one can refer to other studies.?*

Definition 1 (°). For a continuous function F : [a,b] — R, the g,-derivative of Fatx € [a, b] is characterized by the
expression

Fo)-F(gx+(d-qa)
I-9x-0a ’

adgF (x) = X#a. 2.1)

Since F : [a, b] — R is a continuous function, thus we can define .d F (a) = lim (dgF (x). The function F is said
X—=a

to be g,-differentiable on [a, b| if odF (x) exists for all x € [a,b]. If a = 0in (2.1), then odyF (x) = d4F (x), where
d,F (x) is the familiar g-derivative of Fatx € [a, b] defined by the expression (see Kac and Cheung®)

F(x) - F(gx)

dF (x) = A—ox

,X#0. (2.2)
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Definition 2 (°). Let F : [a,b] — R be a continuous function. Then, the g,-definite integral on [a, b| is defined as

X

/F(t) adgt =(1-q)(x—a) Zq”F (¢"x+ (1-¢")a) (2.3)

n=0
a

forx € [a,b].
We have to give the following notation which will be used many times in the next sections (see Kac and Cheung®):

q" -1
-1

[nly =

Moreover, we will need the following Lemma in our main results.

Lemma 1 (**). We have the equality
b

B B (b_a)(l+l
/(x—a) adgx = m

a

fora e R\ {-1}.
On the other hand, Bermudo et al. gave the following new definitions and related Hermite-Hadamard type inequalities:

Definition 3 (°). For a continuous function F : [a,b] — R, the g°-derivative of Fatx € [a, b| is characterized by the
expression
F(gx+(1—-q)b)—F(x)

b —
e I

X #b.

Definition 4 (°). Let F : [a, b] — R be a continuous function. Then, the qb-definite integral on [a, b] is defined as

b

/F(t) bdgt =(1-q)(b—2x) Zq"F (¢"x+ (1-q")b)
n=0

X

forx € [a,b].

Theorem 2 (°). IfF : [a, b] — R is a convex differentiable function on [a, b] and 0< q < 1, then we have the following
q-Hermite-Hadamard inequalities

b
a+gb 1 b F(a) + qF (b)
F< L, ) < gz [ F dgx < @, (2.4)

a

In their study,'? Latif et al. defined g,.-integral and partial g-derivatives for two variables functions as follows:

Definition 5. Suppose that F : [a,b] X [c,d] c R? > R s a continuous function. Then, the definite g,.-integral on
[a.b] x [c.d] is defined by

x oy
//F(t, 8) cdg,Sadgt =1 —q1) (1 —q2) (x—a)(y—o©)

X Y Y g F (qix+ (1)) a. gty + (1-g3) c)

n=0m=0

for (x,y) € [a,b] X [c,d].
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Lemma 2 (12). If the assumptions of Definition 5 hold, then

y X y X y X1
/ / F(t,s)adqltcd,bs:/ / F(t,s)adqltcdqzs—/ / F(t,8),dg, tcdg,s
n JIx n Ja »n Ja
y X » X
=/ / F(t,s)adqltcdqzs—/ / F(t,8),dg, tcdg,s
Cc a c a
y X1 Y1 X
—/ / F(t,s)adqltcdq2s+/ / F(t,8),dg, tcdg,s.
c a c a

Definition 6 (**). Let F : [a,b] x [c,d] € R? — R be a continuous function of two variables. Then the partial
q:1-derivatives, g,-derivatives, and q,q,-derivatives at (x, y) € [a, b] X [c, d] can be given as follows:

P05, F (%)) _F(qix+(1-qna.y) -Fxy)

JX#D
Doy x 1-q)x—a)
04, F (6,9) _ F(x.q2y+(1-g2)0)~ FGy) .
bog,y A-q)(y—c ’
002, 4. F (x.7) 1

iy G @O—00-q—g T @¥+1-aaay+d-a)0

—F@x+(1-q)a.y)—Fxqgy+1-g)o)+F.y)|.x#ay#c

For more details related to g-integrals and derivatives for the functions of two variables, one can see Latif et al.!3
On the other hand, Budak et al.>* gave the following definitions of g4, q,, and q"® integrals and related inequalities of
Hermite-Hadamard type:

Definition 7 (**). Suppose that F : [a,b] X [c.d] ¢ R? - R is continuous function. Then, the following q¢, g%, and
g"¢ integrals on [a, b] x [c, d] are defined by

//F (t,5) dg,Sadg,t = (1 —q1) (1 —g2) (x— @) (d - y)

xZZq'{q?F (¢fx+(1-q})a.q)y+ (1-q)d) (2.5)

n=0m=0

//F(t, 8) edg,sdgt = (1 =g (A —q2) (b—x) (y—©)

xZququ (¢fx+(1—q})b,gyy+ (1-qF)c) (2.6)

n=0m=0

and

b d

‘//fﬁdﬂ%;%%t=ﬂ—qoﬂ—qﬁw—xxd—w

XZZq F(qix+(1-q}) b.g)'y+(1-q}) d) @7

n=0m=0

respectively, for (x, y) € [a,b] X [c,d].
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Theorem 3 (**). Let F : [a,b] X [c,d] c R? - R be a coordinated convex function on [a,b| X |c, d|. Then, we have the
following inequalities:
P (q1a+b c+q2d>
21, ~ [2],
b d

c+q.d 1 qa+b d
— | F , d
/< ) e i 7 () e

c

<

1
2

1 )
= <b—a><d—c>//F("’y) g, adg, X
(2.8)

1 . +r d
S2[2q1(d )/F(ay) dq2y+2[2 )/F(by) dg,y

1 q2
+ W/F(X,C) adq1x+ W/F(x,d) adqlx

qu(a 0) + q1q2F (a,d) + F (b, ¢) + q2F (b, d)
[2]q, [2]4,

forall0<q;,q,< 1.

Theorem 4 (**). LetF : [a, b] X [c, d] C R? - R be a coordinated convex function on [a, b] X [c, d]. Then, we have the
following inequalities:

l

F<a+q1b qzc+d>

(21, (2],
b d
1| 1 Gc+d\ , 1 / a+qb
<= F s d F > Cd
=2|b- a/ <x 21, > WX T T 21, 7)<
b d

S S b
: (b—a)(d—c)//F(x’y) oap g X

J (2.9)

1 d1
< Z[Z]ql (d s /F(a, ¥) cdq2y + m F(b, y) quzy

b b

a2 b 1 b
— [ F(x,d
F(x,¢) "dg,x + 2020, (b= a)/ (x,d) °dg,x
a

* 2[2]g, (b - a)
qu (a,c)+ F (a, d) + q1q.F (b,c) + q1F (b, d)
[21g,[214,

forall0<q;,q2< 1.

Theorem 5 (**). Let F : [a,b] X [c,d] c R? - R be a coordinated convex function on [a,b| X |c, d|. Then, we have the
following inequalities:

F<a+q1b c+q2d>
21, (2],
b d
1] 1 c+qd\ , 1 / a+qb d
= F | x, d F|——y | %
2 b—a/ <x 21, ) R 2, )
c

a

IA
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< o c>//F(xy) . "

= [2]q1<d )/F(“ ) d‘b”z[qu(d )/F(b ) fdg.y

(2.10)

DT R :
R PRCED) / F e 0) Moy + o 6= a>/ Fx.d) "dy,x

F(a ¢) + q2F (a, d) + q1F (b,0) + q1q2F (b, d)
[21g,[2]q,

forall 0<q;,q2<1.

Theorem 6 (q;q,-Holder's inequality for two variables functions,'3). Let x, y >0, 0<q;, q2<1, and p; > 1 such that
1 1
—+—==1.Then

J21 r
X Yy X y % X y ﬁ
//IF(x,y)G(x,y)qulxdqzyS</ / IF(x,y)Ipldqlxdqzy> </ / IG(x,y)I’qulxdq2y>
0 0 0 0 0 0

We can give the following new partial g-derivatives for functions of two variables.

Definition 8 (*). Let F : [a,b] x [c,d] € R? — R be a continuous function of two variables. Then the partial
q1-derivatives, g,-derivatives, and g, q»-derivatives at (x, y) € [a, b| X [c, d] can be given as follows:

P05, F (%)) _ F(gx+(1-qnb.y)-Fx,y

,x#b
by x (I-q)®b-x) o
494 F (x,y) _Fgy+(1-¢)d) - F(x,) sy
b9y, y A-g)d-y ’
05,0, F y) 1

oy G- (- [F(qix+ (1 —-q)a,qy+(1—-g)d)

—F(@qx+(1-q)a.y)-Feq@y+1-g)d)+Fxy)|.x#a,y#d,

by2
003 g, FC59) ,

b9y X0,y (b= (y—0c)(1—q1)(1—qo)
—F(@x+1-q)b,y)—~F.qy+ (1 -q)0)+F(x,y)]| ., x#b, y#c,

bda‘i qu(x, y) 1
b0g,x40g,y  (b—x)(d -y (1—q)(1-q)

—F(qx+0-q)b,y)~FX.qay+(1-g)d)+F(x.y)|,x#b, y #d.

[F(qix+ (1 -q)b,q2y+(1—q2)0)

[F(@ix+Q-q)b.qzy+(1—g2)d)

3 1 ACRUCIAL LEMMA

We deal with identity which is necessary to attain our main estimations in this section.
Let's start with the following useful Lemma.
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Lemma 3. Let F : A C R? — R be a twice partially q;q,-differentiable function on A°. If the partial q;q;-derivative
bdg2  F(t,5)
q1.92

~,8— is continuous and integrable on [a,b] x [c,d] C A°, then following identity holds for q:q-integrals:

bdgz F(ta+ 1 —t)b,sc+(1—s)d)

by td
0q,1%04,8

1 1
b g (F)=(b—a)(d-c) /0 /0 Ag, (D Ag, (5) dg, tdy,s. (3.1)

where 0<q;,q2<1,

F<“T+b,c>+F<%,d>+4F<ﬂ ﬂ>+F(a,”7d>+F<b,%>

27 2
b’dI%sQZ(F) = 9
+ F(a,c)+ F(a,d)+ F(b,c)+ F (b,d)

36

1 b c+d ’

_ 6(b—a)/a [F(x,c)+4F <x, > >+F(x,d)] dgx
1 d a+b ¢

- 6(d—c)/c [F(a,y)+4F< 5 ,y> +F(b,y)] dg,y

1 b by d
+ F(x, y)’dg,x"dg,y,
(b—a)(d—c)/a/c P o e,y

and

( 1 [ 1
Q- L€ _0,5 ,

)

Ag, () =1 )
qlt—g, te %1]
(qzs—%,se 0%)

Ag, (8) = 1 )
qus—g,se %1]

Proof. Because of the Lemma 2 and the definition of A4, (f) and Ay, (s), it is easy to see that

1 el bdgz (F(ta+ (1 —1t)b,sc+(1—s)d)
/ / Ag, (1) Ag, (5) v
0 0

td, s
q,"%4q>
ba‘htda‘bs
4 (i [: bdgz F(ta+ (1 —1t)b,sc+(1—s)d)
=z tdg s
9 4/0 /0 baql tdaqzs q1""9,
5 [3 1 5\ 2402  F(ta+ (1 —t)b,sc+(1—s) d)d .
+3 Q8 — = — 0, tdg,s
3Jo Jo 6 0,190, s

+ = qlt - = q t a5
6 ba‘htda‘bs s

3 0
11 s s b*daflqF(ta+(1—t)b,SC+(1_s)d)d i
N < [ _) < G _) 192 td, s
: /0 qt =) (as- ¢ b9y 110, s e
= Il + Iz + I3 + I4' (32)

2 /1/%( 5) bdg2  F(ta+(1—t)bsc+(1-s)d)

0
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From Definition 8, we have

bdgz F(ta+ (1 —1t)b,sc+(1—s)d)
bo, t40,,s
_ 1
S (l-q)A-g)b-a)d-ots
—F(tgua+ (1 —tgq1)b,sc+ (1 —s)d)—F(ta+ (1 —1t)b,sq.c+ (1 —sq2)d)
+F(ta+ (1 - t)b,sc+ (1 —s)d)].

[F (tqra + (1 - tq1) b, sqzc + (1 — 5q2) d)

It is needed to calculate the integrals in the right side of (3.2) in order to finish this proof. By using the definition of
q19»-integrals, we obtain that

//lbdaz GFa+1—0b,sc+(1—-s)d)

td, s
(iaat’?)
baql tda‘lzs

_ 1 2 % l _ _
- AT mesaaa ), J, e a-mbsera-s

—F({qua+ (1 —tq1)b,sc+ (1 —5)d)—F(ta+ (1 —t)b,sqac+ (1 —sqz)d)
+F (ta+ (1 = t)b,sc+ (1 — s)d)| dg, tdg,s

1 0 ®© q;11+1 q}11+1 q;n+1 q;n+l
= —— F| — 1-— )b, 1- d
(b—a)(d—c){,,z_:;,;) < 2 ‘”( 2 2 ¢t 2
n+1 n+1 m
‘22F<q1 a+<1—q1 )b q—2c+<1—q—2>d>
=0m=0 2 2
m+1 m+1
_22F<qla+< ) < - )d)
n=0m=0 2

(3.3)

+22F<_a+<1__

n=0m=0
1
T b-wd-0

[F(b d)—F

So

_ 4 B a+b _ c+d a+b c+d
S S P L I R e e

Now from Definition 7, we obtain the following:

//1 bdos o Fta+ (1 —1t)b,sc+(1—-s)d)

dg tdg,s
ba‘h tda‘lzs '

2

1 VAN

S mEaEa ), J 1 Femetasmberd-sd
—F({tqua+ (1 —tq1)b,sc+ (1 —5s)d)—F(ta+ (1 —1t)b,sqc+ (1 —sqz) d)
+F(ta+ (1 —0b,sc+(1—s)d)| dg tdg,s

q;l+1 q;l+1
m{ZZ%( < +<1— 5 >b gy le+ (1- CIZ”“)d>>
n=0m=0
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0 o qn+1 qn+1
‘qué"(F<l a+<1— : >b,q2”0+(1—q§")d)>
n=0m=0 2 2

_quz <F e <1—£>qu“ +(1 qﬁ”“)d))

n=0m=0

(5o
$E6 (e (o (D19
{2

e 00 qn+1 qn+1
gy lZF(lTa+ (1 > >b Q7+ (1— gt d>

N o)

+Zq;“ lz <?1 +<1—q?1>b,qzc+ d>
q,

s

1 m m m . m m
=E?56?5{§hﬂ’bQ“ (1-g™) &) = LaF (bgfe+ (1-47)d)

=0

+Zq <—qzc+ 1-q7) > zq < b,q;n+1 1 q;n+1)d>}

I S
b-a)yd-o0

m=0

= 1 —q2 B 1
‘w—mw—o{ % Zq (b.g5'e+(1-g5)d) = —Fb.o

I1-@xa . {a+h 1 a+b
-— F m 1-q9™)d —F
ot Yare (S hares (-ap)a) + (10 )

m—0 2

d d d
1 1 d 1 a+b
_ F -t [F
w—axd—dld—clw (. )"y, y d—clﬁ < 2’y>d%y

—lF(b,c)+lF<a+b,y>]. (34)
q2 q> 2

By using the similar operations used in (3.3), we have

/i /1 bdg o F(ta+ (1 —1t)b,sc+(1-5)d)

L
baql tdaqzs q; ‘hS

1 a+b a+b
=——— |F(b,d)—-F ,d ) —F(b, F , . 3.5
w—axd—o[ ®.9 < 2 ) b0+ < 2 c)] G

From (3.4) and (3.5), we obtain that
d d d
2 1 d 1 a+b
I = Fb,y)d, y— —— F s d
2 3(b—a)(d—c){d—c/c (b, »)"dg,y d—c/, < 2 y> (3¢

a+b 10 a+b
—F(bC)+F< > ,C>}—m{F(b,d)—F< > ,d)

—F(b,c)+F<aJ2rb,c>}.
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Similarly, we have

= 2 1 ’ b 1 b c+d\’
I3_3(b—a)(d—c){b—a/a F(x,d) dqlx—m/a F<X’T> dy,x
c+d 10 c+d
_F(a,d)+F<a, . >}—18(b_a)(d_c){F(b,d)—F(b, . )
+

c
—F(a,d)+F<a, 5 >}

Also, we have

/ /1 bdgs o F(ta+ (1 —t)b,sc+(1—s)d)

tdg,s
bdg, 190, 0,t4q,

m [F(b,d)— F(a,d) ~ F(b,c) +F(a,c)], (3.6)

//1 bdgs o F(ta+ (1 —t)b,sc+(1-5)d)

dg tdg,s
baql tdaqz 1 2

d
Fb dd 1 /F s dd
(b—a)(d—C){qz(d— )/ G ey = o d—g J, F@ ey

—lF(b, o)+ lF (a, c)} , (3.7)
q2 q2

//1 bdoz o Fta+ 1 —t)b,sc+(1—s)d)

b9y, 14,5 qldg,S

b
1 b
(b a)(d_c){fh(b—a)/ F(x,d) dqlx 1(b—a)/a F(x,c)’dg x

—iF (a,d) + iF(a, c)} 3.8)
q1 q1

and

/1 /1 bdgz F(ta+ (1 —t)b,sc+(1—-5)d)
ts

b9y, 10,5 dg, tdg,s
- - qiq n+1 1— n+l b qm+1 1-— qm+1 d
(b_a)<d_c){,§,§ F (=)o (1- 7))
-3 S (g (=g bogle+ (1-g2)d)
m=0n=0
-3 Y (ala+ (1- ) gt e+ (1-g2)d)
m=0n=0

b3 S atan (gha (1 q?)b,q;"c+<1—q;">d>}

m=0n=0
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m=0n=0

1
“G-ad-9 {q1q2 lZZq (gia+ (1-gp)b.gge+ (1-47) d)
—Zq;”F (a.q)c+ (1 Zq (qfa+ (1 qi‘)b,c)+F(a,c)]
lZZqi‘q (qfa+(1—g})b.gyc+(1-g3)d)
m=0n=0

—Zq;"F (a.q)e+ (1- ] - = lZquqZ‘F gla+ (1-q})b.gyc+ (1—4q3)d)

m=0 m=0n=0
—gq’fF (gfa+(1—gf)bc ] +Z_',OZ_:,)q’fq (qta+ (1 qi’)b,qz”H(l—qE")d)}
pCErTEE {(1 T _qZ)ng;:gq (gia+ (1-ap)bogge+ (1-47) d)
_ lq:q‘iz 'g)q (a,qfc+ (1- 1-aq Zq (qfa+ (1—q7)b,c) + ﬁF(a, c)}
T { AUETIeE / / e Pdo oy = o / “recofdy
m/ F(a,x)® dg,y+ . F(a c)} 3.9

From (3.6)—(3.9), we obtain that

I = 1 1 /b/dF(x »ed, x4d, y

T o-ad-o | 0-ad-0/, S T
__L bF(x o’d x— 1 dF(a yid, y+ F (a, c)
b—a ; ) q, d—C . 5y qzy )

> 1 ’ b 1 b b
_ F 1t
6(b—a)(d_c){b_a/a (x,d)"dg,x b—a/a (x,0)°dg,x

d
+F (@0~ F@.d) - gr—s {diC/ F(b, )'dg,y
1 d
-0 | FG@ »idg,y+F(a,c)—F(b, c)}

25

Y b-nd-0 [F (b,d) - F(a,d) - F(b,c)+ F (a,c)] .

Now using the calculated integrals (I;)-(I) in (3.2) and multiplying the resulting one with (b — a) (d — c), then we
have desired equality (3.1) which accomplishes the proof. O
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Remark 1. Under the given conditions of Lemma 3 with q;, g, — 17, we have the following identity:

F<a+b >+F<a+b d>+4F<a+b c+d)+F< c+d>+F(b’%i)
F(a,c)+ F(a,d)+ F(b,c)+ Fg(b, d)
* 36

1 b c+d
_6(b—a)/ [F(x,c)+4F<x, > >+F(x,d)]dx

a+b
6(d—c)/ [F(a y)+4F< )+F(b,y)]dy

+m/ﬂ/cF(X,y)dxdy
1 1 . ~ _
=(b—a)(d—c‘)//A(t)A(s)aF(ta+(1 Hb,sc+ (1 -5)d)
o Jo

dtds, (3.10)
otos
where
1 1
t—-,te 0,—)
INGER S P
t—g, te _5,1]
and
s—=,8€ 0%)
A(s) =< .
s—=,8€ 5,1]

which is turned out by Ozdemir et al.?% Lemmal

4 | SOME NEW (Q1q:-SIMPSON'S TYPE INEQUALITIES

For brevity, we give some calculated integrals before giving new estimates.

1 1-2q—-2¢° 1
1 24[2],13], 0<g<j3
Ai(g) = / ’qt - 6' tdgt = , 4.1
189°+18¢-7 1
0 21602131, 3 <g<l,
1 1-4¢3 1
1 24121, 3], 0<g<3
Axq) = / ’qt— —‘(1 —Ddgt = (4.2)
6 36¢°H2PH204 1 o o g
0 e, 31
1 15—-6q—6q> 5
5 24121, 03], 0<g<g
A3(q) = / ‘qt - E’ tdqt = , (43)
1842+18q+25 5
! 216121031, 6 =gq<1
—5+8¢+8¢*—8¢> 5
5 24121, 3], 0<q <
Ay = / ‘qt— _‘(1_t)dqt: (4.4)
6 12¢+12q+5 Scg<l
3 216[2],13], o =4 ’
1 1
: 1 36121, 0<g<3
As(q) = / ‘qt ~ e dgt = i 1 , (4.5)
0 g-1 1
3621, 3 =gq<l
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5—4q 5
1 5 122], 0<g<g

Aq(q) = / qt— c dgt = s s . (4.6)
: 36[2], 6 <g<l1

Now we give some new quantum estimates by using the identity given in the last section.

Theorem7. LetF : A C R? — Rbeatwice partially q;q,-differentiable function on A° such that partial q;q,-derivative
b,d()Z F(t,
%a(m is continuous and integrable on [a,b] x [c,d| C A°. Then we have following inequality provided that

b.d 52
dql 92 F(s)

by rd
0g, 149, s

is convex on [a, b] X [c, d]:

bd b’da‘h"le (a’ C)
| ’ Iql,qz(F)| <(bh-a)yd-c) [(A1(q1) +A3(q1) (A1 (q2) + A3(q2)) g Hg s
91 9>
49y,4,F (@ d)
+ (A1 (q1) + A3 (q1) (A2(q2) + As (@) | — o
a‘]lt a‘]zs
b'd()ql,qu (b,c)
+ (A2 (q1) + A4 (1) (A1 (q2) + A3 (@) |7
0q,1%04,8
bdg, ¢.F (b,d)
+ (A2 (q1) + A4 (q1)) (A2(q2) + A4 (q2)) — o |l 4.7
0q,1%04,8
where 0<qy,q2< 1.
Proof. On taking modulus of the identity of Lemma 3.1, because of the properties of modulus, we find that
1,1 bdp2 F(ta+ (1 —t)b,sc+ (1 —s)d)
PﬁmdFﬂg@—mw—@ |Ag, (6) Ag, (5)] | —22 dy tdy.s. (4.8)
o Jo b0g,190q,s

bd 52
dql @ F(t,s)

Now using the convexity of o tios

’, then (4.8) becomes

|b,dI‘11»‘I2(1 )|
b.d 52 _
g, ¢, F (@, sc+ (1 —5) d)

1 1
< (b - a) (d - C)/() qu (S) |:/0 A‘]l (t) {t baql tddqzs

bdp2 F(b,sc+(1—s)d)
91,92 ’
dg t| dg.s. 4.9

baql td()qzs ‘ q1 92 ( )

+(1-10
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Now we compute the integrals appear in right side of inequality (4.9)

' "% 0 @sct A -9d) bdg2  F(b,sc+(1—s)d)
/Aql(t) T tA-n|— dy,
0 0g, 10, 0q, 90,5
: 11 |2402, o F (a.sc+ (1 —5)d)
= / t qlt % ‘ht
0 6 bggy t40g s
: 11]7903 4, F (b.sc+ (1 —s)d)
+/ 1-0 Chl—g — ot
0 a‘ht aqu
1 511790z o, F (a,sc+ (1 —s5)d)
+ tlgit—=
'/% " 6 ba‘h tdanS &
: 51 [2902 o F (b.sc+ (1 —s)d)
/o a=0 - by rd .l
0 a‘ht anS

From (4.1)-(4.4), we obtain that

1
[ (t){
0

bdp2 F(a, sc+(1—s)d)‘
Q-

‘11 q2
b
a‘ht aqu

bdp2 F(b,sc+ (1—s)d)
t) q1.9> dqlt
b9y 140y, s

bdg o F(asc+(1—s)d) A s
= +
b0y 90,5 (A1 (q1) + A3 (q1)
bdgs JF(b,sc+(1—s)d) ” )
+ .
bdqltddqzs (A (q1) 4(q1)
Thus, we have
|P24,4,(P)|

) 4 1 N bdgz L F(a,sc+(1—s)d)
< — —

<b-a)d-o /0 g, (8) b0y 190, 5
bdgs F(b,sc+(1—s)d)

b d
a(h 4 a‘bs

' (A1(q1) + A3 (q1))

’ (A2(q1) + A4 (fh))] dg,s

) i lA bdoz o F(a.0) bdoz o F(a,d)
<b-a){d-c s s|—=|+Q-5)|—="
<( ) ( )/0 g0, 8 0y (1005 1=y b0y (90,5
bdgq (b, ¢) bdg2 F(b,d)
X (A +A + B d—s) | — 7
(A1 (q1) + A3 (q1)} b9, (10,5 (1-5) b9, (10, 5
X (A2 (q1) + A4 (q1))}] dg,s
(b—a)(d- ) (A (@) +As (q1) "0%,0,F (@0 14
1 1 3 1 bdqltdaqzs o 2 6 q.
bda2  F(a,d) bdg2 F(a,c)| !
‘hqz q1.9> ’ 5
l—s) qzs—— 05 —/sqzs——dqzs
ba‘htda‘h ba‘htda‘bs % 6
bdp2 F(a,d)| 1
q1.9> ’ 5
—bdqltd()qzs [ 1-5%) PS— ¢ dg,s
b - ) (d -0 (s @) + As @) ||-Zad -0 L\
+b-a)d-c q1) +As(q —/ 5|q28 — =|dg,s
2(q1 4 (q1 baqltdaqzs . 2 6171
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bdg2 F(b d) bd02 F,c)| r! 5
‘ht 4,8 ‘11t 4,5 2
bdp2 F(b,d)| !
q01.92 ’ 5
_— 1-—s S— = d S| .
aqlt aqzs '/% ( ) q2 6 q,

From (4.1)-(4.4), we have

bdg, o F(a,c)
bg, t40y,s
bdg, o,F (a,d)
bgy t40,,s ‘
bdg, o F(b,c)
b9y 140y, s
bdg, o F(b,d) H

b9y tdag,s

24,0,(P)| < -a)@-0o l(Al (@) + A3 (@) (A1 (@2) + A3 (g2))

+ (A1 (q1) + A3 (q1) (A2(q2) + A4 (q2))

+ (A2 (q1) + A4 (q1) (A1 (q2) + A3 (q2))

+(A2(q1) +A4(q1)) (A2(q2) + A4 (q2))

Hence, the proof is completed. O

Remark 2. Under the given conditions of Theorem 7 with q;, g, — 17, we attain the following inequality:

F(“;b )+F<“+b d)+4F(“+b CJf">+F< C+d)+F(b,%’)

9

L F@o+F@d+Fb.o+Fbd
36

1 b c+d
_6(b—a)/a [F(x,c)+4F< >+F(xd)]

1 d a+b
~sd=o /. [F(a,y)+4F< >+F(b,y)]dy

1 b d
Gaass ), | Fema

9*F(a.c) 0*F(a.d)
< 25(b—a)(d-rc) 0tds tos

72 72

N

9*F(b,c)
dtos

9%F(b,d)
dtos

+ +

(4.10)

which is shown by Ozdemir et al.?% Theorem 3

Theorem8. LetF : A C R? - Rbea twicepartially q;q,- dlﬁ”erentlable function on A° such that partial q;q--derivative

bdagl a2 Fs) . ; ; o " f11 112F( )
is continuous and integrable on [a,b] X [c,d] € A°. If "ot

2, a5 P is convex on [a, b| x [c,d] for some p> 1
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and % + 11) = 1, then we have following inequality:

’b'qul,qz(F)|

1 1 :
<(b-a)d-o) </ / |Ag, (1) Ag, ()| "dy, tdq2s>
o Jo

b.d 52 bd 52
1 9.0.F@9, 05, q,F@d)|
[2]‘11 [2]‘12 baql tdaqzs [2]q1 [2]q2 baql tdaqzs
1
b.d 52 b,d 32 >
0 94,4,F(b, ) » 192 95,4, (b, d) ol “11)
[2]g,[2lq, | P0g,t%0y,s [2]g,[21g, | bg, t40g,s ’ -

where 0<q;,q2< 1.

Proof. Applying the well-known Holder's inequality for q; g,-integrals to the integrals in right side of (4.8), it is found
that

lb'dlql,qz(F)|

1,1 :
<(b-a)d-0) l(/ / |Ag, () Ag, (5)] "dy, tdq2s>
0 0

v oprbdg2  F(ta+(1—t)b,sc+ (1 -s)d) »
X / / — — Pdg tdg,s (4.12)
o Jo 0g, 190,
bd 2 F(t,s)
By applying convexity of |— d‘“ ;’dz o P1, then (4.12) becomes
|P24,.6,(F)|
1,1 <
<(b-a)d-0 </ / |Ag, (O Ag, (9)] ’dqltdq2s>
0
bdaél ‘J2F( C) p bdaél qu(a, d) p
T t(1—5) i
a‘ht a‘]z aqlt a‘]zs
bdg2 F(b,c) bdg2 F(b,d) >
91,92 ’ ‘11 )
+(1-0s —p+ 1-H1—-5)|————— dg td . 4.13
1-0s PR 1-H1 -5 59, 10,5 ’ q,1dg,S (4.13)
Now, if we apply the concept of Lemma 1 for @ = 0 to the above quantum integrals, we attain
1 1 1 1
/ / tsdg, tdg,s = </ tdq1t> </ sdqzs>
0 0 0 0
-1 (4.14)
[21q, 2], '
1 1
/ / t(Q—s)dy tdgs = — 2 (4.15)
[2](,11 [2]q2
1-1t)sd, td, s = 4.16
//( e [][2] (410
Q1Q2
1-t)1—-s5)dg tdy s = ————. 4.17
[ o=, 21, 2L, “
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By substituting the calculated integrals (4.14)-(4.17) in (4.13), then we obtain the desired inequality (4.11) which

finishes the proof.

O

Theorem9. LetF : A C R? —» Rbea twicepartially q;q,- diﬁ”erentiable function on A° such that partial q;q,-derivative

b,dozl’ s) ) . o g, (S)
ba‘;fj%s is continuous and integrable on [a, b] [c d] CA°If b; :30 P s convex on [a b] [c, d] forsomep>1,
then we have following inequality:
|b’dZCI1,‘12(F)| 1 1
1-1 1-2
<(b-a)d-o [As RCIVZERRCEY
bdy2 (a.c) bdg?2  F(a,d)
X {A1 (q) <A1 @) | =505 | "+ A2 (@) b;" s p)
q1
bd 32 (b,c) bdy2  F(b,d)
+A3(q1) <A1 (q2) b[;Hq[Zd P+42(q2) bc;nqrzdd B p)}
-1 1-
+A p(Q1)A "(qz)
bdg2  F(qc bdp2  F(a,d)
x{Al(ql) <A3(Q2) W’ + A4 (@) | 5 ")
q1 q;
bd 2 (b.c) bdy2  F(b,d)
+4a@) <A3 @) i | T A @) |l ‘”)} (4.18)
R (q1)A (CIz)
b ;1 a2 ( bdagl QZF(a d)
X4 Az (q1) | A1(q2) 59, 190, p+A2 (q2) b9, 149, ?
bd 52 (b,c) bdg2  F(b.d)
+A4 (fh) <A1 (q2) baqli# P+A:(q2) b(;nqtzda s p)}
K (ql)A (qz)
bd o0, F(@0) Moy P07, g, Flad) d)
X § A3 (q1) | A3 (q2) by g s P+A4(q2) 53,,199,,5 !
q1 92
bdy2 (byc) bdg2  F(b,d)
+A4(q1) <A3 (q2) % P+A4(q2) bgl q;ia B p)}
a1 a2

where 0<qy,q2< 1.

Proof. When applying well-known power mean inequality for q; g,-integrals to the integrals in right side of (4.8), it is

found that

|b,qu1,q2(F)|

<b-ayd-0 <//
0 0

x(/z/z
0 0

t_l S —
q1 6 q>

1-1
1 p
g dq] tdq2S>

t_l S_l
q1 6‘12 6

bdg2 F(ta+ (1—1t)b,sc+ (1 —s)d) ;
x | —22 ‘qul tdys

b d
a‘h[ ans

q2s — —

(1

5] \1-¢
p
6

1
t__
q1 6‘
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>t
(]

0 /s
b.d 2 _ _ ,
8 0g,.q,F (ta+ (1 t)b,sc+ (1 —s)d) od td s p

baqltdaqzs q1°7q>

1,3 1_171)
+ [/ dg, tdy,s

L Jo

Lo
(L

> Jo
b,d 32 _ _ >
y 0g, o, F (ta+(1 tHb,sc+ (1 —s)d) Pl td s p

baqltdaqzs q1°7q>

1 1
+ l/l dg tdy,s

2 2

1 1
X // dg,tdg,s

b.d 32 _ _ >
9 0 o, Fta+1 -1 b,sc+(1—-s)d) bd, td, s P
b0g,1%0q,s T

t_l S_E
q: 6‘12 6

[_é S—l
q1 6612 6

l‘_é S_l
q1 6 q> 6

t_é S—é
q1 6(12 6

s
q> 6

5
‘hf—g’

(4.19)

bd 2
aql‘qu(t,s)

by td
a‘hl dq2s

<//
(L

bdp2 F(ta+ 1 —t)b,sc+ (1 —s)d) g
x | —22 ‘qul tdys

bgy t40,,s
1 1 -5
(b
0 0
[ leil{
0 6 0

Q- -
1
qlt— g‘ (t
+(1-1)

6
bdg2  F(b,sc+(1—s)d) ;

bgy 140y, s

P, then we have

1-1
p
dg, tdqzs>

g1
q> 6

By applying convexity of

t_l S_l
q1 6‘12 6

(=}

[

1
‘ht—g‘

bdy2 F(a,sc+ (1—5) d)‘P

q1,9>
b d
0q,1%0y,s

bdoz o F(a,sc+(1—s)d)

ba(h td()qu

1

»
Pd, s

bﬂa; o, F@0o

by td
0q,1%0q,8

1-1 1-1 3 1
=A; "(qDAs " () |A (‘h)/ DS — ¢
0

+A3 (q1) / ’
0

<AL " (@A " (q) [Al @ / Z
0

‘pdqzs

bdgs o F(b,sc+(1—s)d)

b d
a‘ht ans

s_l\<s
q2 6

g1
q> 6

p
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b,daZ F(a d) 1
91,92 ’ 2 1
+A-8)|—————|? |d, s+ A / s——‘
( ) bdql tdaqzs q, 2(q1) ; qz 6
b,d 32 bd 52
x| s aﬁh"]zF(a’c) p+(1—S) a‘h"bF(a’d) Pld. s :—J
b9, 140, b9, 4, s o2
9 92 U6l 9z
_Al_ll; Al—:—) A A hdaéu‘]zF(a’c) PyA ) b’da‘?l»‘hF(a’ d) D
=A; " (@A " (@) [A1(q1) | 4A1(q2) —b()q o,.s 2(q2 —baq 0,5
bdg2 F(b,c) bdg2 Fb.d)')]:
q1.92 ’ 91,92 ’ =
+A42(q1) § 41(q2) P Ay (@) | ——— P (4.20)
baihtda‘bs ba‘htda‘hs

By applying the similar operations, we obtain that

s 5’)1—1—1)
s — 2

6

g2
9> 6

1
‘ht—g‘

(I
(L]

bdgz F(ta+ 1 —1t)b.sc+(1—s)d)
X 1°42

1
fhf—g

1
p b
dg, tdqzs)

bg, td9, s
91 9>
bd 32 bd 32
-1 4.1 @0 4, F(a,0) 905 ¢, F (a, d)
<A, TA, T |AL(Q)R A3 () | ————— [P + Au(qp) | ————|°
° o [ ba‘htda%s ba‘htda‘hs
1
bdg2 F(b,c) bdg2 Fb,d)| \]°
+A3 (q1) {A3 (q2) ﬁ P+ A4(q) ﬁ‘p , (4.21)
91 9> 4 q>

1

1 1--
1 = p
2 5 1
<//0 qlt—g‘ Q@S- ¢ dqlqu23>
x // (-2 s_l‘
A A ]
2

bdoz o F(ta+ (1 —t)b,sc+(1—s)d)

ba(h l'daqu

=
jo N
=
-
Q.
=}
S
1%}
N——
o

bd 72
%.0.F @)

A4 (A A1 (q2) P4+ A, (qr) "%5,.0,F @ d) P
< + I
<A A, 3(q1) § A41(q2 P9, 99,5 2(q2 b0y 190,.5
bdg2 F(b,c) bdg2 F(b,d) ’
91,92 ’ 91,92 ’
+A4(q1) R A1 (@) |——— P+ A2(q2) —‘p , (4.22)
bgy t40,,s bg, t40,,s
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1 1
5 5
<£ /1 qit — 3 qaS — 3 dqltdq2s>
2 Y2
1 1
5 5

X |:A ’A q1t — g q2S — g dqltdqzs

2 Y2

A

bd 52 _ _
o dg, o, F (ta+(1 Hb,sc+ (1 —-s)d) pd 1 s

q1°7q>
b9y tdag,s

b.d ;2 b.d 52
-1 q_1 “9: . F(a,c) 905 4. F (a, d)
<A, AL 7 |As (@) ] As (@) |—2E P A (qp) |—2 P
o ¥ l ba‘htda%s ba‘htda‘hs
b.d 52 F(b,c) b.dy2 F(b,d) i
q:1,49; ’ q1.9> ’
+A A Py A e . 4.23
4(q1) { 3(q2) b9, 1995 4(q2) b0, (10, 5 (4.23)

From (4.19)-(4.23), we obtain desired inequality, and proof is ended.

5 | ADDITIONAL RESULTS

In this section, we present some results without proof since the proofs are similar to the ones given in Section 3.

Lemma 4. Let F : A C R?> - R be a twice partially q;q,-differentiable function on A°. If the partial q;q,-derivative
bdg2  F(t,s)

2 is continuous and integrable on [a, b] X [c,d] C A°, then following identity holds for q:qz-integrals:
q1 a2

1g,0,(F)
) J 1 1/\ N gagqF(tb+(1—c)a,sc+(1—s)d)d ;
=b-a)d-c t s v td,. s, 5.1
(b~ a)( )/0/0 0, (0 Ay, (5) oo 1o, (51)
where 0<q;,q2<1, Ay, and Ay, are defined as in Lemma 3 and
a+b a+b a+b c+d c+d c+d
) F(T,c)+F<T,d)+4F<7,7>+F<a,7)+F<b,T>
aI‘thZ(F): 9
+F(a,c)+F(a,d)+F(b,c)+F(b,d)

36

1 b c+d
_—6(b—a)/a [F(x,c)+4F<x, > >+F(x,d)] adg,x
1 d a+b d
_m[ [F(a,y)+4F<T,y>+F(b,y)] dg,y

1 b d
Comoaa ), [ Fe ey

and0<q;and g, < 1.

a-4q1.92

Proof. If the strategy which was used in the proof of Lemma 3 is applied by taking into account the definition of
492 F(t.5) A . . ]

— o s z , the desired inequality (5.1) can be attained.

a~q1 a2

O
Remark 3. If we choose g1, g, = 17 in Lemma 4, then the identity (5.1) reduces to identity (3.10).

Now we use Lemma 4 to find some new quantum estimates. We first examine a new result for functions whose partially
q1g»-derivatives in modulus are convex in the following theorem.
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Theorem 10. Let F :

dy2
q:192
ﬂa‘?l IddQZ

djy2
%14, 7S

d
a0, 190,

that

where 0<qy,q2< 1.

Theorem 11. Let F :
b,d 532
q1.92

-derivati
q1q2-derivative g 149,5

forsomep>1and % + 117 = 1, then we have following inequality:

where 0<qy,q2< 1.

Theorem 12. Let F :

q1q2-derivative 2"
142~
a0, 19,8

-derivative LF(I:)

d
alql,

F(t,s)

WILEY——2

A C R? - R be a twice partially q;q,-differentiable function on A° such that partial

is continuous and integrable on [a,b| X [c,d| € A°. Then we have following inequality provided

is convex on [a, b] x [c,d]:

ga‘thzF (a’ C)
qz(F)| <(b-a)[d-c) |(A1(q1) + A3 (q) (A1 (q2) + A3 (q2)) et
arq, q;
49q,.0,F (a.d)
+ (A1 (q1) + A3 (q1)) (A2(q2) + A4 (q2)) — iy s
a¥q, 9>
404, .4,F (b, )
+ (A2 (q1) + A4 (q1)) (A1 (q2) + A3 (q2)) —
arq; q>
404, 4, F (b, d)
+(A2(q1) + A4 (q1)) (A2(q2) + A4 (q2)) | (5.2)
a¥q, q;

A C R? - R be a twice partially q;q,-differentiable function on A° such that partial
. . . bdg2  F(ts)
is continuous and integrable on [a,b] X [c,d| € A°. If T :

q1 92

P is convex on |a, b| x [c, d]

21‘11,‘12(F)|

1,1 :
<(b-a)d-o) </ / |Ag, () Ag, ()] "dg, tdq2s>
o Jo

1 |%g,.4,F(@c) by @ 494,4,F (@ d)|
[2]g,[2]g, | aOq,t40g,s [21g,[2];, | 40q,t90,,5
1
49, o F (b,c dg. +F(b,d)| |*
+ ql avq1-9> ( ) p Q1Q2 a“q1.9> ( ) p ’ (53)
[21g,[2lq, | a0q,t%0g,s (2]g,[2)g, | a0q,t90q,s

A C R? - R be a twice partially q;q,-differentiable function on A° such that partial

. . . 492 F(Ls)
is continuous and integrable on [a,b| X [c,d] € A°. If PR
a’qy q2

P is convex on [a, b] x [c,d]
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for some p > 1, then we have following inequality:
gl‘h-‘]z(F)’
1-1 1-1
<(b-a)yd-o) [A5 (@ As "’ (q2)
bdp2 F(p,c) bdg2 F(b,d)
919> ’ Q1 4
XA A — | +A
{ 1(q1) ( 1(G2) bgy t40,, s (@) 20, 10g, ‘
b’daél q> ) p b daél CIZF (a d)
+A2 ((h) Al (Clz) bdql tdaqz +A2 (QZ) baql tdaqzs
1-2 1-2
+ A, " (@A, " (@)
bdagl o, F b0 bdagl ., F O, d)
AN @) s | M| T s
bdy2 ) bdp2 F(a, d)
91.9> p G
+A2 (q1) <A3 (92) "0, 90,5 +44(q2) bgy thd,s
1-1 1-1
+Ag " (qA; * (q2)
bdgz F(b,c) bdagl o F0.D|,
X < Az(q) | A1(q2) g g s P+ A;(q2) Ty g s
91 ‘b q 92
bd32 F(a,c) bdp2 F(a, d)
1.9, p ‘h d>
+A44(q1) <A1 @2) bdql tdaqzs A0 ba t 0g,S
1-1 1-1
+Ag " (qA, " (@2)
bdy2 (b,¢) bdp2 F(b,d)
919> S
X< A A P+A
{ 3(q1) < 3(q2) bgy t40,, s +(@) 00q,1%0q,8 ‘
bdg2 F(a,c) bdg2 F(a, d)
+As(q) <A3 @) | o [P A e | (54)
1 2 1 2

where 0< q;,q> < 1.

Lemma5. Let F : A C R? — R be a twice partially q;q,-differentiable function on A°. If the partial q;q,-derivative
b.daz

F(t,
ba"+a(t) is continuous and integrable on [a b] X [c d] C A°, then following identity holds for q;q,-integrals:

Ta,q.(F)

1,1 b0 o Fta+(1—0b,sd+(1—-s)c)
=(b-a)(d-c) / / Ag, (£) Ag, (5) : dg tdg s, (5.5)
o Jo g, tc0q,s
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where 0<qy,q2<1, Ay, and Ay, are defined as in Lemma 3 and

F(a;b >+F(a+b d>+4F<a+b c+d)+F< c+d>+F(b c+d>
F(a,c)+F(a,d)+F(b,C)+F9(b,d)
* 36

1 b c+ b
_m/a [F(x,c)+4F<x, >+F(x,d)] dg x

1 d a+
_m/c [F(a,y)+4F< y>+F(b,y)]cdqy

1 b ,d ,
+—(b—a)(d—c)/a /C F(x,y)’dg,x.dg,y.

b
CI%HZ(F) =

\S)
[ B )

Proof If the strategy which was used in the proof of Lemma 3 is applied by taking into account the definition of

C 111 QZF([ )

b
041 [Can

, the desired inequality (5.5) can be attained. 0

Remark 4. If we choose q1, g, = 17 in Lemma 5, then the identity (5.5) reduces to identity (3.10).

Now we use Lemma 5 to find some new quantum estimates. We first examine a new result for functions whose partially
q1g2-derivatives in modulus are convex in the following theorem.

Theorem 13. Let F : A C R? — R be a twice partially q;q,-differentiable function on A° such that partial
bg2  F(ts)
q1qz-derivative —2-2 = is continuous and integrable on [a, b] X [c, d] C A°. Then we have following inequality provided

41 e0g,

% is convex on [a, b] x [c,d]:

IHLQZ

that

L’ ‘h ‘bF(a C)
ba‘htca‘h

o1y, qz(F)‘ <(b-a)(d-o [(A1(q) +As3(q1) (A1 (92) + A3(q2))

24,4, F (a,d)
ba‘h tca‘bs
294, 4,F (b, )
+ (A2 (q1) + As (q) (A1 (q2) + A3 (@) | ————

()ql tcdqzs
20g,4,F (b, d)
ba‘h tcanS

+ (A1 (q1) + A3 (q1) (A2(q2) + A4 (q2))

+ (A2 (q1) + A4 (q1)) (A2 (q2) + A4 (q2))

] , (5.6)

where 0<qy,q2< 1.

Theorem 14. Let F : A C R? — R be a twice partially q;q,- diﬁ”erentiable function on A° such that partial

Eaélqz Ls) . . . . F(t.s)
S4e s continuous and integrable on |a,b| X [c,d| € A°. If |5

1199,

¢ ‘11 ¢ ng -

a1 1e9g, S

q:q--derivative P is convex on [a, b] x [c,d]
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forsome p>1and % + 11) = 1, then we have following inequality:

214,.4,(F)|

1,1 .
<(b-a)d-0) </ / |Ag, (O Ag, (9)] ’dqltdqzs>
0 0

1 294, 4,F (a,c) , % 294, ¢,F (a,d) ,
214, [2lg, | ©0g,tc0q,s [2];,[21g, | 10g,tedq,s
1
T IO P P O T 67
(2]g,[2], | 20g,1c0q,s [21,[2]g, | bg,tedg,s

where 0< q;,q> < 1.

Theorem 15. Let F : A C R?> — R be a twice partially q;q,- diﬁerentiable function on A° such that partial

A (X)) b F(t,s)
q1q2-derivative ;‘”—a is continuous and integrable on [a b] X [c d] C A°If ﬁ P is convex on [a b] X [c d]
q1 C q2

for some p > 1, then we have following inequality:

24,4, F)|

<(b-a)d-o [A? @A, (q2)

bdp2 F(a,d) bdp2 F(a,c)
91,92 91,92 ’
X < A1(q1) | A1(q2) P+ Ay(q) | ———|"
{ < ba‘htda‘h ba‘ht a‘lzs
1
bd 31 ‘I2F( d) bdaél qu(b,C) ?
+A2(q1) | A1(q2) W P+ A(q2) W P
1 2 1 2
1-1 1-1
+A; " (q)Ag 7 (q2)
oo (s bdoz o F(a,d) b A bdg?  F(a, |,
X 1 (1 3(@) | —————— "+ A Q) | —————
bg, t40y,s bgy t40y,s
1
bd ;MIZF( d) bd Zl‘bF(b C)
+A2(q1) | A3(q2) W P+ As(q2) W (5.8)
1-1 1-1
+A, " (A " (q2)
b,daZ ( ) bd 2 F(a C)
x 2 As(qu) | A1 (q2) |—=2 P+ Az (q2) e @),
{ ba(h tdd‘]z ba‘h tdaqzs
bdg2 F(b,d) bdg2 F(b,c) ’
9,.9 41,9 ’
+A4(q1) (Al (q2) b()lq;—daqs +A2(q2) bdlq;—d()qs P
1 2 1 2
1-1 1-1
+A, " (@A T (q2)
b,daZ ( ) bd 2 F(a C)
91,92 ‘h q>
X 4 Az(q1) | A3(q2) P+ Ay(q) | ————
{ ( ba‘htda‘b ba‘htda‘bs
b,daZ ( ) bdaZ F(b C) Il)
91,92 91,92 ’
+A4(q1) | A3(q2) P+ Ay (@) | —————|* ,
ba‘htdafbs ba‘htda%s

where 0< q;,q> < 1.
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6

| CONCLUSION

In this paper, Simpson's type inequalities for coordinated convex functions by applying the q; g,-integrals are obtained. It
is also shown that the results proved in this paper are a potential generalization of the existing comparable results in the
literature. As future directions, one may find similar inequalities through different types of convexities.
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