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1 Introduction
The Hermite—Hadamard inequality, which is the first basic result of convex mappings with
a natural geometric interpretation and extensive use, has attracted attention with great
interest in elementary mathematics. Many mathematicians have devoted their efforts to
standardization, refining, imitation, and expansion into various categories of works such
as convex mappings.

Inequalities found by C. Hermite and J. Hadamard for convex mappings are very impor-
tant in literature (see [1]). These inequalities state that if 7 : 7 — R is a convex function

on the interval I of real numbers and «1,x9 € [ with «; < k9, then

F(Km{z)“ - szf(x)dxsiﬂmhﬂkﬁ- (L1)
K2 =K1 Ji

2 2

Both inequalities hold in the reversed direction if 7 is concave. For further studies of this
area, one can consult [2-22].

For brevity, in the upcoming results, we use the subsequent notations: Mappings
A, A*, 0,02 [0,1] — R are defined by

(ko—r1) o )

A(x):fodr<+oo, A*(x)=fW(Ldr<oo,
0 0

T T
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(kg —k1) Ka—K
¥ (L) (5t
\If(x)zf 9y < +oo, lL'*(x):f gp(é)dr«)o,
0 T 0 T

and

m= inf ¢"(1), M= sup @"(z).

TE[k] k2] reli] k2]

Now we give the definition of the generalized fractional integrals (GFIs) given by Sarikaya
and Ertugral in [23].

Definition 1 The left-sided and right-sided GFIs are denoted by , ./, and ,,_I, and de-
fined as follows:
KHI@]:(x):j;l %?(I)dt, x> K1, (1.2)
2 ot —x)
ey F(x) = fx —— Flr)dr, x<ko, (1.3)

where a function ¢ : [0, 00) — [0, 00) satisfies the condition fol @ dt < o0.

Recently, the authors gave some refinements of Hermite-Hadamard inequalities for

GFIs under the condition of convexity, as follows.

Theorem 1 ([23]) For a convex function F : [k1,i3] — R on [k, k2] with k| < ks, the sub-

sequent inequalities hold for GFIs:

EA Fliey) + Flica)
f(Kl ;KZ) = 2A(1) [K1+[¢’.F(K2) tho— wa(Kl)] < ¥' (1‘4.)

Theorem 2 ([24]) For a convex function F : [k, k3] — R on [k1, k2] with k1 < k3, the sub-

sequent inequalities hold for GFls:

f(f(l +I(2) - 1 ]:(Kl)"'}-(’(l). (1.5)

2 ) = pplesleF ) g Lo F)] < 2

Theorem 3 ([25]) For a convex function F : [k, k3] — Ron [k, k2] with k| < ks, the sub-

sequent inequalities hold for GFIs:

K1+ K2 1 K1+ K2 K1+ K2
(5% =z (57) ot (57

- Flrey) +-7:(K2)'
- 2

(1.6)

In [26], Iscan gave the following definition of harmonically convex functions and

Hermite—Hadamard inequalities for harmonically convex functions.
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Definition 2 ([26]) A mapping F :/ € R\{0} — R is called harmonically convex if

I(L) <t F(k) + (1= 17)F (k1) 17

iy + (1 = T)ie

for all k1,7 in I and 7 in [0, 1]. If inequality (1.7) holds in the reversed direction, then F
is called a harmonically concave function.

Theorem 4 ([26]) For a harmonically convex mapping F : I C R\{0} — R, the following
double inequality holds:

Ky +ky)  Kop—Kj K1 x2 - 2

where K1,k € I and k| < k9.

In [27], iscan and Wu gave the inequalities of Hermite—Hadamard type for harmonically
convex functions via Riemann-Liouville fractional integrals.

Theorem 5 ([27]) Let F: 1 C (0,00) — R be a function such that F € L([«x1,k2]), where
Kk1,ky € I with kq < ky. If F is a harmonically convex function on [k1,k3], the following

double inequality holds for the Riemann—Liouville fractional integrals:

f(2K1K2)<F(&+1)( K1k ) ]a](]_-og)(i)_,_]al (}‘og)(i)}
K1+ K2 2 K2 — K1 a K9 ot K1

- Flicy) + Flia)
- 2

) (1.9)

where a > 0.

In [28], Zhao et al. gave the following Hermite—Hadamard type inequalities for harmon-

ically convex functions by utilizing GFIs.

Theorem 6 Let F : 1 C (0,+00) — R be a mapping such that F € L([k1,«2]). If F is a
harmonically convex mapping on [k, k3], then the following inequalities hold for the GFIs:

2K1K9 1 1 1
]:(Kl +i<2) = 2A*(1) [%Iw(fog)(g) %er(}—og)(x—l)]

_ Fle) + Flio).
o 2

(1.10)

In [29], E. Chen gave the following useful lemma and the lower and upper bounds of the
left- and right-hand sides of inequalities (1.9) as follows.

Lemma 1 A mapping F : [k1, k2] € R\{0} — R is called harmonically convex if and only
if p(x) is convex on [k1,K2].

Theorem 7 Let F : [k1, k3] € (0,+00) — R be a positive twice differentiable function with
k1 < xp and F € L([k1,k2]).If ¢" is bounded in [k1, k2], then the following inequalities hold
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for the Riemann—Liouville fractional integrals:

K] +K2

2
&)m f_r (Kl TR —x) [(K2 —a)* e (x —Jq)a’l] dx
K1

2(K2—K1 2
S F(sz"' 1)( K1K2 ) []‘i+(fog)(1/1(1) + ]i_(]:og)(ljll(z)] —.F( 2K1K2 )
e " 1 K1+ Ky
Ma My K1+ Kk 2
- 2(&2—1(1)‘1],(1 ( 12 2 —x) [z =)~ + (v —ser)*" ] . (1.11)

Theorem 8 Let F : [k, k3] € (0,+00) — R be a positive twice differentiable function with
k1 < &y and F € L([kq, k3)).If ¢” is bounded in [kq, 3], then the following inequalities hold
for the Riemann—Liouville fractional integrals:

M« %

22 =) Js (2 =) (¥ = k) [ (g =) + (¥ = 1ey)* | v

1

Cla+1) [ k1K
<
- 2 K9 — K1

) [J§+(fo G)(1/k1) + ]:ii(fog)(ljxg)]

_ Fiey) + Flica)
2

K]tk

T (3 — %)@ — k1) [ (k2 = )" + (3 — 7)™ ] . (1.12)

T 2k — k1)
In [30], Budak et al. gave the following inequalities for harmonically convex mappings.

Theorem 9 Let F : [k1,k3] C (0, +00) — R be a positive twice differentiable function with
k1 < ky and F € L([kq, k3]).If ¢” is bounded in [k1, k3], then the following inequalities hold
for GFIs:

m fﬁlrz KLtk 90(’,:—2) . fﬂ(%) i
ZA*(.X) K| 2 X =K1 Ky —X
1 1 1 2
<——| L LFog)( =)+ 1 1(Fog)( =) |- F[ 2
ZA*(x) 31 Ko ) K1 K1+ Ky

X—K1

Shiy) Ky
< M f Z K1+ K2 —x QD('(IKZ) + w(’(l'fz) dx
2A%(x) Jo, 2 X — K1 Ko — X

and

m K2 X -k o x
mfﬂ |:[P( K1K2 )(Kz_x)+(x_K1)W(K1K2 )i|dx
Flrr) + Flicz) 1 ) .
=T | 10 () < 4 0 ()

M 2 X — K7 Ky —X
= 2A%(x) f:q [qp( K1K2 )(KZ —#)+ (x_lq)(p( K1K2 )} e

For recent findings and implications for integral inequalities via harmonically convex

mappings and other classes of functions, see ([31-42]) and the references given therein.
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2 Hermite-Hadamard type inequalities
In this portion, we deal with some new inequalities of Hermite—Hadamard type for har-

monically convex mappings by applying GFls.

Theorem 10 Let F : I C (0,+00) — R be a function such that F € L([x1,x2]). If F is a
harmonically convex function on [k, k3], then the following inequalities hold for the GFlIs:

2 1
f( )< lisgrzz) Jo(F 0 OUk1) + o) 1, (F 0 G 1)

K1+Ky) T 2W(1 )
SHKI)J(J:(’Q). 2.1)
2
Proof From harmonic convexity, we have
2
f('w) “[Fw) + Fo).
xX+y 2
2K1K 2k1K:
Forx = IK[+(5 21: Y2 and y= (2—1)1}1 En(g » We get
2 2 2
s 21Ky <F K1K2 L F K1K2 ) (2.2)
K1+ K2 K1+ (2 - 1)y (2=1)k1 + TK2
(5] iq)
Multiplying by 2'(1'(2 both sides of inequality (2.2) and integrating the resultant one

with respect to t over [0, 1], we obtain

(k2 k1)
2 Lo(i5=L1)
2?( Kle)/ L By
K1+ K2 0 T

(k2—K1)
Sf ( 2K142 )_]_-( 2K1K2 d‘[
0 T k1 + (2= 1T)K

1 . (2—=x1)
@( P 7) 2K1K:
+f i F 2 dr. (2.3)
0 T (2=1)1 + 1Ko
1 _ 2ic1 & 1 2Kk :
For - = 7m+éjm and = Ga e r);lfm we obtain
2K1K
zf( lz)wu)
K1+ K2
1 1 K1 +K9 1
aopl-—u) /1 e (V-2 /1
Efl 117'7:(_)6{”4'[1 12712.7:(—)0111
e o ¥ " 5} [y v

= [(%HI@(}" 0 G)(1/ky) + (%)Jq,(]—" o G)(1/i2)].

Hence, we proved the first inequality. To prove the second inequality of (2.1), first we note

that since F is a harmonically convex function, we have

2K1K2 2—-1 T
f(l’f(l +(2—T)K2) = ( > )F(Kl)"‘ (E).F(Kz) (2.4-)
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and
2K1K T 2-1
Fl———"—) < (= ) Fler) + [ =) Flea). (2.5)
Ko + (2 - Tk 2 2

Adding (2.4) and (2.5), we get

2 2
}'($ P ) < Fle) + Fle). (2.6)
Ky + (2 = 7))y (2=1)k1 + TKo
(Kz iq)
21(11(2

Multiplying by ! both sides of inequality (2.6) and integrating the resultant one

with respect to t over [0, 1], we obtain

(ra—x1) 1 Ka—k1)
/ ( ) ) 2K1K2 dt +[ 99( 2K1K2 r)f 2K1K2 dr
0 T k1 + (2 -1)K2 0 T (2-1)k1 + T2

K2—K1) )

1 ((‘
E[.?:(Kl)+f-(fc2)]j(; gDZLQ'T.

T

By changing the variables of integration, we have the second inequality of (2.1). O

Remark 1 Under the assumptions of Theorem 10, if we put ¢(r) = t, then Theorem 10
reduces to Theorem 4.

Corollary 1 Under the assumptions of Theorem 10, if we set ¢(t) = r( o then we have the

following inequality for Riemann—Liouville fractional integrals:

J:_( 2!(1!{2 )
K1+ K2
kika \°
<2 (e + 1) —— | [ee. (FoG)(1/k1) + Ty (F 0 G)(1/kr)]
K2 — K1 (3 )+ (Zeey )~
- Flkr) +\7:(K2).
- 2
Corollary 2 Under the assumptions of Theorem 10, if we set ¢(t) = (m), then we have
the following inequality for the k-Riemann-Liouville fractional integrals:
_F( 2K1K2 )
K1+ K2
o 3
< 2F e + ) [ 2 ) [y, (F 0 QY1) + %y, ((F 0 G)(L/ky)]
K2 — K1 (Bepey ) +K (g )=k

- Ficr) +f(f€2).
- 2

Theorem 11 Let F : I C (0,+00) — R be a function such that F € L([k1,k2]). If F is a
harmonically convex function on [k, k2], then the following inequalities hold for the GFlIs:

2K1K2 1 K1+ K2 K1+ K2
—_— I 1
.F(Kl +K2) = 2W(1) I:ﬁ @(]:Og)( 2K1K9 ) +%+ W(fog)( 2K1K9 )]

—
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Flre1) + Fliz)
<=

2.7
< 5 (2.7)
Proof Since F is a harmonically convex function on [x1,x2], we have
2xy 1
Fl— | <=|F Fl.
(22) =317+ 70
Forx= —29%2 __ andy= — 212 __ e get
(I-1)ky +(1+7)x2 (L+t)kp +(1-7)k2’
2, 2Kk 2K1K:
o K1k2 <F K1K2 + F K1k2 ) (2.8)
K1+ Ky (1 =1k + (1 + 1)y 1+ 1)k + (1 =)o
@ ('(2”‘1).[)
Multiplying by —12— both sides of inequality (2.8) and integrating the resultant one

with respect to T over [0, 1], we obtain

K2—K1)

2 F 2Kk \IJ(I) < [l W(WT)J__ 2Kk dr
K1+ Ko 0 T (1=1)ky + (1 + T)ka

(k2-x1)
N [1 @(%T)}_ 2K1K7 '
0 T (1+Dk1+(1=1)k2

ing L= 2K L_ 2k
BY settlng U~ (I-tk+(1+1)k2 and v (1+T)/c1+(1—r)f(2’we have
2K1K‘2
2F w(1)
K1+ K2
1 K1+K9 K1k K1 +K9
ool 2152 F 1 d Zepi 99(2»«15(2 B v)f 1 d
< —_— - u+ —_— - 14
— Jkprx u— glﬂ U 1 Kitky v v
Zk1k2 K1K2 2 2K1K2

K1+ Ko K1+ K2

Hence we have the first inequality in (2.7).
To prove the second inequality in (2.7), first we note that F is a harmonically convex

function, we get

2K1K7 1+71 1-1
]:((1—1').*(1+(1+I)1(2)<( 2 )F(K1)+( 2 )}—(Kz) (2.9)

and

2K1K7 1-1 1+71
f((1+r)fq+(1-f)x2)f( 2 )f("l“( > )f(ffz)- (2.10)

Adding (2.9) and (2.10), we have

2K1K9 2Kk1K2
}-((1 — T+ (1 + 1)1(2) * F((l +T)ip + (1= r)fcg) = Flia) + Floa) @11)
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(kg —)
2"1 K2

Multiplying by both sides of inequality (2.11) and integrating the resultant one

with respect to T over [0, 1], we obtain

(;ill,’;l.) ) 2](1!(2 2](1.’(2
/0 T |:]:((1—1')K1+(1+1')K2)+F((1+T)K1+(I—I)K2)i|

< W(D)[Flir) + Flia)].

By changing the variable of integration, we have the second inequality in (2.7). U

Remark 2 Under the assumptions of Theorem 11, if we put ¢(tr) = 7, then Theorem 10
reduces to Theorem 4.

Corollary 3 Under the assumptions of Theorem 11, if we set (1) = r( y» then we have the

Sfollowing inequalities for the Riemann-Liouville fractional integrals:

2Kk
}.( 1 2)
K1+ K2

- k| e 95—
<2 F(a+l)(1(2—f(1) |:]l/'<1 (]: g)(2K1K2)+]UK2 (}— g)(2K1K2 )i|

- Fk1) +]:(K2)'
- 2

11!

Corollary 4 Under the assumptions of Theorem 11, if we put ¢(7) = (a then we have
the following inequalities for the k-Riemann—Liouville fractional integrals:

2K1K
f( 1 2)
K1+ K2

B 3
281 +k)(—K1K2 )

K2 — K1

K1+ K K1 + K
I:](Ut(l) k(‘Fog)(;KIK;) +]1/xz)+k(]:0g)( . 2)]

21(1!(2

- Flkr) +-F(K2).
- 2

3 Extension of Hermite-Hadamard type inequalities

In this section, we give the following inequalities which give the above and below bounds
for the left- and right-hand sides of inequalities (2.1) and (2.7). We prove inequalities (2.1)
and (2.7) under the condition ¢'(k; + k3 — x) > ¢'(x) instead of the harmonic convexity
of F.

Theorem 12 Let F : [k1,k2] € (0, +00) — R bea positive twice differentiable function with
k1 < ky and F € L([icy, k0]). If ¢ is bounded in [k, k3], then the following inequalities hold
for GFIs:

K]+ka (x K1

m f 2 K1+K2_ BTN
29(1) Ji, 2 X —K1
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1 2K1K2
< sorlia b o0k + o 1o 0)1k)] - ( 222 )
’(1+’(2 2 m
< M [T (K] + K2 _x) QD(KI,Q) de. (3‘1)
2W(1) Jy, 2 X —K1

Proof By using the change of variables, we have

1
20(1) [(%)J@(}-o G)(1/k1) + (%)J@(}_O G)(1/i2)]

1 1

_ 1 Ul ‘P(H"‘)f( )d“fmw ,(2)]__(1)6{4
2W(1) s Ly x -

k1 2
_ 1 f’Q 99(?1,;)}_ K1K2 dx + f'{_lp @(ilzé) K1K2 dx
29(1) a9 Ky =X x o X — K1 x
K1+K) XK1
1 —7= , p(=L)
- —[ FlE2) (22 12 gy, (3.2)
2w(1) Jy, x Ki+Kko—x/) | x—k

By equality (3.2), we get

1 21602
2‘11(1)[ K1K2)+ o(FoG)(1/k1) + (%)_&ﬁ(]‘_o g)(l/Kz)]—f(—K1+K2)
_ 1 [@ F K1K2 + F K1K?2 W(i}g) dx—}"( 2K1k2
2‘1—’(1) K1 X Ki+Ky—X X —K1 K1+ K2
K1+’(2

_ 1 fT F K1K9 T K1K2 _oF 2K1K2 (P(ilg dx. (33)
2‘1—‘(1) K1 X K1 +Ky—X K1+ Ko X—K1

Using the fact that

KK 2K1K K] + K T
F(2) (222 ) o -0 (52 ) == [ T v

and
2 , K1+K)—X
f(wz) _;( K ) = plk1 +K2-x)—¢('“ “‘2) =f ¢/(r)dr,
K1 +Ky—X K1+ K2 2 3t
we have
f(@) ; f(L) - 2]—'( 2% )
K1+ Ky —X K1+ K2
K1+K2—X a4
:f qb’(r)dt—j ¢'(r)dr
K1+KQ K1tk2
7
:f ¢ (k1 +K2—u)du—f ¢'(r)de
K1+K2

= [¢'(k1 + 12— 7) = ¢'(7)] dr. (3.4)
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We also have
K1+K2—T
@' (kg + 1y —T) = @'() = f ¢"(u)d (3.5)

By using equality (3.5) and the assumption m < ¢" (1) < M, u € [k1, k3], we obtain

K1+Kk3—T K1+K2—T K]+K3—T
m[ dug[ ¢ () dust du
T T T

i.e.
micy + k9 —27) < (k1 + kg —T) — @' (1) < My + 1y — 27). (3.6)

K1+K2

Integrating inequality (3.6) with respect to t on [x,

], we get

K1+K2

) 2
m(l{l;fﬂ_x) <[T[¢.’(K1+K_2_t)_¢/(r)]dr<M(K1;K2_x) .

By equality (3.4), we have

2
+ . 2
m(lq K9 —x) - (qug) N ( K1K2 ) y ( K1K2 )
2 X K1+kKy—X K1+ K2

2
M(Kl e —x) . (3.7)

IA

2

Xkl
_ T Kx2 "
(D (x—x1)

], we establish

Multiplying inequality (3.7) by T and integrating the resultant inequality with re-

spect to x on [k, “5<2

K] +K9

2 (%K1
m f 2 K1+K2_x (p(xlkz)dx
20(1) Jy, 2 X =K1

i [P o)
K1 +ky —X 2 X — K1
[w(K1+K2 (il't;)d
2\11 1 X =K1

That is, we get

K]+K2

Wi f_r K1+ K2 (ilg)d
29(1) Ji, 2 X =K1

1 2[(1/(2
< ol F oG + 1y (F o)1k - F(mm)
M fﬂ%(z(l(1+K2 2@(1:_2)
< —x dx,
2W(1) J,, 2 X =K1

which gives inequality (3.1). O

Page 10 of 22
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Remark 3 Under the assumptions of Theorem 12, if we put ¢(z) = 7, then we have the
following inequalities:

mlicy — k)2 - ko sz F(x) dx .T'( 2K1K ) < Mk _Kl)z' (3.8)

24 T K9 —K] x2 K1+ Ko 24

Corollary 5 Under the assumptions of Theorem 12, if we set ¢(t) = r( y» then we have the

following inequalities for the Riemann—Liouville fractional integrals:

"y — 2 v o
MKy — k) < 2(1,11_(“ +1) K1K2
Ao+ 1) (a +2) Ky — K

2
X Vg, (F o QUKD + [l (F 0 G)(1ka)] - F( ’m)

kK9 Zic ko K1+ K9

M~ K1)
“4(a+ (e +2)
Corollary 6 Under the assumptions of Theorem 12, if we put ¢(1) = (m then we have

the following inequalities for the k-Riemann—Liouville fractional integrals:

mlicy — k1)
4( + 1)( +2)
@_1 K1K?2 %
<28 Tila + k)
Ko — K1

ST k1KY K1+ K2

21K
[(K1+K2) k(}—(’g)(l/’q)"']nﬂq) k(}—O )(1/-'(2)]_-7:( Kle)
M(ka = k1)?
<

TAE (5 +2)

Theorem 13 Let F : [k, k3] € (0, +00) — R bea positive twice differentiable function with
k1 < kg and F € L([k1,k2]). If ¢” is bounded in [k, k2], then the following inequalities hold

for the GFIs:
Ly _

m X —K1
— - d
2y 1) K1 (K2 x)(p( K1K2 ) *

Fk1) + Flk2) 1
= ) - 2w (1) [(%ngo(ng)(l/’(l) + (%)71(49(]:09)(1/:’(2)]
M %Jrﬂ X =K1
< 200 f.'q (k2 —x)qo( s )dx. (3.9)

Proof By using the change of variables, we have

Flicr) + Flicy) 1
1 : 2 _2w(l)[(;ﬂ)+ (FoG)(1/k1) + x1+x2 %0(-7'0 (1/!(2)]

_ ]:(Kl) +.F(K2) 1

2 20(1)
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1 1 K1+K2 1
x1 (*—x) i1 K (-x—*)
L S [ ()]
 Flky) + Fli)
- 2
_ 1 [KZ @(‘2;2) I(1K2 f Klg K1K2 dx
2W(1) K1 Ky =X X —K1 x
1 g K1K9
3 1
" 20() f,q [ml”m ( )
p(C=L)
—J-'( _— )} 2, (3.10)
Ki+Ky—X X—-K1
By using the equalities

F(2) - 7 = 90 - 0660 - [ 901
X K1

and

K1K2

Fles) —f( ) = bks) — Py +1c2 —x) = j Y s,

K1 +Ky—X 1+ —X

we have

(1) + Plicz) — p(x) — k1 + k2 — %)
K2 x x
=f ¢’ (t)dr —f ¢’ (t)dr =f [gb'(fcl +Ky—T) —qﬁ'(r)] dr. (3.11)

1+Kp—X K1

Integrating (3.6) with respect to T over [«1,x], we get

mfx(fq +ix9—21)dtr < ]x[qb’(iq +Ky—T) —¢’(r)]dr

K1

SM[ (k1 + k9 —27)dT,

which implies that

K1+Ky—X

mix — 1)z — %) < Floer) + Flica) f(%) —f(&)

= M(x — )iz — x). (3.12)

A—K]
Multiplying inequality (3.12) by zqgf((lkl(f;)(

], we establish

and integrating the resultant inequality with

respect to x on [x, ©5*

m [ p(=
— (% — k1) (kg — ) —22—dlx
2w(1) J, (x — K1)

K1+](2

sz[f(mnf(n) f(’“f)—f( Fe )}( i)

K1 K1 t+tKky—X X — Kl)
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M P p(E)
< (x — k) (kg — ) —22 dx.
= 5o /. D
That can be written as
K +K) x—k1
778 I fﬁ(m)
S - - d
2w(1) J, (v =)z =) (x — k1) *
Fr1) + Flxz) 1
= ) - 2w (1) [(%ngo(fo G)(1/kr) + (%),Lp(‘ro g)(l/KZ)]
M et 9=
o _ _ KK d ,
=< 20(1) . (2 — k) (K2 x)(x—iq) x
which gives inequalities (3.9). U

Remark 4 Under the assumptions of Theorem 13, if we put ¢(7) = 7, then we have the

following inequalities:

ks — k1)* - Fl) + Flea) k12 f’q Fx) dx < M(Kz—lq)z' (3.13)
12 2 K2 — K1 Jyy x2 24
Corollary 7 Under the assumptions of Theorem 13, if we set ¢(t) = %, then we have the
following inequalities for the Riemann—Liouville fractional integrals:
m(ky — k1)?a (o + 3)
8(a + 1)(a +2)
- Flir) + Flia) oy 4 1)( K162 )
2 K2 — K1
X ey, (FoQ)1Uk1) + ry, (F o0 G)(1/ka)]
(ZK]_KZ )+ (21(11(2)
- Mk — k1)?a(a + 3)
S8(a + 1)(ax +2)
Corollary 8 Under the assumptions of Theorem 13, if we put ¢(7) = ﬁfm), then we have

the following inequalities for the k-Riemann—Liouville fractional integrals:

m(is — k1) 4 (% +3)
8(F+ (% +2)
T T e k)( 1 )f

o 2 Ko — K1

X []('IM)+I((FOQ)(1/K])+ ]ExK1+K2)_k(FOg)(1/K2)]
2kcqureg 1T

2y Ky

Now by using Theorems 12 and 13, we prove inequality (2.1) under the condition ¢’ (x; +

k3 — x) = ¢'(x) instead of the harmonic convexity of F.
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Theorem 14 Let F : [k1, k2] € (0, +00) — R bea positive twice differentiable function with
k1 < kg and F € L([ky, k2]). If ' (k1 + k2 — %) = ¢'(x),Vx € [k, 5], then we have the fol-
lowing inequalities for GFlIs:

.7-'( o ) = ! [("1+K2)+Isa(-7:°g)(1/"1)+ (32~ L(F 0 G)(1/k2)]

K1 +kKk2 /) 2‘-1-’(1) Zk1x2

- Flrey) +-7:(K2).
- 2

(3.14)

Proof From (3.3) and (3.4), one has

1 zar
) o (F o O)(1/k) + (%)qu(]:og)(l/fcz)]—f( mz)

20(1) [(W K1+ K2

] +K9 x—K1
_ 1 [ Z ]__ K1K2 +J: K1K9 _2]__, 2K1K2 @(,q,(z d
2‘11(1) K1 X K1 +K2—X K1+ K2 X—K1
1+K2 X—k]

1 —7 ) , ) 99(;(1,(2

which gives the first inequality in (3.14). On the other hand, by equalities (3.10) and (3.11),

we have

\F(Kl)+-7:(l<2) 1

2\1;(1) [(%H (]'- g)(l/xl) xl-v:; )_[w(Fog)(I/lCz)]
U o)
[ |:]:(K1 + Flka) - .7:(’(1@) —]—'( K1k2 )] 127 g
( X K1+ Ky —X X — K]
@ x K1
7[ ([ (k1 +K0—T) — qb(r)]dr)“l"id
( X =K1
>0
This gives the second inequality in (3.14) and completes the proof. 0

Theorem 15 Let F : [kq, k3] C (0, +00) — R be a positive twice differentiable function with
k1 < ky and F € L([k1,k2]). If ¢ is bounded in [k1, k2], then the following inequalities hold
for the GFIs:

M Tz + K + x
< [ T -x e mre A dx. (3.15)
ij(l) K1 2 2!{1[(2 K1K2

Proof By using the change of variables, we have

1 K1+ K2 K1t K2
2‘1—’(1) I:%+Lﬂ(]:0 g)( 2K1K2 ) * %Lﬂ(}—og)( 2K1K2 )]

Page 14 of 22
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K1+ K1+K2 1 K1 +KD
1 i K ( K1k ) 1 X @(x— 1K 1
= f v K?Jr:(zz ‘F - d‘x + f 1 I(?JJ(QZ ‘F - dx
20(1) | Jo e x %% x— =2 x

) 2K1k9 2K1k2
"l*’“Z K1+K2
1 (21(1)(2 - Kli(z)
= — ——F dx
2W(1) [_[K] B2y x
(A - fX2) K1K
K1K9 2k1k9 172
" _/*:1”2 x — K1t }_( X ) dx]
T 2
K1+KD K] 4y x
1 2 p 90( K1ky  K1K )
L [ Flle), p( e 2as A gy, (3.16)
2W(1) Jy, X K1+ Ky—X %—x

By equality (3.16), we get
1 |:l+ ( (K1+K2) i )(K1+K2)i|_]__( 2K1K2)
) K. 2K1K2 2K1K2 K1+ K2
bz < o P e r(22)
Kl+Ky—x 5o =X K1+ K2
K]K‘2
K1 +Ky—X

(
2 ‘ (K1+K2 _ )
_2f( K1K2 )i|q) 2& K1K2 d X (317)

K1+ K2 ) —X

(

18
[

Using the fact that

K1+K9

f(@) _f( 2errer ) - 6(x) _¢(’“ + "2) _ _fT #/(z)de
X K1+ K2 2 X

K1K: K1K 2K1K
f(12)+f( 162 )_2}_( 12)
X K1 +Koy—X K1+ K9

K1+KQ

:[W i q)’(r)dr—quﬁ'(r)dt
7z x

K]+K2 K]k
g

=fx ¢’(K1+K2—u)du—fx ¢'() dr

7 [# s —1) - ()] dr (3.18)

X

We also have

¢ (k1 +Kkay—1)—@'(7) = f ¢" (1) du (3.19)

Page 15 of 22
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By using equality (3.19) and the assumption m < ¢" (1) < M, u € [x1,x3], we obtain
K1+k3—T K1+K2—T K]1+K2—T
mf du Ef ¢" (1) du EMf du
ie.

mky + ko =27) <P'(k1 + K2 —T) = @'(T) < M(ky + k3 — 27). (3.20)

Integrating inequality (3.20) with respect to 7 on [x, ©5%2], we get
K1 +K2

2 2
(252 x) < [ 7 W emn-omlar a5 k)

By equality (3.18), we have

2
+ < 2
(e () () (22
2 X K1 +Koy—X K1+ Ko
K1+ K 2
< M(% - x) . (3.21)

I(l fl(z _ X
Multiplying inequality (3.21) by i— W
SRl

respect to x on [«1, “52], we establish

and integrating the resultant inequality with

K11KD K] +K:
171 f 2 K1+ K2 _x Z(P(gl,qé _ﬁ)dx
2W(1) Jy, 2 HEE
K1+Ky K1+K2 X
1 B K1+ K3 902)(:(‘_:(/()
=< Fx) + Fler + ko —x) = 2F 122 P19y
s /. [() R i )] e
I(1+I(2 K] +K:
< M f 2 K1+ K2 x 290(2}([;{5 - le,(z) dx
T 2w(1) Jy, 2 oy

That is, we get

m fw K1+ K2 X K1+ K2
— x|l — — dx
2‘-1—’(1) K1 2 K1K2 2K1K2
1 K1+ K2 K1+ K2 2K1K2
= I,(F I,(F -F
o 2\11(1) |:"‘12+ @( 0g)(2.’(1[(2 ) ’ %7 @( 0g)(2K1K2 )] (K1+K2)
K1 tK3

M [ z K1+ K2 X K1+ K2
< x|l — - dx,
\I](l) K1 2 K1K9 2/(1K2

which gives inequality (3.15). O

o

Remark5 Under the assumptions of Theorem 15, if we put ¢(7) = 7, then inequality (3.15)
reduces to inequality (3.8).
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r( 3 then we have the

Corollary 9 Under the assumptions of Theorem 15, if we set ¢(t) =
following inequalities for the Riemann—Liouville fractional integrals:

ma(icy — k1)
8(a +2)
Ki1ky \
<2"—1F(a+1)( 12 )
K2 — K1
K1+ K2 2K1K2
-F
)] (K1+K2)

o K1+ K2
|:](1/K1)_(‘FO g)( Yok ) +]1/K2)+(f0 g)( 2ericy

Ma(icy = K1)

8(a +2)
T (a), then we have

Corollary 10 Under the assumptions of Theorem 15, if we put ¢(t) =
the following inequalities for the k-Riemann—Liouville fractional integrals:

(k2 — K1)?
@+ 2)

i

oo | =IR

<2F 1 (a + k)( et ) '
Ko — K1
o K1+ K2 @ K1+ K9 21(1!(2
[](ljkl)’k(}-o g)(QKN(z) s alF o g)( 201402 )] - }—(’q + Kz)

M (k2 — 1)
T 8(3+2)
Theorem 16 Let F : [kq, k3] C (0, +00) — R be a positive twice differentiable function with

k1 < kg and F € L([x1,k2]). If ¢ is bounded in [k, k2], then the following inequalities hold

for the GFIs:

. )

mo [T p(2 -
_ _ Kiky  K1K)
2w . (k3 = x)(x — k1) eSS
f(K1)+.F(K2) 1 K1+ Ko K1+ K2
- 1, 1,
= 2 (l) mt @(.Fog) 2K1K2 ! %_ @(.Fog) 2!(1!(2
Mo o - )
Em 5 (k2 = x)(x = k1) @ ;2 dx. (3.22)
Proof By using the change of variables, we have
.F(Kl)+]'—(l{2) 1 K1+ K2 K1+ K2
- I,(Fo I,(F
2 2\11(1) |:1 ( g)( 1(1!(2 ) i %7 qp( Og)( 2[(11(2 )]
T+ Fle)
K1tk9 K +k 1 K1+K
el e [ )
K1+l(2 x K1 +K9 x— K1+K) x
2ic1 k9 2K1 K9 pSTe)
Flk1) + Flxa)

- 2
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_ K1+K2 _ )
21(11(2 K1KD2 KIK?.
|:] J(1+K2 —x ]: x dx
_ K1tk
K2 (p( K1K2 2K1K9 ).F KlKZ d
+ P . K1+K2 X
1+K2 X — X
7 2
K] +K:

1 22 K1K9
T [ | [f(m + Fle) —f(T)

K] +K9 X

) f( K1z )] w(z:llﬁz— aa) 4 (3.23)
x 2 X

K1 +K2—

By using the equalities
K1K3 Y
F(2) - e =600 -gte0) - [ @'
x o

and

K1K2

f(Kz)—]:( ) =¢(K2)—¢(K1+K2—x)=/K2 ¢'(1:)d1',

K1 +Ky—X 1 +Kp—X

we have

Plrc1) + Plicr) — P(x) — Py + 12 — %)
K2 x x
=[ ¢’ (t)dr —f ¢’ (t)dr =f [gb'(fcl +Ky—T) —qﬁ'(r)] dr. (3.24)

1
Integrating (3.6) with respect to 7 over [x,x], we get
m[ (k1 + Ky —21)dT 5] [qb’(ic] +Ky—T) — ¢’(r)]dr EMf (ky + K,y —21)dT,
K1 K1 K1

which implies that
i — K1)k — ) < Flo) + Flo) — J-'(KIKZ) —J—'(K“{z)
X K1 +Ky—X

< M(x — k1)(K2 — X). (3.25)

K] 4K x
ol 2Ky ’(]"(2)

Multiplying inequality (3.25) by W and integrating the resultant inequality with

respect to x on [«1, 2], we establish
K1 +Kk9 K]+ x
m : QD( 2Kk - }q;(z)
— X—kKk1)lky —x dx
20 ., ( K2 —x) SEvRp.
z K1K: K1K ol - )
sf [f(m) + Flio) - J-"( - 2) —]—'( = )} n M9 gy
K1 X K1 +Kky—X =52 —x
K1 +K9 K14k x
M [T (32 - =)
< x — k1 Kky — X . S 0 L A dx.
= 20(1) f L e
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That can be written as

K]+ K1+K2 x
i : 90( kg K1K2)
T _ _ ) kil g
@ [, Gl Tk
f(K1)+F(K2) 1 K1+ K2 K1+ K2
< - I,(F I (F _—
= 2 so | sV e 5o ) T A9\ 5
L R} K1+K9 x
M 2 (21(11:2 - K]Kg)
< - —X)——————=dx,
=5em ., (¥ — k1) (K2 — %) g x
which gives inequalities (3.22). O

Remark 6 Under the assumptions of Theorem 16, if we put ¢(7) = 7, then inequality (3.22)
reduces to inequality (3.13).

Corollary 11 Under the assumptions of Theorem 16, if we set (1) = rI(Z) , then we have the
following inequalities for the Riemann—Liouville fractional integrals:
iy —K1)*
4a +2)
- Flicr) + Flra) e lP(g s 1)( K162 )
2 K2 — K1
« K1+ Ko « K1+ K2
<Pt 02 ) T 700 (52 )|
)2
_ MUer — k1)
Ao +2)
Corollary 12 Under the assumptions of Theorem 16, if we put ¢(t) = #ﬁa)’ then we have

the following inequalities for the k-Riemann—Liouville fractional integrals:

mlica = k1)*
4F+2)
TOVLTOD) gy 22 )
2 Ky — K1
) K1+ K2 " K1+ ko

X ](1/,(1),,;((;0 g)(Qqu(z) +](l/xz)+,k(]:0g)( 2Kk )]
My — K1)?

<

T4 +2)

Now, by using Theorems 15 and 16, we prove inequality (2.7) under the condition ¢'(k1 +
k7 — x) = ¢'(x) instead of the harmonic convexity of F.

Theorem 17 Let F : [y, k2] C (0, +00) — R be a positive twice differentiable function with
k1 < Ky and F € L([kq,k3]). If ¢' (k1 + k3 — x) = ¢'(x),Vx € [k, "1—;"2], then we have the fol-
lowing inequalities for GFls:

2K1K2 1 K1+ K2 K1+ K2
—_— I 1
.F(Kl +K2) = 2\1—’(1) I:% @(]:Og)( 2K1K9 ) +%+ W(fog)( 2K1K9 )]
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Flre1) + Fliz)
<=

< 2 (3.26)

Proof From (3.17) and (3.18), we get

;[H (p(jfog)(’(1 +"2) " 11¢(fog)(’“ ”Z)] —J—"( 2k )
) K: 2K1K2 K1 2K1K9 K1+ K2

K162 K16 2Kc142 99(;}:;2 “a5)

- - +F—2 ) _oF 1€ w2 g

( K1 +Ky—X K1+ K2 %—x

"1*"2 "1‘*“2 K1+K2 X
go( KK - KK )
— [¢ (L + 102 = T) — @' (0)] dr | k2K’ gy

( Klzpcl _x

=0,

which proves the first inequality in (3.26). On the other hand, by equalities (3.23) and
(3.24), we have

\F(Kl)-l-./_'-(l(z) 1 |: (K1+K2) (K1+K2)]
- I(F IL(F
2 2o L& N e ) a9 G
1
2W(1)
K1z ) (B2 _x )
<[ [f(fq) ¢ Flicy) f(’““) —]—'( ikz )] Poan ~an) 4
K1 X K1 +Ky—X 5 - X
L o | 5 )
:m[’q (]Kl[qb(:q+K2—r)—¢(r)]dr)ﬁdx
> Q.
This proves the second inequality in (3.26) and completes the proof. O

4 Conclusion

In this work, the authors established Hermite—Hadamard type inequalities for harmoni-
cally convex functions by using generalized fractional integrals. Furthermore, the authors
proved some extensions of newly proved inequalities without using the condition of har-
monic convexity for the functions. It is an interesting and new problem, and the upcom-
ing researchers can offer similar inequalities for harmonically convex functions on the
co-ordinates via generalized fractional integrals in their future research.
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